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ABSTRACT

Gibbs-type samplers are widely used tools for obtaining Monte Carlo samples from pos-
terior distributions under complicated Bayesian models. Standard Gibbs samplers up-
date component quantities of the parameter by sequentially sampling their conditional
distributions under the target joint distribution. However, this strategy can be slow to
converge if the components are highly correlated. We formalize a general strategy to
construct more efficient samplers by replacing some of the conditional distributions with
conditionals of a surrogate distribution. The surrogate distribution is designed to share
certain marginal distributions with the target, but with lower correlations among its
components. Although not necessarily recognized when they were introduced, a number
of existing strategies for improving Gibbs can be formulated in this way (e.g., Marginal
Data Augmentation, Partially Collapsed Gibbs sampling, Ancillarity-Sufficiency Inter-
weaving Strategy, etc.). The use of surrogate distributions in Gibbs-type samplers may
lead to incompatible conditional distributions and thus sensitivity to the order of the
component draws. We propose a framework to combine different strategies involving sur-
rogate distributions into a single coherent sampler that maintains the target stationary
distribution and outperforms any of its component algorithms in terms of convergence.
We use both theoretical arguments and numerical examples to illustrate the implemen-
tation and efficiency of our strategy. A problem in supernova cosmology has motivated
our work and serves as a realistic testing ground for our methods. Finally, we correct
two errors in the related Marginal Data Augmentation algorithms of Imai and van Dyk

(2005) that are quite popular for fitting multinomial probit models.
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1. van Dyk, D. A. & Jiao, X. (2015). Metropolis-Hastings within Partially Collapsed
Gibbs samplers. Journal of Computational and Graphical Statistics, 24, 301-327.

Abstract: The partially collapsed Gibbs (PCG) sampler offers a new strategy for
improving the convergence of a Gibbs sampler. PCG achieves faster convergence
by reducing the conditioning in some of the draws of its parent Gibbs sampler.
Although this can significantly improve convergence, care must be taken to en-
sure that the stationary distribution is preserved. The conditional distributions
sampled in a PCG sampler may be incompatible and permuting their order may
upset the stationary distribution of the chain. Extra care must be taken when
Metropolis-Hastings (MH) updates are used in some or all of the updates. Reduc-
ing the conditioning in an MH within Gibbs sampler can change the stationary
distribution, even when the PCG sampler would work perfectly if MH were not
used. In fact, a number of samplers of this sort that have been advocated in
the literature do not actually have the target stationary distributions. In this
article, we illustrate the challenges that may arise when using MH within a PCG
sampler and develop a general strategy for using such updates while maintaining
the desired stationary distribution. Theoretical arguments provide guidance when
choosing between different MH within PCG sampling schemes. Finally, we illus-
trate the MH within PCG sampler and its computational advantage using several

examples from our applied work.

2. Jiao, X., van Dyk, D. A., Trotta, R., & Shariff, H. (2015). The efficiency of next-
generation Gibbs-type samplers: An illustration using a hierarchical model in
cosmology. In Proceedings of Joint Applied Statistics Symposium of International
Chinese Statistical Association & Korean International Statistical Society, 2014,

to appear.

Abstract: Supernovae occur when a stars life ends in a violent thermonuclear
explosion, briefly outshining an entire galaxy before fading from view over a pe-
riod of weeks or months. Because so-called Type Ia supernovae occur only in a
particular physical scenario, their explosions have similar intrinsic brightnesses

which allows us to accurately estimate their distances. This in turn allows us to
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constrain the parameters of cosmological models that characterize the expansion
history of the universe. In this paper, we show how a cosmological model can
be embedded into a Gaussian hierarchical model and fit using observations of
Type Ia supernovae. The overall model is an ideal testing ground of new com-
putational methods. Ancillarity- Sufficiency Interweaving Strategy (ASIS) and
Partially Collapsed Gibbs (PCG) are effective tools to improve the convergence of
Gibbs samplers. Besides using either of them alone, we can combine PCG and/or
ASIS along with Metropolis-Hastings algorithm to simplify implementation and
further improve convergence.We use four samplers to draw from the posterior
distribution of the cosmological hierarchical model, and confirm the efficiency of
both PCG and ASIS. Furthermore, we find that we can gain more efficiency by

combining two or more strategies into one sampler.

. Jiao, X. & van Dyk, D. A.: A corrected and more efficient suite of MCMC samplers

for the multinomial probit model. Journal of Econometrics, to appear.

Abstract: The multinomial probit (MNP) model is a useful tool for describ-
ing discrete-choice data and there are a variety of methods for fitting the model.
Among them, the algorithms provided by Imai and van Dyk (2005a), based on
Marginal Data Augmentation, are widely used, because they are efficient in terms
of convergence and allow the prior distribution to be specified directly on identifi-
able parameters. Burgette and Nordheim (2012) modified a model and algorithm
of Imai and van Dyk (2005a) to avoid an arbitrary choice that is often made to
establish identifiability. There is an error in the algorithms of Imai and van Dyk
(2005a), however, which affects both their algorithms and that of Burgette and
Nordheim (2012). This error can alter the stationary distribution and the result-
ing fitted parameters as well as the efficiency of these algorithms. We propose a
correction and use both a simulation study and real-data analyses to illustrate the
difference between the original and corrected algorithms, both in terms of their
estimated posterior distributions and their convergence properties. In some cases,

the effect on the stationary distribution can be substantial.

. Shariff, H., Jiao, X., Trotta, R., & van Dyk, D. A.: BAHAMAS: New SNIa analysis
reveals inconsistencies with standard cosmology. The Astrophysical Journal, to

appear.

Abstract: We present results obtained by applying our BAyesian HierArchical
Modeling for the Analysis of Supernova cosmology (BAHAMAS) software pack-
age to the 740 spectroscopically confirmed supernovae of type Ia (SNe Ia) from
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the “Joint Light-curve Analysis” (JLA) data set. We simultaneously determine
cosmological parameters and standardization parameters, including corrections
for host galaxy mass, residual scatter, and object-by-object intrinsic magnitudes.
Combining JLA and Planck data on the cosmic microwave background, we find
significant discrepancies in cosmological parameter constraints with respect to the
standard analysis: we find €2,, = 0.399 £ 0.027, 2.80 higher than previously re-
ported, and w = —0.910 £ 0.045, 1.60 higher than the standard analysis. We
determine the residual scatter to be o, = 0.104 £ 0.005. We confirm (at the 95%
probability level) the existence of two subpopulations segregated by host galaxy
mass, separated at log(M/Mg) = 10 , differing in mean intrinsic magnitude by
0.055 4+ 0.022 mag, lower than previously reported. Cosmological parameter con-
straints, however, are unaffected by the inclusion of corrections for host galaxy
mass. We find ~ 4o evidence for a sharp drop in the value of the color correction
parameter, [(z), at a redshift z; = 0.662 £ 0.055. We rule out some possible

explanations for this behavior, which remains unexplained.

. Shariff, H., Dhawan. S., Jiao, X., Leibundgut, B., Trotta, R., & van Dyk,
D. A.: Standardizing Type la supernovae using near infrared rebrightening timing.

Monthly Notices of the Royal Astronomical Society, to appear.

Abstract: Accurate standardization of Type la supernovae (SNla) is instrumen-
tal to the usage of SNIa as distance indicators. We analyse a homogeneous sample
of 22 low-z SNIa, observed by the Carnegie Supernova Project (CSP) in the optical
and near infra-red (NIR). We study the time of the second peak in the NIR band
due to re-brightening, t,, as an alternative standardization parameter of SNIa
peak brightness. We use BAHAMAS, a Bayesian hierarchical model for SNIa cos-
mology, to determine the residual scatter in the Hubble diagram. We find that in
the absence of a colour correction, ¢ is a better standardization parameter com-
pared to stretch: t, has a 1o posterior interval for the Hubble residual scatter of
oa, = {0.250,0.257}, compared to oa, = {0.280,0.287} when stretch (x;) alone
is used. We demonstrate that when employed together with a colour correction,
o and stretch lead to similar residual scatter. Using colour, stretch and ¢, jointly
as standardization parameters does not result in any further reduction in scat-
ter, suggesting that t, carries redundant information with respect to stretch and
colour. With a much larger SNIa NIR sample at higher redshift in the future,
ty could be a useful quantity to perform robustness checks of the standardization

procedure.
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1.1 An example of using three tools to transform a Gibbs sampler into a
proper PCG sampler. The parent Gibbs sampler appears in (a). The
sampler in (b) updates 13 rather than conditioning on it in Step 1. The
steps of this sampler are permuted in (c) to make the draw of ¢¥j—
in Step 2 of (¢)—to be redundant. Trimming 13, we obtain the PCG
sampler in (d). . . . ... 22

2.1 Samplers 2.1-2.4. The four samplers are all MH within PCG samplers
for fitting the spectral model in (2.1). Sampler 2.1 (top-left) is the proper
sampler with the lowest degree of partial collapsing. Sampler 2.2 (top-
right) is another proper sampler but with a higher degree of partial col-
lapsing. Samplers 2.3 (bottom-left), which blocks Steps 2 and 3 of Sam-
pler 2.2 into a single MH step, is the proper sampler with the highest
degree of partial collapsing. Sampler 2.4 (bottom-right) blocks Steps 3
and 4 of Sampler 2.2. Unlike Sampler 2.3, however, Sampler 2.4 is improper. 28
2.2 Proper and improper samplers, for the bivariate Gaussian target distri-
bution. The first two panels give scatter plots of 1 and 1) for 10,000
draws from Samplers 2.5 and 2.6, respectively. The marginal distribu-
tions from the two samplers are compared in the two quantile-quantile
plots. The improper Sampler 2.6 severely underestimates the correlation
between 1 and 15, and slightly overestimates the variance of ¢5. . . . . 31
2.3 The three-stage framework used to derive Sampler 2.2 from its parent MH
within Gibbs sampler. The parent sampler appears in (a) with Steps 3, 5
and 6 requiring MH updates. The conditioning in steps 2, 3, 5, and 6 is
reduced in (b). The steps are permuted in (c) to allow redundant draws
of Y and o* to be trimmed in Steps 1-4. The resulting proper MH
within PCG sampler, i.e., Sampler 2.2, appearsin (d).. . . . . .. . ... 35
2.4 The three-stage framework to derive Sampler Fragment 6 from its parent
Gibbs sampler. The first row corresponds to updating 3 before Steps j
and j + 1, while the second row updating 15 after that. . . . . . . . . .. 38
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A dataset simulated under the spectral model in (2.1) and used in the
simulation study in Sections 2.2.2 and 2.3. . . . . . ... ... ... ..
Scatter plots of a, 8 and ¢ for 10,000 draws from Samplers 2.2, 2.4(a),
and 2.4(b) respectively. The first row displays scatter plots of a and f3,
whereas the second row displays that of a and ¢. The left, central, and
right columns correspond to Samplers 2.2, 2.4(a), and 2.4(b) respectively.
Sampler 2.4 blocks the two steps of Sampler 2.2 that update o and 5. Un-
fortunately, this results in an improper sampler. When updating (a, 3),
Sampler 2.4(a) uses the concatenation of Sampler 2.2’s jumping rule for
f and its step of updating «, while Sampler 2.4(b) uses an independent
bivariate normal jumping rule. The impropriety of Sampler 2.4(b) is
especially dramatic. . . . . . . . ...
Quantile-quantile plots of o, 5, and ¢ corresponding to draws generated
with Samplers 2.2 and 2.4(b). Sampler 2.4(b) severely underestimates
the marginal variances of all three parameters. . . . . . . . . .. ... ..
Autocorrelation functions of 1 for (a) an initial MH run of Step 2 of
Sampler 2.6 with ¢, fixed, (b) the Iterated MH Strategy, and (c) the
Joint MH Strategy, all under the bivariate normal simulation described in
Section 2.2.1. Panel (a) shows that the initial MH runs deliver essentially
independent draws after 7 iterations, so that Iterated MH Strategy is
run with L = 7. Panels (b) and (c) show that the Iterated MH Strategy
outperforms the joint one in terms of its computational efficiency.

The three-stage framework used to derive Sampler 2.3 from its parent
MH within Gibbs sampler. The parent sampler appears in (a). The
conditioning in steps 2, 3, 5, and 6 is reduced in (b). The steps are
permuted in (c) to allow redundant draws of Y7, o*, f*, and ¢* to be
trimmed in Steps 1-4. The resulting proper MH within PCG sampler,
i.e., Sampler 2.3, appearsin (d). . . . . . . ...
The sampling results of Samplers 2.1 and 2.3. The left two columns are
the time-series and autocorrelation plots for the posterior draws of «, (3,
and ¢ respectively from Sampler 2.1, whereas the right two columns are
those from Sampler 2.3. Sampler 2.3 performs significantly better than
Sampler 2.1. . . . . . . L
Samplers 2.7 and 2.8. The left and right panels show the steps of the
MH within Gibbs sampler (Sampler 2.7) and the proper MH within PCG

sampler (Sampler 2.8) for fitting the cosmological hierarchical model.
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2.12 The three-stage framework used to derive Sampler 2.8 from its parent MH
within Gibbs sampler, i.e., Sampler 2.7. The parent sampler appears in
(a) with Step 2 requiring MH. Steps 2 and 3 are marginalized in (b).
The steps are permuted in (c¢) to allow redundant draws of (£, X) to be
trimmed in Steps 1-2. The resulting proper MH within PCG sampler,
that is, Sampler 2.8, appearsin (d). . . . . . . ... ... ...
2.13 The sampling results of Samplers 2.7 and 2.8. The left two columns are
the time-series and autocorrelation plots for the posterior draws of €2,,,
Qa, a and B respectively from Sampler 2.7, while the right two columns
are those from Sampler 2.8. Sampler 2.8 converges much faster than
Sampler 2.7. . . . ..
2.14 Samplers 2.9 and 2.10. The left and right panels show the steps of the
Gibbs sampler (Sampler 2.9) and the proper MH within PCG sampler
(Sampler 2.10) for fitting the factor analysis model. . . . . . . . ... ..
2.15 The three-phase framework to derive Sampler 2.10 from its parent Gibbs
sampler, i.e., Sampler 2.9. The parent Gibbs sampler is in (a); Steps 2-5
are marginalized in (b); and the steps are permuted in (c) to allow redun-
dant draws of Z* to be trimmed in Steps 1-4 The resulting Sampler 2.10
appears in (d). . . . ...
2.16 The sampling results of Samplers 2.9 and 2.10. The left two columns
are the time-series and autocorrelation plots for the posterior draws of

o?—c% from Sampler 2.9, while the right two columns are those from

Sampler 2.10. Sampler 2.10 is efficient in improving the convergence of 3.

3.1 Samplers 3.1 and 3.2. The left and right panels show the steps of the
ASIS sampler (Sampler 3.1) and the sampler combining PCG and ASIS
(Sampler 3.2) for fitting the factor analysis model. . . . . . . . . ... ..

3.2 Five samplers for updating from the distribution p(t1, 1, ¢3). They are
the parent Gibbs sampler (first panel), PCG sampler (second panel),
MDA sampler (third panel) with a proper working prior, Haar PX-DA
sampler (fourth panel), and ASIS sampler (last panel), respectively.

3.3 Comparing four samplers for the factor analysis model. The left two
columns are the time-series and autocorrelation plots for the posterior
draws of (39, while the right two columns are those for log(c3). The
four rows from top to bottom correspond to the Gibbs, PCG, ASIS,
and combined samplers, respectively. The combined sampler outperforms

other three in efficiency. . . . . . . . . . . ... ... ... ...
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Samplers 3.3 and 3.4. The left and right panels show the steps of the
ASIS sampler (Sampler 3.3) and the sampler combining MH within PCG
and ASIS (Sampler 3.4) for fitting the cosmological hierarchical model.
The sampling results of Samplers 3.3 and 3.4. The left two columns
are the time-series and autocorrelation plots for the posterior draws of
Qn, Qp, a, and [ respectively from Sampler 3.3, while the right two
columns are those from Sampler 3.4. The combined sampler, Sampler 3.4,
converges better than the other three. . . . . . . . . ... ... ... ...
Four samplers for fitting the hierarchical ¢t model. The top-left and top-
right panels show the steps of the parent Gibbs sampler (Sampler 3.5) and
the Haar PX-DA sampler (Sampler 3.6). The bottom-left and bottom-
right panels display the steps of the ASIS sampler (Sampler 3.7) and the
sampler combining Haar PX-DA and ASIS (Sampler 3.8). . . . . . . . ..
Comparing four samplers for the hierarchical ¢ model. The left two
columns are the mixing and autocorrelation plots for the posterior draws
of log(c?), while the right two columns are those for log(72). The four
rows from top to bottom correspond to the Gibbs, Haar PX-DA, ASIS,
and combined samplers, respectively. The combined sampler outperforms
other three in efficiency. . . . . . . . .. . ... oo
Six samplers for fitting the hierarchical probit model. From top to bot-
tom, the left panels show the steps of the parent Gibbs sampler, the sam-
pler with ASIS I, and the sampler combining Haar PX-DA and ASIS II,
whereas the right panels present the steps of the Haar PX-DA sampler,

72

the sampler with ASIS II, and the sampler combining ASIS T and ASIS II. 80

The sampling results of three samplers for the hierarchical probit model.
The left two columns are the mixing and autocorrelation plots for the
posterior draws of p, while the right two columns are those for log(72).
The three rows from top to bottom correspond to the Gibbs, Haar PX-
DA, and ASIS I samplers. The Haar PX-DA and ASIS I samplers improve

the convergence of p, but have little effect on log(72). . . . . . . . .. ..
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3.10 The sampling results of three samplers for the hierarchical probit model.

4.1

4.2

4.3

The left two columns are the mixing and autocorrelation plots for the
posterior draws of u, while the right two columns are those for log(72).
The three rows from top to bottom correspond to the ASIS II, the sampler
combining Haar PX-DA and ASIS II, and the sampler combining ASIS I
and ASIS II. The sampler combining ASIS I and ASIS II exhibits the
best convergence among all of the six samplers for fitting the hierarchical

probit model. . . . . . ...

Samplers with different degrees of using the surrogate distribution for bi-
variate Gaussian distributions. The left two columns are the time-series
and autocorrelation plots for 10,000 draws of ¢, from Samplers 4.1-4.3.
Both Samplers 4.2 and 4.3 significantly outperform Sampler 4.1, and
Sampler 4.3 behaves slightly better than Sampler 4.2. The last column
displays scatter plots of ¥ and vy from the three samplers. The sta-
tionary distributions of both Samplers 4.1 and 4.2 are p(1)1, 1), whereas
that of Sampler 4.3 is ps(11, 1), with lower correlation between v, and
o than p(y,1a). « o o o o
Samplers with different degrees of using the surrogate distribution for
multivariate Gaussian distributions. The left two columns are the time-
series and autocorrelation plots for 10,000 draws of 13 from Samplers 4.4—
4.7. Samplers 4.5-4.7 all outperform Sampler 4.4, Sampler 4.6 behaves
better than Sampler 4.5, and Sampler 4.7 is the best. The last column
displays scatter plots of ¥ and 15 from the four samplers. The station-
ary distributions of Samplers 4.4-4.6 are p(v1,9,13), whereas that of
Sampler 4.7 is ps(11, 19, 3), with lower correlation between 1, and 1)y
than p(1, Yo, Ws). - o o o o
Convergence rates of Samplers 4.1-4.3 as functions of the correlation
between ; and 1), in the surrogate distribution ps(11, 1) for bivariate
Gaussian target and surrogate. The two samplers using conditionals of
the surrogate distribution, Samplers 4.2 and 4.3, are both efficient in
improving the convergence of the parent Gibbs sampler, i.e., Sampler 4.1.
Moreover, Sampler 4.3, the sampler using the surrogate distribution to

the highest degree, performs even better than Sampler 4.2. . . . . . . ..
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Convergence rates of Samplers 4.4-4.7 as functions of the correlation be-
tween ¢; and 1 in the surrogate distribution ps(1)1, 19, 13) for Gaussian
target and surrogate. When 7, > 0.62, the three samplers using the sur-
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pler using just one surrogate conditional, i.e., Sampler 4.5. When r,,_ gets
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converges slower than the parent sampler. . . . . . ... ... ... ...
Three samplers for fitting the univariate ¢-distribution model in (4.13).
The left, middle, and right panels show the steps of the DA sampler
(Sampler 4.10), the Haar PX-DA sampler (Sampler 4.11), and the two-
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the Haar PX-DA algorithm (Sampler 4.12).. . . . . . .. ... ... ...
The sampling results of o2 for Samplers 4.10-4.12. The first, second, and
third columns correspond to the trace plots, autocorrelation plots, and
histograms of log(c?). Both samplers using the surrogate distribution,
i.e., Samplers 4.11 and 4.12, are efficient in improving the convergence of
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i.e., Sampler 4.12, performs slightly better. . . . . . .. . ... ... ...
The sampling results of 0%, for the three samplers for fitting the multivari-
ate t-distribution model. The first, second, and third columns correspond
to the trace plots, autocorrelation plots, and histograms of log(c?,). Both
samplers using the surrogate distribution, i.e., the Haar PX-DA sampler
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surrogate distribution to a higher degree, i.e., the Gibbs sampler for up-
dating the surrogate distribution, performs slightly better. . . . . . . ..
Two samplers for fitting the spectral analysis model in (4.18). The
left and right panels show the steps of the MH within PCG sampler
(Sampler 4.13), which uses the conditional of the surrogate distribution
ps(a, B, 1, #|Y) in one step, and the three-step sampler using the surro-

gate conditionals in two steps (Sampler 4.14). . . . . . .. ... ...
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Comparing the 68% and 95% contours of the joint posterior distributions
of (2, 2a) for including only statistical errors in the Level 1 variance-
covariance matrix (blue) to those for including both statistical and sys-
tematical errors (black). Purple contours correspond to statistics co-

variance matrix with diagonal errors on mpg inflated by the average mp

variance resulted from the systematical covariance matrix. . . . . .. ..

The posterior estimate of the cubic spline function #(z) in (5.4). The red
line is its posterior mean and the gray band is its point-wise 95% credible
region. The black dots are estimates of the residual distance moduli based
on the observations, that is, Ay = mpg; — My + ax; — 5¢; — pi, where Mo,

«, and [ are imputed with their posterior means obtained from fitting

the hierarchical model (2.14)—(2.16). . . . . . . ... .. ... ... ...

Posterior distributions of AMj, the difference of mean absolute magni-
tudes for SNe in high-mass (M,; > 10) and low-mass classes (M,; < 10).
Blue and green correspond to the Hard Classification and Soft Classifica-
tion Models, respectively. Under both models, the posterior probability
that AM, < 0 is greater than 95%, implying that SNe in more massive

hosts are most intrinsically brighter. . . . . . . . .. .. ... ...

Posterior means and standard deviations for the empirically corrected
absolute magnitudes versus measured host galaxy mass. The SNe are
divided into two populations, with M,; smaller (larger) than 10, colored
in blue (red). A hollow square represents the SN whose measurement
error of My, is equal to or larger than 5. The population means of the
absolute magnitudes are M{® = —19.114 4- 0.023 and M} = —19.169 =+
0.022 (horizontal dashed lines) respectively for the low-mass and high-
mass classes. The blue and red vertical errorbars represent the average
posterior standard deviations of the absolute magnitudes in the low-mass
and high-mass classes, respectively. The horizontal errorbars represent
the average measurement errors of M,; in the two classes. These average
values exclude the SNe represented by hollow squares. The slope of the
purple regression line is the posterior mean of + under the Covariate

Adjustment Model, and the purple shaded area represents the 1o credible

region for v. . . ... L

xvii



2.9

5.10

5.11

5.12

5.13

6.1

The posterior mean and standard deviation of each Z;, the indicator
variable for SN i belonging to the high-mass class (Z; = 1, red) versus
measured host galaxy mass. If Z; = 0 (blue), SN ¢ belongs to the low-
mass class. The posterior mean of Z; is the posterior probability that SN ¢
belongs to the high-mass class. Although the errorbars are suppressed for

clarity, the Soft Classification Model fully accounts for the measurement

errors in host galaxy masses. . . . . . . .. . ...

The marginal posterior distribution of 7, the regression coefficient for
M, in the Covariate Adjustment Model. The posterior probability that

v is less than zero is 99%. . . . . . . ..

Redshift evolution of the color correction parameter [, assuming the z-

Jump color Correction Model. The green line is the posterior mean, and

the shaded area represents the 1o credible region. . . . . . ... ... ..

Hubble residuals of the Baseline Model (left, § = constant with z), z-
Jump color Correction model (centre), and comparison of the two models
(right). In the left and central panels, only SNe with z > 0.6 are plotted
to highlight the difference between the two models. Errorbars represent
the posterior standard deviations of Ay,. In the right panel, SNe with z <
0.6 are plotted in red. This panel shows that the z-Jump color Correction
Model reduces the scatter around the Hubble diagram noticeably for

z > 0.6, while its Hubble residuals are similar to the Baseline Model for

2 <0.6. . ..

Cumulative Hubble residuals for the two 5(z) models relative to the Base-
line Model. For z 2 0.8, both z-dependent models improve the fit with
respect to the Baseline Model, which has § = constant. The z-Jump

color Correction Model shows the largest improvement. . . . . . . . . ..

The posterior samples of W7, Wy, and W3, from Algorithm IvD-1 with
only Correction 1 implemented and Algorithm IvD-1 with both correc-
tions implemented (i.e., Algorithm IvD-1c) appear in the first and second

rows, respectively. The draws from the sampler without Correction 2 not

adhering to the constraint (6.7) areinred. . . . . . ... ... ... ...

Xviil

135

144



6.2 Quantile-quantile plots comparing the posterior draws from different al-
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1—-p12
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pares draws from Algorithms BN and BNc. The algorithms of IvD fix
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Column 5. . . . . . . e
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INTRODUCTION

Multilevel statistical models with hierarchical structures have become more and more
popular in the physical, social, and engineering sciences, since they allow us to model
complex phenomena and data-generating mechanisms. In Bayesian analyses, such mod-
els are generally fit by obtaining a Monte Carlo sample from their posterior distributions
and using this sample to quantify likely values of model parameters, their correlations
and uncertainties, and to make predictions under the models. Although it is often infea-
sible to obtain an independent Monte Carlo sample, a Markov chain can be constructed
such that its stationary distribution equals the target posterior distribution. This is
Markov Chain Monte Carlo (MCMC), for which Robert and Casella (2004) provided
a brief history. Realizations of MCMC chains after sufficient burn-in approximate a

correlated sample from the target posterior distribution.

Two of the most common strategies for constructing MCMC samples are the Gibbs
sampler and Data Augmentation (DA) algorithm. The Gibbs sampler was introduced

by Geman and Geman (1984) to cope with specific problems in Bayesian image analy-



sis, and Smith and Roberts (1993) developed it for general Bayesian computation. The
Gibbs sampler is an example of the method of model reduction, which uses a set of
conditional distributions to construct a simple-to-implement and stable algorithm. In
particular, it decomposes a high-dimensional joint distribution by using two or more
steps, each of which samples a lower-dimensional component of the parameter from its
complete conditional distribution, i.e., the distribution conditioning on the current val-
ues of all the other components. Gibbs is especially useful when the joint distribution
cannot be easily sampled, while the complete conditional distributions are in closed
form or are easy to sample. Furthermore, under mild conditions, as the number of iter-
ations grows, the distribution of the joint Gibbs Markov chain converges to the target
and distributions of the (perhaps non-Markovian) sub-chains converge to their corre-
sponding marginal distributions, see Robert and Casella (2004) and Meyn and Tweedie
(1993). Unfortunately, the Gibbs sampler, while easy to implement, is sometimes slow

to converge.

While the DA algorithm can be viewed as a two-step Gibbs sampler, it has distinct his-
tory, motivation, and implementation strategy. Instead of decomposing the parameter
space, data augmentation expands the dimension of the unknown quantities in such a
way that the target distribution is preserved while enabling a simple Gibbs sampler on
a larger set of unknowns. Tanner and Wong (1987) used the idea of data augmentation
in posterior sampling and developed the DA algorithm. As with the Gibbs sampler, the
main goal of the DA algorithm is to simplify implementation rather than to improve
speed. The method of auxiliary variables (see, e.g., Besag and Green (1993) for an
overview), which was developed independently of the DA algorithm, essentially utilized
the same strategy but with the goal of speeding up convergence. See van Dyk and Meng

(2010) for a detailed review and comparison of algorithms involving data augmentation.

A variety of extensions of the Gibbs sampler and the DA algorithm have been proposed
to improve their convergence. The conditional data augmentation (CDA) and marginal
data augmentation (MDA) algorithms (Meng and van Dyk, 1999), for example, were

inspired by the idea of expanding the parameter space. Both methods introduce a work-



ing parameter, and either condition on the value of the working parameter leading to
the best performance (in the case of CDA) or sample it in the iteration (in the case
of MDA). Their effectiveness has been demonstrated in faster samplers for fitting fac-
tor analysis models (Ghosh and Dunson, 2009), capture-recapture models (Royle and
Dorazio, 2012), Gaussian copula factor models (Murray et al., 2013), probit models for
independent or spatially correlated ordinal data (Schliep and Hoeting, 2015), etc. The
MDA algorithm was developed independently by Liu and Wu (1999) under the name
Parameter-Expanded Data Augmentation (PXDA). Both Meng and van Dyk (1999)
and Liu and Wu (1999) pointed out the potential to further boost computational effi-
ciency using generalized versions of their algorithms under limiting improper priors for
the working parameter. Meng and van Dyk (1999) used empirical evidence to illustrate
the possibility of obtaining positive recurrent Markov chains with better convergence by
purposely constructing a non-positive recurrent chain in a larger parameter space using
improper working priors. Liu and Wu (1999) proved that the PX-DA algorithm with
a Haar measure prior (often improper) for the working parameter is optimal among
a class of such acceleration algorithms. Hobert and Marchev (2008) unified the DA,
PX-DA, and Haar PX-DA algorithms under the framework of “sandwiched” transition
kernels, verified the computational advantage of (Haar) PX-DA using this framework,
and provided a promising general approach for improving convergence of the DA algo-
rithm. Hobert and Marchev (2008) also claimed that when group structure is present in
the set of one-to-one mappings indexed by the working parameter, the MDA algorithm
under limiting improper working priors is equivalent to the Haar PX-DA in regard to the
sandwiched framework. Moreover, van Dyk (2010) introduced the technique of MDA

into Gibbs samplers and broadened the class of problems that can benefit from MDA.

The Partially Collapsed Gibbs (PCG) sampler (van Dyk and Park, 2008; Park and
van Dyk, 2009) is a useful tool to accelerate the convergence of Gibbs samplers. The
PCG sampler, deploying the model reduction technique, improves the convergence of
a Gibbs sampler by reducing the conditioning in some of its steps. This strategy has

been very effective in practice, for example, in algorithms for fitting quantile regres-



sion models (Reed and Yu, 2009), spatial probit regression models (Berrett and Calder,
2012), a model for orthogonal component analysis of sparse representation (Dobigeon
and Tourneret, 2010), a model determining the parameters of multi-path components for
ultra-wide-band channels in engineering (Kail et al., 2011), and a model for reconstruct-
ing the full three dimensional velocity field from observed distances and spectroscopic
galaxy catalogues in astrophysics (Lavaux, 2016). PCG can be viewed as a generaliza-
tion of blocking and collapsing (Liu et al., 1994), which also improve the performance

of Gibbs samplers.

A good choice of parameterization is essential to producing efficient sampling schemes.
This is emphasized, for example, by Papaspiliopoulos et al. (2007) in the context of
hierarchical models. Yu and Meng (2011) developed a strategy for boosting the efficiency
of Gibbs-type samplers by interweaving two special parameterizations. As implied by
its name, ASIS uses a pair of DA schemes: a sufficient and an ancillary augmentation.
It is usually the case that the sampler constructed via one of these two augmentations
is fast while the other is slow. ASIS takes advantage of this “beauty-and-beast” feature
of the two DA algorithms by interweaving one into the other, producing a sampler
that is more efficient than either alone. The computational benefits of ASIS have been
illustrated in fitting, e.g., the multinomial logit model with Gaussian process priors
(Filippone et al., 2012), stochastic volatility models (Kastner and Fruhwirth-Schnatter,
2014), and the complex hierarchical model of infrared spectral energy distributions in

astrophysics (Kelly et al., 2012).

In a Gibbs-type sampler, when one or more of its component conditional distributions
is not in closed form, we can use a Metropolis-Hastings (MH) update (Metropolis et al.,
1953; Hastings, 1970). While using MH within a Gibbs sampler is straightforward,
embedding MH within a PCG sampler can alter the stationary distribution of the chain.
This can happen even when the PCG sampler would work perfectly well if all of the
conditional updates were available without resorting to MH updates. Examples arise
even in a two-step MH within PCG sampler. Woodard et al. (2013), for example, pointed

out this problem in certain samplers described in the literature for regression with



functional predictors. Although they did not use the framework of PCG, these samplers
are simple special cases of improper MH within PCG samplers. In this dissertation, we
illustrate difficulties that may arise when using MH updates within a PCG sampler and
develop a general procedure for deriving an MH within PCG sampler from the original
Gibbs sampler while maintaining the target stationary distribution. We use theoretical
arguments to guide the choice between different MH within PCG sampling schemes, and
use numerical examples from our applied work to illustrate the MH within PCG sampler
and its computational advantage. The work on embedding MH into PCG samplers has

been published in van Dyk and Jiao (2015).

Among the many acceleration strategies, we focus on the MDA, ASIS, and PCG al-
gorithms. In practice, we sometimes find that one of these strategies is efficient for
improving convergence, but only for a subset of the parameters. At the same time,
another strategy may only help the set of parameters unaffected by the first strategy.
Thus, if there are multiple parameters that exhibit poor convergence, it can be difficult
to decide which strategy to use. We propose constructing new samplers that use multiple
acceleration strategies. This allows for more flexibility and power to produce samplers
that are both easy to implement and fast to converge. There are already examples
adopting this combining strategy in the literature. For example, as mentioned above,
MH is often embedded into a Gibbs-type algorithm to facilitate sampling from one or
more of its component conditional distributions (e.g., Gilks et al., 1995; van Dyk and
Jiao, 2015). In another example, van Dyk and Meng (2001) showed how the conditional
and marginal data augmentation algorithms could be combined to derive efficient data
augmentation schemes. Unless we are careful, however, combining strategies in this way
may alter the stationary distribution of the overall sampler. Thus in this dissertation,
we construct a general framework for combining different acceleration strategies into a
single coherent sampler that maintains the target stationary distribution, and verify the
efficiency of this framework for improving convergence using both theoretical arguments

and numerical examples.

The essence of a number of existing acceleration strategies for improving the conver-



gence rate of Gibbs samplers is to reduce the correlation between components within
the Gibbs Markov chain. Inspired by this idea, we formalize a general strategy to con-
struct more efficient samplers by replacing some of the conditional distributions with
conditionals of a surrogate distribution. The surrogate distribution is designed to share
certain marginal distributions with the target, but with lower correlations among its
components. Although not necessarily recognized when they were introduced, MDA
(including Haar PX-DA), PCG, and ASIS can all be formulated in terms of surro-
gate distributions. Thus in the combining strategy described above, when combining
different strategies into a single sampler, we in fact replace some of the conditional
distributions of the original sampler with conditionals of different surrogate distribu-
tions. As mentioned above, Hobert and Marchev (2008) has already adopted the idea of
unifying different acceleration strategies under a general framework, which is promising
to produce more efficient samplers. Their work, however, just focused on DA, PX-DA,
and Haar PX-DA algorithms. The use of surrogate distributions in Gibbs-type samplers
may lead to incompatible conditional distributions and thus sensitivity to the order of
the component draws. In this dissertation, we demonstrate how to derive surrogate
distributions from PCG, MDA, and ASIS algorithms, and use several examples to il-
lustrate the potential of manipulating surrogate distributions to further improve the

convergence of Gibbs-type samplers.

Combining strategies to improve the convergence of Gibbs samplers via the framework
of surrogate distributions is motivated by computational challenges from our applied
work in supernova cosmology. The Physics Nobel Prize (2011) was awarded for the dis-
covery that the expansion of the universe is accelerating, a phenomenon attributed to
the existence of “dark energy”. Type Ia supernova (SN) observations have been instru-
mental in this discovery and remain an important tool to quantify the characteristics
of dark energy (March et al., 2011). Although details remain unclear, it is thought that
a Type Ia SN occurs when a compact, carbon-oxygen white dwarf star accumulates
extra material until its mass approaches a critical threshold (“Chandrasekhar thresh-

old”: 1.44My, where M, is the mass of the sun). Because of their common formation



mechanism, all Type Ia SNe have similar absolute luminosity (which is measured in ab-
solute magnitudes, i.e., the negative logarithm of flux). This means that their distance
can be estimated from their apparent magnitude (i.e., their brightness as viewed from
earth). We can also directly measure their redshift, a stretching of the wavelength of
light emanating from objects moving away from us due to the expansion of the uni-
verse. The underlying cosmological models of interest predict the relationship between
redshift and the difference between apparent and absolute magnitudes, called “distance
modulus”. We embed the cosmological model into a Gaussian hierarchical model that
naturally represents the structure of the problem and dependence among its parameters.
(See March et al. (2011) for more details on the formation of Type Ia SNe and their
utility in fitting cosmological models.) When sampling from the posterior distribution
of the cosmological hierarchical model, the standard Gibbs sampler converges slowly.
This fact has largely motivated our work in developing more efficient samplers. Because
of its complexity, the overall model has served as an ideal testing ground of our new
computational methods. In this manuscript, we explore the relative efficiencies of four
algorithms in fitting the hierarchical model and confirm the efficiency of both PCG and
ASIS. Furthermore, we verify that we can gain more efficiency by combining two or
more strategies into one sampler. In addition, we briefly describe our applied work in

supernova cosmology, for which the details appear in Shariff et al. (2016).

We also consider the samplers for fitting the multinomial probit (MNP) model in some
detail. The MNP model is widely used for modelling discrete-choice data in social
sciences and transportation studies and it is typically fit from a Bayesian perspective
using MCMC. Popular algorithms specify a set of latent Gaussian variables as aug-
mented data, whose relative magnitudes determine the choices. McCulloch and Rossi
(1994), for example, advocated a Gibbs sampler that was the first feasible Bayesian ap-
proach to fitting the MNP model. In their specification, however, the prior distribution
for the identifiable parameters is only determined as a byproduct (Imai and van Dyk,
2005) (henceforth, IvD). Improvements to McCulloch and Rossi (1994) were introduced
by Nobile (1998) and McCulloch et al. (2000), which are the bases for the comprehen-



sive bayesm R package. Another set of samplers, based on the MDA algorithm, were
introduced by IvD. Like McCulloch et al. (2000), IvD specified their model in terms
of prior distributions that are set directly on the identifiable parameters, making the
priors relatively easy to interpret. IvD also demonstrated that their algorithms tend
to be faster than that of McCulloch et al. (2000). Because of their apparent advan-
tages, IvD’s algorithms have been widely used in practice to fit MNP models. Unfortu-
nately, there are two errors in [vD’s algorithms; both occur when sampling the variance-
covariance matrix. First, IvD reparameterized the variables to facilitate the sampling
of the variance-covariance matrix, and they made a mistake when transforming to the
original parameterization. Second, when updating the variance-covariance matrix, a
constraint on the matrix was overlooked. These errors can alter the stationary distri-
bution and hence the fitted values and standard errors of the model parameters. They
also can affect the efficiency of convergence. Burgette and Nordheim (2012) (henceforth,
BN) modified the model of IvD by changing the manner in which unidentifiability in
the scale is addressed. In particular, they fixed the trace of the variance-covariance ma-
trix while IvD, like previous authors, fixed the first diagonal element. BN’s algorithm
for sampling from the posterior distribution builds upon Algorithm 1 of IvD. Thus the
two errors made by IvD also affect BN’s algorithm. BN made another mistake when
updating the regression coefficient parameter, 8. In this manuscript, we explain how
to correct the errors in the algorithms of both IvD and BN, and use both a simulation
study and real-data analyses to illustrate the difference between the original and the
corrected algorithms in terms of their estimated posterior distributions and convergence
properties. The corrections we propose are summarized in Jiao and van Dyk (2016),

and will be implemented in the MNP R package.

The remainder of the manuscript is organized as follows. In Section 1.1, we introduce
the notations used through the dissertation, in Section 1.2, we review the details of the
MDA, ASIS, and PCG algorithms, and in Section 1.3, we describe various methods we
use to compare relative efficiencies of different algorithms. In Chapter 2, we introduce

the subtleties of embedding MH into PCG samplers, in Chapter 3, we construct the



framework of combining different strategies into one single sampler, and in Chapter 4,
we illustrate the potential of the framework of surrogate distribution strategy to further
improve the performance of Gibbs-type samplers. In each of Chapters 2—4, we provide
both theoretical arguments and numerical examples for illustration. We describe our
applied work in supernova cosmology in Chapter 5. In a closing post-script, we correct
the errors in algorithms of IvD and BN for fitting MNP models. Finally, we summarize

our results and discuss future work in Chapter 7.

1.1 MARKOV CHAIN BACKGROUND AND NOTATIONS

1.1.1 Basic NOTIONS OF MARKOV CHAINS

We review the basic notions of Markov chains based on Robert and Casella (2004).

DEFINITION OF THE MARKOV CHAIN

Suppose {X® t = 0,1,...} is a sequence of random variables. The support of each
+® is X, an non-empty set equipped with a countably generated o-algebra, B(Xx). A
transition kernel K is a function defined on X x B(X') such that

i) Vo € X, K(-|x) is a probability measure;
ii) VA € B(X), K(A]-) is measurable.

If X is discrete, the transition kernel I is simply a matrix K with elements,
Kopw =Pr(XW) =2/ | X0 =2) Vi, 2/ € X. (1.1)

If X is continuous, the kernel denotes the conditional density IC(z'|z) of the transition

K(:|z), that is, Vo € X and VA € B(X),

Pr(X € Alz) = /AIC(y|x)dy. (1.2)



Given a transition kernel K, the random variable sequence {X ® ¢t =01,.. .} is a
Markov chain if for any t, the distribution of X®*1) given X® = z® X1 —
D X0 = 20 i5 the same as the distribution of XD given X® = z®,

that is, VA € B(&X),

Pr( XD € Alz® 20V 2@) = Pr(zt) ¢ Aj2®) = / K(z|lz®)dz.  (1.3)
A

A chain {X® t =0,1,...} is time-homogeneous if the distribution of (X () ... X ()
given X)) = 2(t0) is the same as the distribution of (X®~%)  X&~%)) given
X0 = 20 Vi € N and each (k+ 1)-uplet t; < t; < --- < t;. The structure of
a time-homogeneous Markov chain is entirely determined by its transition kernel and
initial state, 2(?) (or initial distribution, ). In this dissertation, we only consider time-

homogeneous Markov chains.

Given K'(Alz) = K(A|z), Vo € X and VA € B(X), the kernel for ¢ (¢t € NT) transitions
is defined by

WMMzLU%MM@mw (1.4)

Chapman-Kolmogorov equations provide the convolution formulas for the transition

kernels of the type, '™ (Vt,s € N), that is, Vo € X and VA € B(X),

K”MWILWMMWMMM (15)

If X is discrete, (1.5) is simply a matrix product.

STABILITY PROPERTIES OF MARKOV CHAINS

Before recalling the properties of a Markov chain to ensure its convergence, we review
some related basic notions. The first ¢ for which the Markov chain {X® ¢t =0,1,...}
enters a set A € B(X) is denoted by 74 = inf{t > 1 : X® € A}, and the number of
passages in A is defined by n4 = > i, I{X® € A}, where I{-} is an indicator function,

which equals to one if the condition in the brackets is satisfied, and equals to zero
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otherwise. Two related quantities, that is, the average number of passages, FE(nalz),
and probability of returning to A in a finite number of steps, Pr(t4 < +oo|z), are of
particular importance. A set C' € B(X) is small if there exists t € Nt and a measure

vy > 0 such that, Vo € C and VA € B(X), K'(A|z) > v4(A). A o-finite measure 7 is

invariant for the transition kernel IC(-|-) if
m(A) = / K(A|z)n(z)dz, VA € B(X). (1.6)
X

The invariant distribution is also referred to as stationary if 7 is a probability measure,
since X(© ~ 7 implies that X® ~ 7, for every t. The total variation norm for two

arbitrary measures, p; and ps, is defined by
11 = pallpy = Supaesa)lin(A) = pa(A)]. (1.7)

A Markov chain must enjoy good stability properties to guarantee an acceptance ap-
proximation of the simulated model. The first property we consider is irreducibility,
which is the measure of the sensitivity of a Markov chain to the initial conditions (z(?)
or u). In the discrete case, the chain {X® ¢t = 0,1,...} is drreducible if all states

communicate, that is, if
Pr(r, < ool|z) > 0, Vo, o' € X. (1.8)

In the continuous case, the chain is &-irreducible for some measure &, if for every A €

B(X) with £(A) > 0, there exists ¢ such that

K'(Alz) > 0, Ve e X. (1.9)

Irreducibility implies that every set A € B(X') has a chance to be visited by the Markov
chain {X® ¢t = 0,1,...}. However, this property is too weak to ensure that the tra-
jectory of {X® ¢ = 0,1,...} will enter A often enough. Thus, furthermore, we in-
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troduce the property of recurrence. In the general case, a set A € B(X) is recurrent
if E(na|z) = +oo for every x € A. The set A is uniformly transient if there exists a
constant M such that E(na|z) < M for every x € A; A is transient if there exists a
countable collection of uniformly transient sets {B;} such that A = LiJBl A Markov
chain {X® ¢t =0,1,...} is recurrent if

i) there exists a measure ¢ such that {X® ¢ =0,1,...} is &-irreducible, and
ii) for every A in B(X) with £(A) > 0, E(na|z) = +oo for every x € A.

The chain {X® ¢ =0,1,...} is transient if it is &-irreducible and X’ is transient. Note
that a &-irreducible Markov chain is either recurrent or transient. The property of
recurrence can be strengthened by requiring not only an infinite average number of
visits to every set but also an infinite number of visits to every path of a Markov chain.
The stronger requirement leads to the property of Harris recurrence. A set A € B(X)
is Harris recurrent if

Pr(t4 < +oolz) =1 (1.10)

for every z € X. A Markov chain {X® ¢ =0,1,...} is Harris recurrent if there exists
a measure ¢ such that {X® ¢ =0,1,...} is &irreducible and every set A € B(X) with

€(A) > 0 is Harris recurrent.

An increased level of stability for a Markov chain {X® ¢ =0,1,...} is attained by the
existence of an invariant measure. If {X® ¢ =0,1,...} is a recurrent Markov chain,
there exists an invariant o-finite measure, 7, which is unique up to a multiplicative
factor. If 7 is an invariant probability measure (i.e., stationary distribution), the chain
is positive; otherwise, the chain is called null recurrent. The stationary distribution of
a Markov chain can be identified by the detailed balance condition. A Markov chain
{X® t =0,1,...} with transition kernel K satisfies the detailed balance condition if

there exists a function f such that, for every (z,y) € X,

K(zly)f(y) = K(ylz) f (x)- (1.11)
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If a Markov chain {X® ¢ = 0,1,...} with transition kernel K satisfies the detailed

balance condition with f a probability density function, then

i) the density f is the stationary distribution of the chain, and

ii) the chain is reversible, that is, the distribution of X1 given X2 = gz is the

t+1)

same as the distribution of X1 given X = g

With the existence of the kernel K and the stationary distribution f, detailed balance

is equivalent to reversibility.

The behaviour of a Markov chain {X® ¢ = 0,1,...} may sometimes be restricted
by deterministic constraints on the transitions from X® to XD These constraints
are formalized in terms of period. Generally, a ¢-irreducible Markov chain {X®) ¢t =
0,1,...} has a cycle of length d if there exists a small set C, an integer M, and a

probability distribution vy, such that d is the greatest common denominator (g.c.d.) of
{t >1:3, > 0 such that C is small for v, > 0,5 }. (1.12)

The period of {X® t = 0,1,...} is defined by the largest d satisfying (1.12) and
{X® t=0,1,...}is aperiodic if d = 1.

LIMITING BEHAVIOUR OF MARKOV CHAINS

It is important to explore the limiting behaviour of a Markov chain {X® ¢ =0,1,...}.
The invariant distribution 7 is a natural candidate for the limiting distribution of
{X® ¢t =0,1,...} because of its existence and uniqueness. We review sufficient con-
ditions for {X® t = 0,1,...} to be asymptotically distributed as its invariant dis-
tribution 7 without depending on the initial conditions, that is, ergodicity. First, if
{X® ¢ = 0,1,...} is Harris positive recurrent and aperiodic, then for every initial
distribution p,

— 0. (1.13)
TV

lim H /ICt(-|x),u(9:)dx—7r

t—+o0
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In particular, MCMC algorithms lead to aperiodic chains, recurrence or even Harris
recurrence holds for most MCMC algorithms, and moreover, the chain produced by an

MCMC algorithm naturally possess an invariant distribution due to its construction.

1.1.2 NOTATIONS

We denote the generic observed data and unknown parameter by Y,,s and 1, respec-
tively. We wish to sample from the posterior distribution of 1, i.e., p(¢|Yops). The
MCMC algorithms we consider are Gibbs-type samplers that rely on the complete
conditional distributions of either p(1|Yops) or its multivariate marginal distributions.
Thus, we divide ¢ into N possibly multivariate non-overlapping components, that is,
Y = (¢r,...,¥n) with N > 2. The Gibbs sampler updates each v; in each iteration
by sampling its complete conditional distribution, see Figure 1.1(a) for an example of
a Gibbs sampler. In this dissertation, we only consider systematic-scan Gibbs samplers
Liu et al. (1995). That is, in each iteration, the components of ¢ are updated in a fixed
ordering and each component is updated exactly once. The DA algorithm divides 1 into
only two components. Owing to the different motivation of DA and following existing
literature on DA, we denote these two components by 6 and Y,,;s. In the DA scenario, the
distribution of interest is usually p(6|Ygps) and the augmented data, Y, is introduced
to enable Gibbs sampling by iteratively updating p(Ymis|6, Yobs) and p(0|Yois, Yobs). The
MDA (Haar PX-DA), ASIS, and PCG samplers all start with a Gibbs (or DA) sampler,
and transform it in some way to improve its convergence properties. Henceforth, we

refer to the original Gibbs sampler as the parent Gibbs sampler.

We wish to obtain a Monte Carlo sample from the generic target distribution, p(v).
We achieve this by using an MCMC sampler to construct a Markov chain {y® ¢t =
1,2,...} with the stationary distribution 7(¢)). We refer to a sampler as proper if
it has a stationary distribution and that distribution coincides with the target, i.e.,
() = p(y); otherwise we call the sampler improper. In a typical Bayesian setting,
p(¥) = p(¥|Yons). A Markov chain with transition kernel IC(¢|¢)") means that the
conditional distribution of ¢ given = is K (v ®|¢=D). In this dissertation, we
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focus on cases where the transition kernel is parameterized as IC(1[¢'; (), where ( is some
parameter that is not part of the Markov chain but affects its kernel and perhaps also
its stationary distribution. Sometimes, the transition kernel may not depend on ¢’ or
may depend on only some components of ¢/'. These two cases are indicated by (| ;)
and KC(v1, a]1h; €), respectively. We denote the transition kernel of an MCMC sampler
updating p(¢)) by K(¥|¢)"), where the prime indicates the current state of a parameter.
The joint Gibbs Markov chain, {t®) ¢t = 1,2,...}, has stationary distribution equal to
p(1|Yons), and each sub-chain {@by),t =1,2,...}, can be viewed, upon convergence, as

a sample from its corresponding marginal posterior distribution, i.e., p(1;|Yobs)-

The transition kernel of a Gibbs sampler updating p(¢)) can be written as the product

of N component transition kernels of lower-dimensional Markov chains, that is,

N

K@) =[] Kilwsl  Fo(w, o)), (1.14)

J=1

where K; is the transition kernel for a Markov chain with stationary distribution
p(;|F;(¥,¢")). In a standard Gibbs sampler, KC;[y;| ; F;(¥, )] = plv;|F; (¢, ¢")],
which does not depend on %; F;(¢),v') is the sub-vector of (3,7') taking the com-
ponents of 1 already updated in the current iteration and components of ¢/’ that are
not. Suppose, for example, ¥ = {11,1, 193}, and the transition kernel IC(¢[¢)) is
equal to [[7_, p[t|F;(v, ¢)], where Fy(v,9) = (%, ¢%), Fa(t,9) = (¢b1,¢4), and
F3(v, ") = (¢1,1). If a conditional distribution is not in closed form, we update
it with MH; this alters the transition kernel. Suppose, for example, we cannot sample
(11 |1he, 13) directly and use MH. In this case, we specify a jumping rule (i.e., a proposal
distribution), denoted by Jij2,3(11]11, %5, 1%), where the subscript specifies the target

conditional distribution. In the MH update, we sample 7" ~ Jypo 5(t1 [¢0], ¢, %) and
ro . . . p<¢§rop|¢éa¢é)\7l|2 3(¢£|¢§ropa¢éa¢é)
set ¢y = YI"P with probability r = mm{l, s
o (W[, V5) Tujas (WP |47, U, 15)

otherwise the current value is retained, i.e., ¥y = ¢]. Thus the component transition

kernel of ¢; becomes Iy [11]17; Fi (1, ¢") = (¥4, 44)], which depends on )] because the

?

acceptance probability of the MH algorithm involves 9}, and because the new iterate of
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1y is set to 1] if the proposal of ¥; is rejected. We denote this MH transition kernel by
Mo s(Yn [¥, vh, 15), where M emphasizes the use of MH and the subscript specifies

its stationary distribution.

1.2 REVIEW OF THE ALGORITHMS

1.2.1 MARGINAL DATA AUGMENTATION

Formally, for a DA scheme to be legitimate, the augmented-data model p(Yiuis, Yobs|0)
must be a completion (see Definition 10.3 of Robert and Casella (2004)) of the observed-
data model p(Yops|0), i.e.,

/p<Ymisa Y;)bs|0>deis = p(Y;)bSW) (115)

The MDA algorithm expands the augmented-data model p(Yis, Yobs|€) by introducing a
working parameter . The expanded model (Vais, Yobs|6, @) must also be a completion
of p(0|Yops), that is,

/ﬁ(?misa Yobs|0, @) AV imis = p(Yons|6). (1.16)

By (1.16), « is not identifiable under the observed-data model p(Yops|). A general
method for introducing « into an augmented-data model is to construct a one-to-one
and differentiable mapping between Y, and Yiis. Specifically, following Liu and Wu
(1999), we assume that

LW-1: the working parameter « indexes a “data-transformation” mechanism with
f/mis = Go(Ymis), that is, for any fixed «, G, induces a one-to-one and differ-
entiable mapping (i.e., a diffeomorphism) between Y;,;s and \ (Note that Liu

and Wu (1999) defined the “data transformation” via Vs = to(Ymis). Thus their
to is G 1 here.)

Meng and van Dyk (1999) pointed out that G can operate on the parameter 6 as well,

but in this dissertation we focus on the case where G depends only on «. For each G,
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there typically exists a scalar e such that G.(Yiis) = Yinis-

When the prior distribution of the working parameter « is proper, the MDA algorithm
proceeds as

Step 1: (YT 0%) ~ (Vi @00, Vo), (Sampler 1.1)

mis

Step 2: (0T, al*V) ~ p(0), |Y(tJrl , Yobs); set Yo ) — g (m)( tﬂ))-

mis mis mis

In Sampler 1.1, « is sampled in both steps and the first update of « is not part of the
final output. We refer to updates which are sampled but not included in the output
of each iteration as intermediate quantities, following van Dyk and Park (2008), and
indicate them with a “x” in their superscript. We refer to Sampler 1.1 as a collapsed
DA sampler, since it can be viewed as sampling the complete conditional distributions
of P(Vanis: 0| Yaps) = fp(f/mis,ﬁ, a|Yops)da. In this regard, Sampler 1.1 is equivalent to
a standard DA sampler constructed from ﬁ(}}mis,é?ﬁfobs). Thus the marginal Markov
chain, {#® ¢t = 0,1,...}, produced by Sampler 1.1 is reversible with p(6|Yops) as its
stationary distribution (Liu et al., 1994). Collapsing « out increases the (expected)
variance of the conditional distributions used in Sampler 1.1. This allows for bigger

jumps and thus faster convergence, see Meng and van Dyk (1999) and van Dyk and
Meng (2001) for both theoretical and practical illustrations.

Meng and van Dyk (1999) showed that the rate of convergence of MDA depends on the
choice of prior on o and argued for optimizing the rate of convergence within a class of
certain priors. In some cases, the optimal choice is an improper prior on «. Because
« does not appear in the likelihood of (1.16), however, an improper prior results in
an improper posterior. Thus we cannot marginalize « out in Step 1 of Sampler 1.1.
Suppose we instead condition on the previous iteration of & when sampling Yos:

Step 1: v o P(Yinis|0®, D) Yioe), (Sampler 1.2)

mis

Step 2: (0"+1, al+1) ~ (6, 04|Y(tJr1 Yobs); set v — g (t+1)( t+1))-

mis mis mis
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With a proper prior on «, Sampler 1.2 is also a standard DA sampler but with stationary
distribution ﬁ(?mis, a, 0|Yqps). We can use an improper prior for « if we can verify that
the marginal chain {#),t = 0,1,...} is a positive recurrent Markov chain with p(f|Yops)
as its stationary distribution, despite of the fact that the joint chain {(a®, 6®) t =
0,1,...} is null recurrent. This occurs when the two conditions in Lemma 1 of van Dyk

and Meng (2001) hold, that is, letting ps(c, 8|§~/mis, Yobs) be the joint distribution of 6

and o conditioning on Yiis = Ga(Ymis) under an improper working prior peo(a),

vDM-1: there exists a sequence of proper working priors indexed by m, i.e., {pn(a)}
and an m, such that the corresponding ﬁm(oz,0|§~/mis,Yobs)converges t0 Poo(a,

0| Yinis, Yabs) a5 1 — Mg

vDM-2: the conditional distribution of the expanded posterior with the improper prior,
P(01Ga(Yinis), Yobs ), is free of a.

Under Conditions vDM-1 and vDM-2, the sub-chain {#®).+ = 0,1,...} induced by
Sampler 1.2 with the working prior p.(a) is Markovian, and its transition kernel
Poo (0HD]0®) o)) is the limit of the kernel p,,(0¢*FD]0®) induced by Sampler 1.1 with
the working prior p,,(a) as m — me, see Lemma 1 of van Dyk and Meng (2001).
Thus Conditions vDM-1 and vDM-2 are sufficient to guarantee that {§® ¢ =0,1,...}
induced by Sampler 1.2 under py(«) is a positive recurrent reversible Markov chain

with p(0|Yyhs) as its unique stationary distribution, see Theorem 2 of Meng and van

Dyk (1999).

Liu and Wu (1999) explored the benefits of PX-DA samplers with Haar measure working
priors which are accessible when the set of transformations indexed by «, i.e., {G, !, a €
A}, forms a locally compact group. We briefly review the basic knowledge of group
structure and Haar measure below. See Liu and Wu (1999) and Hobert and Marchev

(2008) for more details.

A set A is a group with respect to an operator “.” ifi) foralla € A, f € A, a- f € A;
ii) there exist an identity element e € A so that a-e =e-a = a, for all a € A; iii) for

all @ € A, we can find a unique a~! € A so that a-a™! = a™! - a = e. Following Liu
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and Wu (1999), we assume that {G,', @ € A} has the same group structure as A, that
is, G;'! is an identity mapping, and for all @ € A, 8 € A, G (G5" (Ymis)) = G (Vinis)-
Group A is called a locally compact group or topological group, if topologically A is

L are continuous. If

locally compact and the operations («, ) — «a - and @ — a~
Group A is finite, then it is automatically a locally compact group. If the operations

are analytic, A is called a Lie group.

For any measurable subset A C A and any element § € A, A- [ defines a subset of A
resulting from “operating” on every element of A by 5. A right Haar measure H(d«)
on Group A is a measure that is invariant under the group operation on the right side,
that is,

H(A):/AH(da): ABH(da):H(A-B),VBGA, (1.17)

for all measurable subset A C A. A left Haar measure can be defined in a similar
manner. Under mild conditions, the right (or left) Haar measure is unique up to a
positive constant, see Rao (1987). When the right Haar measure of A is also its left Haar
measure, A is called unimodular. When A is compact or abelian (i.e., a-f = - «a; e.g.,
the translation and scale groups), its right Haar measure is unimodular (Rao, 1987). If
A is a compact group, its unimodular Haar measure is the uniform probability measure.
When A is a translation group (e.g., Go ' (Vi) = Ymis+a), the unimodular Haar measure
for A is the Lebesgue measure. When A is a scale group (e.g., G, (Yiuis) = a¥mis), the
unimodular Haar measure for A is proportional to ]a]ilda. Following Liu and Wu
(1999), we assume that a density H(«) exists for the unimodular Haar measure with

respect to the Lebesgue or counting measure, i.e., H(da) = H(a)da.

The Haar PX-DA proceeds by

Step 1: Y

mis

~ p(Ymisw(t)a }/obs)a (Sampler 121)
Step 2: a* ~ p(a|Vi, Yon); set YT = G (Vi),

mis a*

Step 3: 9+ ~ p(G\Y(tH),YQbs),

mis
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where Step 2 imposes a transition from Y% to YH(E:I). Let Z be the state space of Yi,s.
For a fixed Yy, Liu and Wu (1999) defined the set {G,!(Vinis), @ € A} C Z as an orbit;
YD and Y*. lie on the same orbit if and only if there exists a unique o € A so that

mis mis

Y(H-l) _ g;l (Y*

i *.). Different orbits do not intersect, and Z can be regarded as the
union of all of the orbits, each of which has the same structure as A. The set of orbits
can be represented by a smooth cross-section Q, which is defined by a subset of Z that
intersects with (almost) every orbit exactly once. See Liu and Wu (1999) for illustrative
examples of orbits and cross-sections. With the cross-section Q, any Y.;s € Z can be
represented together by its orbit » € Q and its position 5 € A on the orbit. Step 2
of Sampler 1.21 is equivalent to generating a new position of Y., conditioning on its

orbit. To prove the propriety of this step, Liu and Wu (1999) stated that the following
condition should hold, that is,

LW-2: The group A is locally compact and has a unimodular Haar measure H(a)da.
There exists a smooth cross-section @ C Z, and the mapping Z: Z(8,r) =
le(r) for A x Q@ — Z is one-to-one and continuously differentiable, that is, a

diffeomorphism.

With the mapping Z, we can reparameterize each Y, € Z as that there exists a pair
of (B,7), such that Yy = Z(8,r). For all @ € A and Yy = Z(B,7), G5 ' (Viis) =
G 1 (Z(B,7)) = Z(a - B,r). Thus Sampler 1.21 can simply be described by

00 = (B,7) = (a” - B,r) = 0, (1.18)

Liu and Wu (1999) proved that under Conditions LW-1 and LW-2, Step 2 of Sampler 1.21
keeps p(Yis|Yobs) invariant, that is, if Y5 ~ p(Yimis|Yobs), then Yéﬁ:l) ~ D(Yis| Yobs)-
Thus the Haar PX-DA sampler, i.e., Sampler 1.21, is proper, that is, it maintains the
target stationary distribution p(Yis, €|Yobs), see Theorem 4 and Corollary 1 of Liu and
Wu (1999). As mentioned above, Hobert and Marchev (2008) verified that when the
group structure is present, the Haar PX-DA is equivalent to the MDA algorithm under

the limiting improper working prior, i.e., Sampler 1.2. In this dissertation, we confine
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our attention to Haar PX-DA algorithms to obtain optimal computational efficiency.

1.2.2 ANCILLARITY-SUFFICIENCY INTERWEAVING STRATEGY

As described above, ASIS utilizes two special DA schemes: a sufficient augmentation,
Yinis.s, such that p(Yops|Yimiss, ) is free of the parameter #, and an ancillary augmen-
tation, Yimisa, such that p(Yiisa|€) does not depend on 6. Normally, given 6, Yy is
related to Yis 4 via a one-to-one mapping, Hp, that is, Yisa = He(Ymiss) (but see Yu
and Meng (2011) for an exception). We assume H, is differentiable when Y, is con-
tinuous. ASIS forms a new sampler by interweaving a DA algorithm constructed with
a sufficient augmentation into one constructed with an ancillary augmentation:

Step 1: Y.

mis,S

~ P(Yinis,s 100 Vo), (Sampler 1.3)

St’ep 2 9* ~ p(9’ mis, Sa}/;)bs) Set Y H—l He*( mis, S)

IIllS A

Step 3: 0CHD ~ p(A|Y, STV Yop,); set VD =348 (VD).

mis,A mis,S mis,A

Here, we assume the joint distribution, p(Yiiss, Ymisas 0|Yobs), is well defined with
marginal distributions p(Yomis.s, €| Yobs), P(Ymiss, Ymis.a| Yobs), and p(Yinis a, @|Yobs). In par-
ticular, p(Yoiss, 0| Yons) and p(Ymisa, 0Yops) share the same marginal distribution for 6,
i.e., p(0|Yops). (This is a necessary consequence of both augmentation schemes being
legitimate DA schemes.) Step 2 of Sampler 1.3 is equivalent to sampling Y; 4 from
P(Yimis,a|Yinis 55 Yobs)- Thus, the transition kernel of 6§ under ASIS is

KO0 =
ffp t+1 ’Y t+1) )/:)bs) (Yngt*‘rl ‘ mlss’ 0bs>p<erls’S‘6(t)7nbs)dy* dY t+1)

mis,A 1S,A mis,S mis,A

(1.19)

It is easy to verify that the stationary distribution of C(®+1)|0(®")) is the target marginal,
p(0]Yons), see Yu and Meng (2011) for details.

Yu and Meng (2011) found that Steps 1-3 of Sampler 1.3 can be regarded as sampling

(0, Yiiss) along different directions. ASIS selects a particular combination of sampling
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(a) Gibbs Sampler (b) Marginalization (¢) Permute (d) Trim

1. P(¢1\¢§7¢§7¢2) 1. P(%Wﬁ%ﬂ/’ﬁ;) L. p(¢2|¢/17”¢§a¢i) L. p(1/}2’1/}/17¢:,371/}£1)
2. p(2|v1,¥5,40) | 2. p(Yalibr, v5,¢y) | 2. (1, ¥5)we, ¥y) | 2. p(i|e,vy)
3. p(Y3,Yalth1,1b2) | 3. p(vz,balebr, ) | 3. p(ehz, alabr, o) | 3. p(abs, Yalihr,2)

Figure 1.1: An example of using three tools to transform a Gibbs sampler into a proper PCG sampler.
The parent Gibbs sampler appears in (a). The sampler in (b) updates 5 rather than conditioning on it in
Step 1. The steps of this sampler are permuted in (c) to make the draw of ¥5—in Step 2 of (c)—to be
redundant. Trimming %, we obtain the PCG sampler in (d).

directions such that the resulting sampler substantially outperforms both parent DA

samplers, while the additional computational expense is small, see Yu and Meng (2011).

1.2.3 PARTIALLY COLLAPSED GIBBS SAMPLING

The PCG sampler replaces some of the complete conditional distributions of an ordinary
Gibbs sampler with the corresponding conditionals of marginal distributions of the
target joint posterior distribution (van Dyk and Park, 2008). This generally leads to
a larger variance of the conditional distribution, bigger average jump sizes, and thus

improved convergence relative to the parent Gibbs sampler.

One must be careful, however, to ensure that the target distribution is maintained;
van Dyk and Park (2008) provided three tools for transforming a Gibbs sampler into
a PCG sampler, while maintaining the target distribution, specifically, marginalization,
permutation and trimming. Suppose, for example, 1) = (11, Y9, 13, 14) and we wish to
sample p(v). The marginalization stage replaces one or more steps of a Gibbs sampler
with steps that update rather than condition on some components of ¢, see Step 1 in
Figure 1.1(b). This results in the same component being sampled in two or more steps.
The steps of the marginalized sampler are then permuted to make some intermediate
quantities redundant, which means they are neither subsequently conditioned upon nor
part of the final output, see 93 in Step 2 of Figure 1.1(c). Finally, we trim the redundant
quantities; this results in one or more steps that samples from a conditional distribution

of a marginal distribution of p(¢)), such as Step 2 in Figure 1.1(d). We refer to such steps
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as reduced steps. We must guarantee only redundant quantities are trimmed, because
trimming intermediate quantities conditioned upon in subsequent steps can alter the
stationary distribution. Since all three stages preserve the stationary distribution of
the parent Gibbs sampler, the resulting PCG sampler maintains the target stationary
distribution. Marginalization can significantly improve the rate of convergence, while
permutation typically has a minor effect and trimming has no effect (van Dyk and
Park, 2008). PCG samplers generally exhibit better and often much better convergence
properties than their parent Gibbs samplers. More details and examples can be found

in van Dyk and Park (2008) and Park and van Dyk (2009).

In some cases, a PCG sampler is simply a blocked or collapsed version of its parent Gibbs
sampler. PCG is a more general strategy, however, because in some cases, PCG samplers
involve incompatible conditional distributions, that is, conditionals for which there is no
corresponding joint distribution, e.g., the PCG sampler in Figure 1.1(d). Unlike the
Gibbs sampler, permuting the steps of such a PCG sampler may alter its stationary
distribution. Suppose, for example, we obtain (¢, 19, 15, 1) from p(wy, 19, 13, 14)
and update 1; according to Step 2 of the PCG sampler in Figure 1.1(d). The joint
distribution of (1,19, ¥4, 1)) would be

/ P(tbr b, WP, b, b, W)Y, = p(ibn, oo, WP (W 0 0),  (1.20)

which is different from the target in that 1; and ¢} are conditionally independent.
However, the joint distribution of ¢ and 15 in (1.20) is the target posterior distribution
and Step 3 of the PCG sampler conditions only on (11, 12). Thus after Step 3, the joint
distribution of the parameters is again the target. Thus after a cyclic permutation of
steps of the PCG sampler in Figure 1.1(d), the sampler ending with either Step 1 or 3
is proper, whereas ending with Step 2 is improper. With non-cyclic permutation, the

stationary distribution is unknown.
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1.3 TooLs FOR COMPARING EFFICIENCIES OF ALGORITHMS

In this manuscript, we typically need to compare the convergence efficiencies of different
algorithms. The tools we use to make comparisons are i) visualizing methods: time-
series and autocorrelation plots of parameters (the lag-k autocorrelation of a time series
{p® t =0,1,...} is defined by corr(yp® =F)) = 4, /o, where v, = cov (1), pE=R)
and v is the unconditional variance of the time series), ii) effective sample size per

second of parameters, and iii) the cyclic-permutation bound of a sampler.

1.3.1 EFFECTIVE SAMPLE SIZE

The effective sample size (ESS) is defined as

_ T
1+2377, p(v)

ESS(1)) (1.21)

where T' is the total posterior sample size and p;(1)) is the lag-t autocorrelation of the
parameter ¢». The ESS approximates the size of an independent sample with equivalent
information in terms of the Monte Carlo variance of the sample mean, and is indicative
of how well the chain mixes, see Kass et al. (1998) and Liu (2001). We use the function
“effectiveSize” in the R package coda to estimate the ESS. To account for computa-
tional time, we use ESS/sec (i.e., ESS/(CPU time)) of a parameter to compare different

algorithms. The larger the ESS/sec, the more efficient is the convergence.

1.3.2 CycLic-PERMUTATION BOUND

We use L?(p) to denote the set of all functions h(¢) such that [ h2?(¢)p(¢)dy < oo.
This set is a Hilbert space with inner product < h,g >= E,[h(1))g(¢))]. For a general
Markov chain, {¢)® ¢ = 0,1,...} with transition kernel X(1/[¢/'), we define the forward

operator on L?(p) of K by
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Ph(y) = / Rl dy. (1.22)

Denote L3(p) = {h € L*(p),E,[h(¥))] = 0,var,[h(¢))] < oo}, which is also a Hilbert
space with the same inner product and forward operator as L*(p). For h € L(p),

||h])* = var,(h). We define Py the forward operator on LZ(p) induced by P. The norm

of this forward operator is || Fp|| = supy,.c Lg(p)%, and it is easy to verify that
1/2
[Rll=  sup {var, [B(AW) )]} = (™, 00, (1.23)

hEL(Q) (p),varp(h)=1

where p(y™), @) represents the maximum correlation of ¢ and . The spectral

radius of Py, r(Fp), which is defined by
. 1/t
r(Py) = lim || P, (1.24)

is called the convergence rate of the Markov chain, and r(Fp) < ||Fp||. Smaller con-
vergence rate implies faster convergence to the stationary distribution of the Markov
chain. Although Liu et al. (1994) provided the explicit form of r(F) for two-step
Gibbs samplers, it is typically difficult to derive r(Fy) for Gibbs samplers with more
than two steps. Thus van Dyk and Park (2008) introduced an upper-bound of r(F),
named by cyclic-permutation bound. Consider an N-step Gibbs sampler and define a
j-step-lagged Gibbs sampler, for j = 0,..., N — 1, by the Gibbs sampler starting with
Step 7 + 1 obtained via cyclically permuting the steps of the original sampler. The
j-step-lagged Gibbs samplers (j = 0,..., N — 1) have the same spectral radius, but
possibly different norms (or equivalently, maximum correlations). We denote the norm
of the forward operator corresponding to the j-step-lagged Gibbs sampler by ~;, and
bound is much easier to handle than the convergence rate. Thus we also use this quan-
tity to analyse the convergence properties of Gibbs-type samplers in this dissertation.

Smaller cyclic-permutation bounds indicate better convergence properties.
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EMBEDDING THE MH ALGORITHM

INTO PCG SAMPLERS

In this chapter, we introduce difficulties that may arise when using MH updates within
a PCG sampler and develop a general strategy for using such updates while maintaining
the target stationary distribution. We begin in Section 2.1 with a motivating exam-
ple from our applied work in X-ray astronomy to illustrate the complications that arise
when MH is introduced into PCG samplers and set the stage for the methodological and
theoretical contributions of our strategy. The MH within PCG sampler is introduced
in Section 2.2 along with methods for ensuring that its stationary distribution is the
target distribution and two strategies for implementing the sampler while maintaining
this target. Theoretical arguments are presented in Section 2.2.3 that aim to guide
the choice between different implementations of the MH within PCG sampler. The
proposed methods and theoretical results are illustrated in Section 2.3 with several ex-

amples, including the spectral analysis model in astrophysics, the hierarchical Gaussian
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model in supernova cosmology, and a factor analysis model. Final discussion appears
in Section 2.4, concluding our strategy of embedding MH steps into PCG samplers and
shedding light on its connection with the combining strategy, which to be introduced

in Chapter 3.

2.1 MOTIVATING EXAMPLE

We begin with a spectral analysis model in X-ray astronomy that can be fitted with
Gibbs-type samplers (van Dyk et al., 2001; van Dyk and Meng, 2010). In this chapter,
we use variants of this example as a running illustration of the methods we propose.
The X-ray detectors used in astronomy are typically on board space-based observatories
and record the number of photons detected in each of a large number of energy bins.
Spectral analysis aims to estimate the distribution of the photon energies. We use the
Poisson distribution to model the recorded photon counts, where the expected count is

parameterized as a function of the energy, F; of bin 7. A simple example is
Y; N Poisson{Ai =a(BP +yI{i= u})e“b/Ei}, fori=1,...,n, (2.1)

where Y; is the count in bin i; a, f, v, p, and ¢ are model parameters; I{-} is the
indicator function; and n is the number of energy bins. The aE;~” term in (2.1) is a
continuum—a smooth term that extends over a wide range of energies. The ayI{i = u}
term is an emission line—a sharp narrow term that describes a distinct aberration
from the continuum. The emission line in (2.1) is very narrow in that it is contained
entirely in one energy bin. The parameters of the continuum and emission line describe
the composition, temperature, and general physical environment of the source. The
factor e=?/Fi in (2.1) accounts for absorption—lower energy photons are more likely to
be absorbed by inter-stellar material and not be recorded by the detector. A typical
spectral model might contain multiple summed continua and emission lines. We use a
simple example here to focus attention on computational issues. We assume that «, 3, 7,

i, and ¢ are a prioriindependent and that p is a priori uniform on {1,...,n}, while the
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Figure 2.1: Samplers 2.1-2.4. The four samplers are all MH within PCG samplers for fitting the spectral
model in (2.1). Sampler 2.1 (top-left) is the proper sampler with the lowest degree of partial collapsing.
Sampler 2.2 (top-right) is another proper sampler but with a higher degree of partial collapsing. Samplers 2.3
(bottom-left), which blocks Steps 2 and 3 of Sampler 2.2 into a single MH step, is the proper sampler with
the highest degree of partial collapsing. Sampler 2.4 (bottom-right) blocks Steps 3 and 4 of Sampler 2.2.
Unlike Sampler 2.3, however, Sampler 2.4 is improper.

other four parameters are a priori uniform on the positive real line R*. In practice, we
do not observe Y = (Y7,...,Y,,) directly because photon counts are subject to stochastic
censoring, misclassification, and background contamination, see Lee et al. (2011) and
van Dyk and Jiao (2015) for the complete spectral analysis model considering all these
factors. In this dissertation, for simplicity, we assume that Y is observed directly and

ignore censoring, misclassification, and background contamination.

The model in (2.1) is a finite mixture model and can be fitted via the standard data
augmentation scheme that sets Y; = Yo + Y;, where Y;¢ = Poisson (aEfﬂ e=?/ El) and
Y, ~ Poisson (cw]{z' = u}e*¢/Ei), are the photon counts in bin ¢ generated from the
continuum and emission line, respectively. We consider samplers that target p(Yr, «

B,7, i, ¢|Y') rather than p(«, 5,7, 1, ¢|Y) because introduction of the augmented data,
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Yo = Yio,...,Yne) and Y, = (Yir, ..., Y,r), highly simplifies the complete conditional
distributions. We begin with the six-step Gibbs sampler which updates each of Y7, «,
B, 7, i, and ¢ from its complete conditional distribution iteratively, see Figure 2.3(a).
Three of its steps need MH updates. Because Y7, completely specifies the line location
w, var,(p|Yz) = 0. Thus this MH within Gibbs sampler is not irreducible, and the
subchain for p does not move from its starting value ;(?), for any choice of ;(?). We
solve this problem by updating ;¢ without conditioning on Y7, and obtain an MH within
PCG sampler, i.e., Sampler 2.1, given in the top-left panel of Figure 2.1. Sampler 2.2
in the top-right panel of Figure 2.1 is another MH within PCG sampler but with a
higher degree of partial collapsing, i.e., more quantities are marginalized out in steps of
Sampler 2.2 than in Sampler 2.1. Sampler 2.2 marginalizes X out when updating not
only u, but also a, 5, and ¢, and marginalizes a out of its first three steps, whereas
Sampler 2.1 does not remove « from any step. Samplers 2.3 and 2.4 attempt to further
improve Sampler 2.2 by blocking two of its steps. Sampler 2.3 blocks the updates
of f and ¢ into one single MH step, see the bottom-left panel of Figure 2.1, while
Sampler 2.4 blocks the updates of 5 and «, see the bottom-right panel of Figure 2.1.
Details of Samplers 2.1-2.4 and other samplers introduced in this chapter appear in

Appendix A.

Unfortunately, Sampler 2.4 is improper, while Samplers 2.1-2.3 are proper MH within
PCG samplers with common parent Gibbs sampler. The failure of Sampler 2.4 rests in
the MH update of Step 3. The MH transition kernel M, gy .0(c, B1Y, o, 8,9, i1, @)
depends on (¢, f) via its acceptance probability and its output if its proposal is rejected,
see Section 1.1.2 of Chapter 1. If the joint distribution of (o/, 5’) and (v, i, ¢) were the
target, Mo gy ol B1Y, o, 8,7, 1, ¢) would deliver a draw from p(a, B|Y,7/, u, ¢).
However, Steps 1 and 2 of Sampler 2.4 update p and ¢ without conditioning on «/'.
Thus o/ and (u, ¢) are conditionally independent and M, gy u0(c, B1Y, o, 8,9, i1, @)
fails to deliver a draw from p(«, 8Y,~', u, ). If the conditional distribution of («, 3)
were available without resorting to an MH update, Sampler 2.4 would be proper because

under this scenario, the transition kernel of («, ) would only depend on (7', i, ¢), whose
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joint distribution is the target. Thus unlike an ordinary Gibbs sampler, introducing MH
into a PCG sampler can destroy its stationary distribution. Examples appear even in
simplest two-step MH within PCG samplers, see Section 2.2.1. We must take extra care

to guarantee that an MH within PCG sampler is proper.

Like a standard PCG sampler, permuting the steps of a proper MH within PCG sampler
may alter its stationary distribution. Suppose, for example, we obtain (Y], o/, 8',+/, i/, ¢')
from p(Yr, a, 8,7, 1, ¢|Y) and update p according to Step 1 of Sampler 2.1. The joint
distribution of (Y}, o/, 5,7/, u, ¢") would be

fp(M|Y7 al?/B/’ 7/7 ¢/)p(Y£7a/7 6/77/7 /"Ll7 ¢/|Y)dul
=p(o, B, Y )p(YL|Y, o, B4 ¢).

(2.2)

Because the joint distribution of (o/,5,7,¢') and u in (2.2) is the target posterior
distribution and Step 2 of Sampler 2.1 conditions only on (¢, 8,7/, ¢') and u, the joint
distribution of the parameters after Step 2, that is, of (Yz,a/, 5,7, u, ¢'), is again the
target. Thus a cyclic permutation of the steps in Sampler 2.1 that ends with each of
Steps 2-6 leads to a proper sampler, but ending with Step 1 does not. With non-cyclic
permutations, the stationary distribution is unknown. It is the conditional independence
of X} and p in (2.2) that makes Sampler 2.1 much faster than its parent MH with Gibbs
sampler; recall var,(u|X.) = 0. In addition, Sampler 2.3, i.e., the proper MH within
PCG sampler with the highest degree of partial collapsing, converges much faster than
Sampler 2.1, the sampler with the lowest degree of partial collapse. Sampler 2.2 is
also more efficient than Sampler 2.1, but worse than Sampler 2.3. See Section 2.3.1 for
numerical illustration. Thus proper MH within PCG samplers outperform their parent
Gibbs samplers in computational efficiency, and higher degree of partial collapsing can

typically lead to better performance in convergence.

Motivated by this example, we consider developing a general strategy for using MH
updates within PCG samplers while maintaining the target stationary distribution, and
illustrating the computational advantage of proper MH within PCG samplers using

examples from our applied work.
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Figure 2.2: Proper and improper samplers, for the bivariate Gaussian target distribution. The first two
panels give scatter plots of v; and 5 for 10,000 draws from Samplers 2.5 and 2.6, respectively. The
marginal distributions from the two samplers are compared in the two quantile-quantile plots. The improper
Sampler 2.6 severely underestimates the correlation between 1 and 9, and slightly overestimates the
variance of 5.

2.2 UsING THE MH ALGORITHM WITHIN PCG SAMPLERS

2.2.1 AN ERROR OF EMBEDDING MH INTO SIMPLEST PCG SAMPLERS

The potential pitfalls of introducing MH updates into a PCG sampler can be illustrated
using the simplest possible PCG sampler. We start with a two-step Gibbs sampler with
target distribution p(v1, 1), where the second step relies on an MH update:

Step 1: w%tﬂ) ~ p(wlwé””), (Sampler 2.5)

Step 2: zpét“) ~ M2\1(¢2|¢§t+1)7¢g))-

While this sampler is proper, replacing Step 1 with @Z)%HU ~ p(11) results in an improper
sampler:
Step 1: i ~ p(iy), (Sampler 2.6)

Step 2: ngﬂ) ~ M2\1(¢2|¢§t+1)7¢g))-

The problem with Sampler 2.6 can be illustrated using a simulation study. Figure 2.2
compares 10,000 draws generated by Samplers 2.5 and 2.6 with p(t,9) given by
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The MH jumping rule in Step 2 of both samplers is a Gaussian distribution centered
at the previous draw of 1, with variance equal to 6. Sampler 2.6 underestimates the
correlation of the target distribution and overestimates the marginal variance of 5.
Of course, if we repeat Step 2 a sufficient number of times within each iteration of
Sampler 2.6, it would deliver a draw (approximately) from its target, p(iq|t), and
Sampler 2.6 would deliver (approximately) independent draws from p(i1,1). We dis-
cuss this strategy for constructing an approximately proper sampler in Section 2.2.2.
Similarly, iterating Step 2 of Sampler 2.5 would (approximately) lead to a standard
two-step Gibbs sampler.

Like Sampler 2.4 in Section 2.1, the key to understanding the failure of Sampler 2.6
(without iterating Step 2) lies in the MH jumping rule used in Step 2 of both samplers.
The kernel M2|l(w2]w§t+1), »3) depends on Y. Although M (1|t {7} delivers
a draw from p(is|1p1) if given a sample (1/15”1), ét)) from the target distribution, in
Sampler 2.6, 1/)§t+1) and ¢§” are independent and M(¢2|@/}§t+1), ét) ) does not deliver a

draw from the target conditional distribution.

Unfortunately, there are a number of samplers in the literature that have the same
structure as the improper Sampler 2.6, for instance, Liu et al. (2009), Lunn et al. (2009),
McCandless et al. (2010), and even in the popular WinBUGS package (Spiegelhalter,
Thomas, Best and Lunn 2003). These samplers do not generally exhibit the desired

stationary distributions.

2.2.2 EMBEDDING THE MH ALGORITHM INTO PCG SAMPLERS
VERIFYING THE STATIONARY DISTRIBUTION

As the example in Section 2.2.1 illustrates, introducing MH into a well behaved PCG

sampler can alter the sampler’s stationary distribution. Here we describe the basic
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complication that arises when MH is introduced into a PCG sampler and give advice

on how to guarantee that the sampler is proper.

When deriving a PCG sampler (without MH), the marginalization stage means some
components of 1 are updated in multiple steps. If the same component is updated in
consecutive steps, the Markov transition kernel does not depend on the first update. The
first update is therefore redundant and can be omitted without affecting the stationary
distribution of the chain. The situation becomes more complicated when some of the
steps of the PCG sampler require MH updates. Suppose, for example, we wish to sample
from p(v) with ¢» = (11,19, 13) using a proper PCG sampler in which ¢, and 1y are
jointly updated in Step j via a draw from the conditional distribution p(t)q,1s|13).
Suppose also that 15 is to be updated according to its full conditional distribution,
p(2|th1,13) in Step j + 1, but this cannot be done directly and we wish to use an MH
update. The remaining unknowns, 13, are updated in other steps of the sampler, which
perhaps involve dividing 13 into multiple subcomponents. That is, Steps 7 and j 41 of

the sampler are

Step j: ( §t+1)7 V3) ~ p(1, Palty), (Sampler Fragment 1)

Step 7 + 1: 5 ~ Moy s (ol 05, 44).

If we were able to draw 15 directly from its complete conditional distribution in Step j+
1, ¥ would be redundant and we could remove it from the sampler. Then Step j is
replaced with the reduced step w?“) ~ p(¢q]ys). The MH update in Step j + 1,
however, depends on 5 and replacing it with wgt) may change the chain’s stationary
distribution in an unpredictable way. In short, the MH update used in Step j 4+ 1 means
that we cannot reduce Step j. Generally speaking, an MH update in a step that follows
a reduced step is problematic because reduced steps result in independences that do not

exist in the target. (A reduced step that follows an MH step, however, is not inherently

/ /

problematic.) More precisely, the kernel, M, j, j, (¥, [¥ 4%, 4%, ), can only be used if

no component of (v;,,1,,;,) is trimmed in the previous step.

Fortunately, the stationary distribution of an MH within PCG sampler can be verified
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using the same three-stage framework of van Dyk and Park (2008) that are used for an
ordinary PCG sampler. The first two stages, marginalization and permutation, apply
equally well to MH within Gibbs samplers. Neither updating additional components of
1 in one or more steps nor permuting the order of the steps upsets the stationary dis-
tribution of an MH within Gibbs sampler. The final stage involves removing redundant
updates. Because an MH step depends on the current draws of not only the components
of ¢ conditioned upon in the target conditional distribution of that step, but those to
be updated in the step also, there are fewer redundant draws when some steps involve
MH. Nonetheless, any redundant updates that are identified can safely be removed in
the trimming stage—by definition they do not affect the transition kernel. The critical
point is that unlike with an ordinary Gibbs sampler, we cannot simply replace some of
the component draws of a PCG sampler with MH updates. Rather we must construct

an MH within PCG sampler by applying the three-stage framework.

Now suppose we wish to implement the marginalization in an MH step. In Sampler
Fragment 1, for example, we aim to sample 13 along with 1 using a single MH up-
date in Step j + 1. This typically requires replacing Step j + 1 with ( gﬂ),z/}g) ~
Mo g1 (g, P[P % apt). Because the MH transition kernel of (b, 1)3) depends on
Y%, this new Step j + 1 cannot follow a step that reduces 3 out. If p(¢s|iy,1h9) is
a standard distribution, to update 1, and 3 together, we propose to replace the full
MH step with the reduced MH step followed immediately by a direct draw from the
complete conditional of the reduced quantities. This would entail replacing Step 7 + 1

of Sampler Fragment 1 with

Step 7 + 1 with marginalization:

G o Moy (0|08 45) and by ~ p(ips|ip ).

We denote the transition kernel of the full step (i.e., the reduced MH step followed by
the complete conditional of the reduced quantities) by M*. In Sampler Fragment 1, we

rewrite the step with marginalization as

Step j 4+ 1 with marginalization: (wétﬂ),z/;;,,) ~ M 5, (Y2, %Wf*”, V3).
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(a) Parent MH within Gibbs Sampler (b) Marginalization
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Figure 2.3: The three-stage framework used to derive Sampler 2.2 from its parent MH within Gibbs
sampler. The parent sampler appears in (a) with Steps 3, 5 and 6 requiring MH updates. The conditioning
in steps 2, 3, 5, and 6 is reduced in (b). The steps are permuted in (c) to allow redundant draws of Y} and
a* to be trimmed in Steps 1-4. The resulting proper MH within PCG sampler, i.e., Sampler 2.2, appears

in (d).

Note that this full step is not formally an MH update but has the advantage that it does
not depend on the current update of 3. Thus, this step can follow a step that reduces
13 out. This MH update ensures that the target stationary distribution is maintained.
Moreover, using this strategy, the updates of the reduced quantities (i.e, 13 here) are
expected to be trimmed after the steps are appropriately permuted and that the reduced
MH step, i.e., wétﬂ) ~ M2|1(w2]w§t+1), %), can be employed in the final sampler.

We now illustrate the construction of a proper MH within PCG sampler for the spectral
analysis model given in Section 2.1. Figure 2.3(a) gives the six-step Gibbs sampler and
three of its steps require MH updates. The conditioning in four steps is reduced in
Figure 2.3(b), and the steps are permuted in Figure 2.3(c) to allow the redundant
draws of Y and o* to be trimmed in four steps. The resulting proper MH within PCG

35



sampler, i.e., Sampler 2.2, appears in Figure 2.3(d).

UsING MH FOLLOWING A REDUCED STEP

Using a full MH step immediately following a reduced step can be problematic. Sam-
pler 2.6 in Section 2.2.1 illustrates this in its simplest form: a draw from a marginal
distribution followed by an MH update of the conditional distribution of the remaining
unknowns. As noted in Section 2.2.1, this is a particularly common problem in practice,
even in its simplest form. In more complicated PCG samplers, the general phenomenon
of introducing a full MH step immediately following a reduced step is the typical path
by which introducing MH leads to an improper sampler, e.g., the improper Sampler 2.6
in Section 2.1. This is illustrated in Sampler Fragment 1, where we are unable to re-
place the update in Step j with the reduced step QZJY—H) ~ p(t1|¥}). Thus, this case
is particularly important and we propose two alternate strategies that maintain the
basic structure of the underlying PCG sampler while allowing a form of MH in the step

following a reduced step. Both solutions are conceptually straightforward.

We begin by studying a special case that is useful for illustrating the two alternative
strategies that we propose. We discuss the more general situation afterwards. In partic-
ular we start in the general setting of Sampler Fragment 1, but consider a PCG sampler
in which ¢; is updated in Step j via a direct draw from the conditional p(v1|1)3) of the
marginal distribution p(t1,3), i.e., a reduced step. Again suppose that an MH update
is required to update 1 in Step j + 1. That is, Steps j and j + 1 of the parent PCG

sampler are

Step j: i ~ p(¥r[y), (Sampler Fragment 2)

Step § + 1: 5™ ~ p(wa| 4s).

Because MH is needed for Step j + 1, these steps cannot be blocked.

One straightforward solution to the intractability of p(¢2|¢§t“), Y4) is iterating the MH

update within Step 7 + 1 to obtain a draw from the target conditional distribution,
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Iterated MH Strategy:

Step j: W“) ~ p(1|¢y), (Sampler Fragment 3)

Step j + L: Sample 95"~ My (et ™V g, for 1= 1, L to
obtain t{™) R p(iho| Y L) at the subiteration [ = L.

With sufficiently large L (see the following subsection for methods of determining how
large L must be), the Iterative MH Strategy delivers a sample approximately from
p(¢2|@/)§t+1), Y4) and thus the sampler is approzimately proper. In this special case the
Iterated MH Strategy effectively blocks Steps j and j + 1 to (approximately) deliver an
independent draw from p(t, ¥9|1%).

Another solution to the intractability of p(¢2|¢§t+1),¢§) is a joint MH update on the

blocked version of Steps j and j + 1,

Joint MH Strategy:

Step j: Update (11, 15) jointly via the MH jumping rule
Tiois (1, Ul 04) = (1 [0) Top s (i, 057, 05),

Step j + 1: Omit. (Sampler Fragment 4)

The jumping rule in Step j of Sampler Fragment 4 is exactly the concatenation of Step j
and the jumping rule in Step j + 1 of Sampler Fragment 3. By concatenating we avoid

the iteration.

The Iterated MH Strategy is in some sense a thinned version of the Joint MH Strat-
egy. This, however, is an over simplification for two reasons. First, the Iterated MH
Strategy updates ¢y only once for every L updates of 1) whereas the Joint MH Strat-
egy updates both together in each iteration. Second, although the jumping rule in the
Joint MH Strategy is the concatenation of Step j and the jumping rule used by the first
subiteration in Step j + 1 of Iterated MH Strategy, the acceptance probabilities differ.
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(a) Gibbs Sampler (b) Marginalization (¢) Permute (d) Trim

L p(yslef, vh) | L p(¥slv1,¢) L. PWSWD%) L p(¢s|, ¥5)
2. p(althf, va) |2 pw;wa,ww M g5 (1, 03197, ) | 2. My (W[, ¢bs)
3. p(P1]iba, 3) M 55 (V1, ol W1, ¥3) | 3. p(aalipn, 13) 3. p(alib1, 13)
L op(olty, o) | 1. P(%’pré M o3 (V1 3101, 45) | 1 Mys (e[, 45)
2. (1|2, 13) M 2\3(%7 o, ) | 2. P21, ¥5) 2. p(ih2ltp1,13)
3. p(ihslhr, 1h2) 3-P(¢3|¢1,"¢2) 3~P(¢3\1/J1,¢2) 3. p(¥3|t1,¢h2)

Figure 2.4: The three-stage framework to derive Sampler Fragment 6 from its parent Gibbs sampler. The
first row corresponds to updating 3 before Steps j and j + 1, while the second row updating 13 after that.

This results in a systematic difference in the performance of the resulting samplers, see

Section 2.2.3 for further explanation.

Generalizing Sampler Fragment 2, suppose ¥ = (11,19, 13,14) and the parent PCG

sampler contains the two steps

(t+1) (t)
Step j: ¥y ~ p(r|g”, Wh), (Sampler Fragment 5)
Step j + 1 (5, 08 Y) ~ p(uin, vl T, ),

where Step j is a reduced step and Step j + 1 cannot be sampled directly. Here the
conditional distributions cannot be blocked into a single step. We can still use the Iter-
ated MH Strategy in Step j+1 to obtain a draw approximately from p(1)q, ¢3|¢§t+1), vy)
and an approximately proper PCG sampler. Likewise we can implement the Joint MH
Strategy, using the jumping rule p(wlwét),wg)j2,3|1,4(w2, wgywl,wg’*), ét), Y}). The sta-
tionary distribution of the joint jumping rule is p(wllwét), W) p(e, 3|1, 1)), Although
a legitimate joint distribution of (11,15, 13), this does not correspond to a conditional

distribution of p(1)).

TO BLOCK OR NOT TO BLOCK

In the first subsection of Section 2.2.2, we discuss the case where Step j + 1 of Sampler

Fragment 2 requires MH. We now consider the case where Step j requires MH, i.e.,
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Step j: 1/)?“) ~ M1|3(1/11|¢§t), Uy), (Sampler Fragment 6)

Step j + 1: 8 ~ p(wo Y ).

Sampler Fragment 6 does not lead to convergence problems because the inputs to
Step 7 + 1, i.e., 1/1?“) and 15, follow the desired distribution. Figure 2.4 illustrates
using the three-stage framework to verify the stationary distribution of Sampler Frag-
ment 6, with 3 sampled from its complete conditional distribution either before (first

row) or after (second row) Steps K and K + 1.

We consider blocking the two steps of Sampler Fragment 6 into a single MH update as

Step j: Update (¢1, 1) jointly via the MH jumping rule
Trogs (P, ol 04) = Fuja(wa |04, 0)p(aln, 15),

Step 7 + 1: Omit. (Sampler Fragment 7)

The jumping rule in Sampler Fragment 7 is exactly the concatenation of Step 5+ 1 and
the jumping rule in Step j of Sampler Fragment 6. There is a fundamental difference,
however, in that the transition kernel of Sampler Fragment 7 depends on wgt)because
that if the MH proposal is rejected, (¢§t+1),¢§t+1)) = (¢§t),zp§t)), whereas neither of
the steps in Sampler Fragment 6 depends on wét). Thus care must be taken to ensure

blocking in this way does not upset the stationary distribution of the chain.

Steps 3 and 4 of Sampler 2.2 (top-right panel of Figure 2.1) are an example of Sam-
pler Fragment 6, with ¢; = 3, ¥s = «, and 13 = (v, , ). Blocking Steps 3 and 4
of Sampler 2.2 results in Sampler 2.4 (bottom-right panel of Figure 2.1). As stated in
Section 2.1, unfortunately, Sampler 2.4 is an improper sampler, which we verify using
a simulation study. We begin by generating an artificial data set consisting of n = 550
bins with o = 37.62, § = 1, v = 40/37.62, n = 250, and ¢ = 0.2, see Figure 2.5.
We run two versions of Sampler 2.4 with different jumping rules for updating («, 3).

Sampler 2.4(a) uses the concatenated jumping rule given in Sampler Fragment 7, while
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Figure 2.5: A dataset simulated under the spectral model in (2.1) and used in the simulation study in
Sections 2.2.2 and 2.3.

Sampler 2.4(b) uses an independent bivariate normal jumping rule centered at the cur-
rent value of («, ). We use a uniform prior distribution for each parameter, and run
30,000 iterations of Samplers 2.2, 2.4(a), and 2.4(b) using the same starting values.
Scatter plots of (a, 3, ¢) for the last 10,000 draws from the three samplers appear in
Figure 2.6, which shows that Samplers 2.4(a) and 2.4(b) underestimate the correlations
of the target distribution; this effect is especially significant for Sampler 2.4(b). Fig-
ure 2.7 compares the marginal distributions of «, 3, and ¢ generated with Samplers 2.2
and 2.4(b), and shows that Sampler 2.4(b) underestimates the marginal variances of all
three parameters. (The marginals generated with Sampler 2.4(a) are more similar to

those generated with Sampler 2.2.)
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Figure 2.6: Scatter plots of «, 3 and ¢ for 10,000 draws from Samplers 2.2, 2.4(a), and 2.4(b) respectively.
The first row displays scatter plots of o and 3, whereas the second row displays that of o and ¢. The left,
central, and right columns correspond to Samplers 2.2, 2.4(a), and 2.4(b) respectively. Sampler 2.4 blocks
the two steps of Sampler 2.2 that update o and 3. Unfortunately, this results in an improper sampler. When
updating («, 8), Sampler 2.4(a) uses the concatenation of Sampler 2.2's jumping rule for 5 and its step of
updating «, while Sampler 2.4(b) uses an independent bivariate normal jumping rule. The impropriety of
Sampler 2.4(b) is especially dramatic.

The problem with Sampler 2.4 can be understood in the terms of Section 2.2.2. Blocking
the updates for o and [ results in an MH step that follows directly after a pair of reduced
steps (the updates of p and ¢). As it is, the stationary distribution of Sampler 2.4 cannot

be verified with the three-phase framework.

Like the comparison of Sampler Fragments 3 and 4, theoretical arguments on the choice

between Sampler Fragments 6 and 7 appear in Section 2.2.3.

2.2.3 THEORETICAL COMPARISONS

In this section we compare the iterated and joint MH strategies in terms of their accep-

tance probabilities.
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Figure 2.7: Quantile-quantile plots of «, /3, and ¢ corresponding to draws generated with Samplers 2.2
and 2.4(b). Sampler 2.4(b) severely underestimates the marginal variances of all three parameters.

COMPARING THE ITERATED AND JOINT MH STRATEGIES

In this section we compare the Iterated and Joint MH Strategies in terms of their accep-
tance probabilities. Although it is generally conceded that an acceptance probability of
20% to 40% is best for a symmetric Metropolis jumping rule (Roberts et al., 1997), we
argue that the better choice between the two strategies is determined by maximizing the
acceptance probability. This is because both the Iterated and Joint MH Strategies start
with the same proposal—they are numerically identical. The rule of thumb for tuning
the acceptance probability to between 20% and 40% is based on comparing different
proposal distributions with an eye on avoiding high acceptance rates because they typ-
ically correspond to jumping rules that propose very small steps. For the Iterated and
Joint MH Strategies, the initial step sizes are the same and we aim to reduce autocor-
relation by increasing the jumping probability. We begin with theoretical results and

then illustrate them numerically.

To simplify notation we suppress the conditioning on 13 in Sampler Fragments 3 and 4.
This is equivalent to a formal comparison of the iterated and joint MH strategies as
alternatives to the improper two-step Sampler 2.6. While the transition kernel used to
update 1y, i.e., M1 (2|1}, 15) will typically depend on ¢, the jumping rule often will
not, for example, a symmetric Metropolis jumping rule. Thus we assume that (i) the

samplers for the Iterated and Joint MH Strategies are proper and (ii) their jumping
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rule for updating v, does not depend on the current draw of 1, i.e., Jop (V2|Y], v5) =
Taj1 (W2 3).

The acceptance probability of the first subiteration in Step j + 1 of the Iterated MH

Strategy is

TO 1/L TO
_ B o (™)
iter — t +1/L o DN
P [N Ty (870 1)

where { )~ p(hy) and BT ~ j2|1(¢2|¢§t)). For the Joint MH Strategy, it is

(2.4)

(P S () Topy (57 [UBP) Y p(wh P[P Topn (8 [P

Tjoint = ro ro - ro ’ (25)
P10 ) Ton 5™ 05”)} p(ws” [947) o (™R 195”)
where " ~ p(s1) and U5 ~ Ton (V).
Lemma 2.1. In the setting described in the previous paragraph,
Ep[riter/rjoint] Z 1. (26)

The expectation in (2.6) is with regard to the common stationary distribution, p, of
both chains and is conditional on the random seed used at the start of each iteration.
That is, since ({72 PP} sampled under the Iterated MH strategy and (PP, ¢2™P)
sampled under the Joint MH strategy are drawn in exactly the same way, we assume
these quantities are numerically equal. Expression (2.6) asserts that while both strate-
gies start with the same proposal (({"™/*) E™P) for the Iterated MH Strategy and
(PP [4p5™P) for the Joint MH Strategy), the iterated MH strategy is on average more

likely to accept 15. (The Iterated MH Strategy always accepts 1;.)

Proof. With the numerical equality of the proposals,

Titer o p(z/}ét) |¢£t))
N L)y’
o p(v4” 01

(2.7)
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Figure 2.8: Autocorrelation functions of 1o for (a) an initial MH run of Step 2 of Sampler 2.6 with 1,
fixed, (b) the Iterated MH Strategy, and (c) the Joint MH Strategy, all under the bivariate normal simulation
described in Section 2.2.1. Panel (a) shows that the initial MH runs deliver essentially independent draws
after 7 iterations, so that Iterated MH Strategy is run with L = 7. Panels (b) and (c) show that the lterated
MH Strategy outperforms the joint one in terms of its computational efficiency.

where (v1”, 45", 1) ~ p(ur” (i P). Because (¢4, 457) ~ p(41, 1), the
numerator of (2.7) is the conditional density of 1, evaluated at @/}ét). This is not true
of the denominator because wét) is independent of w“/ 2 Thus, we might expect that

the numerator of (2.7) is typically larger than the denominator, as claimed in (2.6).

Substituting (2.7) into (2.6), and applying Jensen’s inequality, we need only verify that

/log [p(h2]tPn)] p(1, b)) daprdipy > /log [p(Va]th1)] p(¥1) 7 (o) deprdaps. (2.8)

Expression (2.8) can be verified using a standard property of entropy along with the

Kullback-Leiber (KL) divergence. In particular, because KL is nonnegative,

/MMWMWWMMMQ/MW%MM%MMMM@ (2.9)

But a standard property of entropy (e.g., Ebrahimi et al., 1999) is

[ 1oglpwalin ) plun dadndvs > [log o] ptoop(un)dindi. (210)
Combining (2.9) and (2.10) gives (2.8) and hence the desired result. O

We now return to the bivariate Gaussian example of Section 2.2.1 to compare the com-

putational performance of the Iterated and Joint MH strategies. As in Sampler 2.6,
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we sample v; from its marginal distribution and use the same MH jumping rule to
update 1 according to its conditional distribution. The Iterated MH Strategy is run

gﬂ). The value

with L = 7, in order to return @/}étﬂ) that is essentially independent of v
of L was set using an initial MH run of 5,000 iterations and inspecting the autocorre-
lation function. The initial MH sampler delivers essentially independent draws after 7
iterations, see Figure 2.8(a). The computational cost per iteration of the Iterated MH
Strategy surely depends on L. With L = 7, each iteration requires eight univariate nor-
mal draws, whereas the Joint MH Strategy requires two. The autocorrelation functions
of 1y from both the Iterated and Joint MH Strategies appear in Figure 2.8(b) and (c),
and show the clear computational advantage of the Iterated MH Strategy, which returns
essentially independent draws, whereas the Joint MH Strategy requires almost thirty

full iterations to obtain nearly independent draws.

In practice, it is important to check that the value of L used in Sampler Fragment 3
delivers samples that are essentially independent of the starting value of the Iterated
MH Strategy. Fortunately, the autocorrelation function of wét) in Sampler Fragment 3
can serve as a simple diagnostic, e.g., Figure 2.8(b). If the lag-1 autocorrelation is not
essentially zero, the run should be repeated with a larger value of L. If 15 is updated
elsewhere in the sampler, the efficacy of the Iterated MH Strategy can be measured by
the correlation between the initial input of 15 and the final output after L iterations of

the MH update in Step j + 1 of Sampler Fragment 3.

COMPARING THE SAMPLERS WITH AND WITHOUT BLOCKING

To compare the blocking strategy in Sampler Fragment 7 with Sampler Fragment 6, we

compute its acceptance rate, again suppressing the conditioning on 3 for simplicity, as

(PR, B P) Ty (0[PP p (5 )

oy )T 0 (00 (2.11)
p(Ur™) (™)

- " o n = T'not blocked
()T (WP )

T"blocked

45



(a) Parent MH within Gibbs Sampler (b) Marginalization
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Figure 2.9: The three-stage framework used to derive Sampler 2.3 from its parent MH within Gibbs sampler.
The parent sampler appears in (a). The conditioning in steps 2, 3, 5, and 6 is reduced in (b). The steps are
permuted in (c) to allow redundant draws of Y}, a*, 8*, and ¢* to be trimmed in Steps 1-4. The resulting
proper MH within PCG sampler, i.e., Sampler 2.3, appears in (d).

where 7,0t plockea 1S the acceptance probability of Step 7 in Sampler Fragment 6, where
no blocking occurs. The result in (2.11) means that Sampler Fragments 6 and 7 are
identical in terms of their update of 11, but whereas Sampler Fragment 6 updates 1y
with a new value at every iteration, blocking of Sampler Fragment 7 causes 15 to only be
updated if 97 is updated. Thus, we expect the blocking strategy of Sampler Fragment 7
to reduce the efficiency of the sampler, and contrary to general advice regarding blocking

(e.g., Liu et al., 1994), the blocking strategy of Sampler Fragment 7 should be avoided.

Together, the results in Section 2.2.3 discourage the combining of an MH update and
a direct draw from a conditional distribution into a single MH update. This advice

applies equally to ordinary Gibbs samplers with simple generalization.
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Figure 2.10: The sampling results of Samplers 2.1 and 2.3. The left two columns are the time-series and
autocorrelation plots for the posterior draws of «, 3, and ¢ respectively from Sampler 2.1, whereas the right
two columns are those from Sampler 2.3. Sampler 2.3 performs significantly better than Sampler 2.1.

2.3 ILLUSTRATION EXAMPLES

2.3.1 SPECTRAL ANALYSIS IN HIGH-ENERGY ASTROPHYSICS

As pointed out in Section 2.1, the standard Gibbs sampler for fitting the spectral model
breaks down. To solve this problem, we construct three proper MH within PCG sam-
plers, i.e., Samplers 2.1-2.3 in Figure 2.1. The three samplers have the common parent
Gibbs sampler (see top-left panel of Figure 2.3 or 2.9), but different degrees of partial
collapsing. Sampler 2.1 has the least partial collapsing, while Sampler 2.3 has the most.
We present using the three-stage framework to derive Sampler 2.3 from its parent sam-
pler in Figure 2.9. (The derivation of Sampler 2.2 appears in Figure 2.3 and that of

Sampler 2.1 is omitted to save space.)

Section 2.2.2 uses a simulation study of the spectral model in (2.1) to illustrate a po-

tential problem with the blocking strategy in Sampler Fragment 7. Here we use the
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same simulation study and starting value settings to illustrate the improved conver-
gence properties of Samplers 2.1-2.3 relative to their parent Gibbs sampler. The only
difference is that for each sampler here, a chain of 20,000 iterations is run with a burnin

of 10,000 iterations.

The convergence properties of «, 3, and ¢ using Samplers 2.1 and 2.3 are compared
in Figure 2.10; v and p converge well for all three samplers. As noted in Section 2.1,
all three MH within PCG samplers outperform the parent MH Gibbs sampler, since
the latter does not converge to the target. Sampler 2.3 performs much better than
Sampler 2.1 in terms of the mixing and autocorrelations of o, 3, and ¢. The performance
of Sampler 2.2 is better than Sampler 2.1, but not as good as Sampler 2.3. (The
results of Sampler 2.2 are omitted in Figure 2.10.) To further compare the convergence
by accounting for computational time, we estimate the ESS/sec of a, §, and ¢ in
Table 2.1. For each parameter, both Samplers 2.2 and 3.3 produce larger ESS/sec
than Sampler 2.1, and Sampler 2.3 has the largest value among the three samplers. As
stated in Section 1.3 of Chapter 1, the larger the ESS per second, the more efficient
is the sampler. By this measurement, we confirm that Sampler 2.3 is most efficient
in improving convergence properties. These results show that proper MH within PCG
samplers outperform their parent Gibbs sampler in computational efficiency and a higher

degree of partial collapsing can improve the convergence even further.

2.3.2 (GAUSSIAN HIERARCHICAL MODEL IN SUPERNOVA COSMOLOGY

We now consider the Gaussian hierarchical model for supernova cosmology mentioned
in Chapter 1. We assume the absolute magnitudes of Type Ia SNe follow a Gaussian

population distribution, that is,

M? X N(My, 02), fori=1,... n. (2.12)

Since the absolute magnitudes are similar, o is relatively small, but still too large to use

Type la SNe as distance indicators without further adjustment. This intrinsic variability
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o B ¢
Sampler 2.1 0.066 0.080 0.067
Sampler 2.2 0.096 0.101 0.098
Sampler 2.3 0.535 0.579 0.517

Table 2.1: The ESS per second of «, 3, and ¢ for Samplers 2.1-2.3. Sampler 2.3 has the largest values
for all the three parameters.

in the absolute magnitudes is due to variations in the properties of the progenitor star
(e.g., mass and composition) and/or its environment. Fortunately, we can adjust for
two covariates, the stretch parameter, x;, and the color correction parameter, c;, to
reduce this scatter; these empirical adjustments are known as “Phillips corrections”,
see Phillips (1993) and Phillips et al. (1999) for details. Specifically,

M? = M; — ax; + Be;, fori=1,...,n, (2.13)

)

with M; " N(My, 02,),where M; is the adjusted absolute magnitude and o2, < o2.

(Because of their similar adjusted absolute magnitudes, Type la SNe are called “stan-

dardizable candles”.)

For Type Ia SN i (i = 1,...,n), four quantities are observed with error, the apparent
magnitude mp;, the observed stretch and color correction parameters, z; and ¢;, and

the redshift z;*. That is,

C'L CZ

. ind A .

& ~N T ,Ci|, fori=1,...,n. (2.14)
mp; mp;

Because its measurement error is very small, in this article, we assume z; is known. For

*The raw data are time-series observations of the evolving SN explosion in each of several color
bands. These observations are summarized into the apparent magnitude, stretch parameter and color
parameter using the SALT-II method (Guy et al., 2007). The apparent magnitude is the peak magni-
tude in the B-band.
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MH within Gibbs (Sampler 2.7) MH within PCG (Sampler 2.8)
1. p(&, X|Y, €', o/, B, 5) 1. Myiyaps, (€Y, €, o, B, %)
2. Myye xap5,(CY,6X, €/, 8, 5p) | 2. Magyvesp(aBlY,€,d, 5 %)
3. pla, BIY,§, X, €, ) 3. p(& XY, €, 3,5p)
4. p(EplY, ¢, X, %, a,B) 4. p(Ep|Y,§, X, %, a,B)

Figure 2.11: Samplers 2.7 and 2.8. The left and right panels show the steps of the MH within Gibbs
sampler (Sampler 2.7) and the proper MH within PCG sampler (Sampler 2.8) for fitting the cosmological
hierarchical model.

illustration, we ignore the small correlations among the observed quantities and take

the matrix C; to be diagonal, i.e., C; = Diag (62,062,062 ). The distance modulus is

Cc;? Xy

defined to be pu; = mp; — M?, so that (2.13) can be written as
mBi:ui+Mi—0¢xi+ﬁci, forizl,...,n. (215)

This forms the first level of our hierarchical model and because of (2.14), it can be
viewed as an errors-in-variables regression model (Carroll et al., 2006). The second
level of the hierarchical model describes the population distribution of the SNe,

M; ~ N(My,02,), s N(xg, R%), ¢ s N(co, R?), fori=1,...,n. (2.16)

In a Friedman-Robertson-Walker cosmology, the distance modulus, p;, is predicted
as a deterministic function of the redshift z and the cosmological parameter 4 =
(Qn, Qp or w, Q. Hy), where €, is the total matter density, {2, is the dark energy
density, w is the dark energy equation of state, and Hy is the Hubble constant. Specif-

ically,
wi = pi(2,€) = 25 + blogy {HidL(zi, %)} : (2.17)
0

where the speed of light ¢ = 3 x 10° km/s, and

(\1/—;72:) sinn { \/M/(i {(1 + Z/)gﬂm + Qpe(z) + (1 + z’)2Q,{} _1/2dz'}, (2.18)

where (Q,, is the curvature parameter; sinn(z) = x, sinn(z) = sin(z), or sinn(z) = sinh(z)

dL(Zi,(f) =
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(a) parent MH within Gibbs (Sampler 2.7) (b) Marginalization

l'p(§7 X‘-Y; (5/7 al? 5/7 E/P) 1'p(£*7 X*|Y7 Cg/? al? /8/7 E,P)
2. M%|Y,§,X,O¢,,3,Ep (Cg‘Y7 57 X7 CK’? a/7 5/7 E/P) 2. M%,é,XD’,a,ﬁ’E}; ((5’ 5*7 X*D/? Cg/? O/v 6,7 Z:/P)
3.])(04, /B‘Y7 57 X: %7 E,P) 3. M;,,B,f,X|Y,‘€,ZP (Oé, Ba 57 X|Y7 (g’ O/a /8/’ Z,P)
4.p(XplY, €, X, €, a, B) 4.p(Sp|Y, &, X, €, o, B)

(¢) Permute (d) Trim (Sampler 2.8)

L. M%,g,xma,ﬁ,zp (¢,8, XY, ¢, a/,f',5p) | 1. Myy,apsp(CIY, €, a8, 5p)
2. MZ,B,E,X\Y,%”,EP (o, 8,8, X*|Y, €., 8,5 2. M gyve.sp (a, BIY, €, , B3, 5)p)
3.p(6, XY, €, a,8,%) 3.p(&, XY, ¥, a, B,%7)

4.p(Xp|Y,€, X, €, a,B) 4.p(EplY,§, X, €, a, B)

Figure 2.12: The three-stage framework used to derive Sampler 2.8 from its parent MH within Gibbs
sampler, i.e., Sampler 2.7. The parent sampler appears in (a) with Step 2 requiring MH. Steps 2 and 3 are
marginalized in (b). The steps are permuted in (c) to allow redundant draws of (£, X) to be trimmed in
Steps 1-2. The resulting proper MH within PCG sampler, that is, Sampler 2.8, appears in (d).

for Q,, =0, Q, < 0, and Q. > 0, respectively. For a general dark energy equation of
state as a function of redshift, w(z), we express

z 1 /
Qpge(z) = Qp exp [3/0 %’S)dz’] ) (2.19)

In our analyses, we either assume a flat Universe with w(z) equal to a constant other
than —1 (2, = 0, the wCDM model) or a curved Universe with a cosmological constant
w(z) = —1 (the ACDM model). In either case, w(z) = w becomes a time-independent
constant, and thus €2, is completely determined by €2, and €2,, via 2, = 1—-8,,—Q,. We
assume the ACDM model all through this manuscript. In addition, because the Hubble
constant Hy is completely degenerate with M,, we fix it at the value determined by

other measurements.

Finally, we specify weakly informative prior distributions for model parameters,

My ~ N(My,, 034.), o ~ N(0,02,), co ~ N(0,02), (2.20)
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where M,, = —19.3, o, = 2, 0, = 10, and 0., = 1. According to March et al. (2011),
these variances are large enough to make the priors for My, xg and ¢q sufficiently diffuse.
They also find that the choice of mean and variance in the prior distribution of M, has
little influence on numerical results. Furthermore, we specify log(oyes) ~ Unif(—5, 2),
log(R;) ~ Unif(—5,2), log(R.) ~ Unif(—5,2), a ~ Unif(0,1), 5 ~ Unif(0,4), Q,, ~
Unif(0,1), Q5 ~ Unif(0,2), and w ~ Unif(—2,0). We choose ranges of these uniform
priors following March et al. (2011), which stated that they generously cover all plausible

values of the parameters.

To simplify notation, we let Y denote the (3n x 1) vector of observed quantities, i.e.,
Y = (é1,Z1,MB1, - -+ Cny Tny My ), € denote the (3 x 1) mean vector of the distribution
in the second level of the hierarchical model, i.e., & = (co, zo, My), X denote the (3n x 1)
vector of latent variables, i.e., X = (¢, 21, My, ..., ¢y, Tn, My), Xc denote the (3n x 3n)
observed variance-covariance matrix of Y, i.e., Xgo = Diag(é’l, cee C’n), and X p denote
the (3n x 3n) population variance-covariance matrix of the latent quantities in X i.e.,

Yp = Diag(S,...,S), where S = Diag(R?, R%,02)).

res

To sample from the posterior distribution of the hierarchical model, we start with a
standard MH within Gibbs sampler, i.e., Sampler 2.7, where each (sometimes multi-
variate) component is updated from its complete conditional distribution. We list the
steps of Sampler 2.7 in the left panel of Figure 2.11. We sample % with the help of
MH because its conditional is not a standard distribution. (It is evaluated numerically.)
Unfortunately, both % and («a, 8) exhibit poor convergence in this sampler. Because
these two parameters are highly correlated with (£, X) a posteri, we derive a proper
MH within PCG sampler, i.e., Sampler 2.8, to break this correlation and thus improve
convergence. Sampler 2.8 updates both € and (a, ) without conditioning on (&, X)
and its steps are listed in the right panel of Figure 2.11. Details of Samplers 2.7 and 2.8
appear in Appendix A. We verify the propriety of Sampler 2.8 using the three-stage

framework in Figure 2.12.

To illustrate the relative efficiencies of Samplers 2.7 and 2.8, we use a data set consisting

of 288 Type la SN observations compiled by Kessler et al. (2009). We run each of these
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Figure 2.13: The sampling results of Samplers 2.7 and 2.8. The left two columns are the time-series and
autocorrelation plots for the posterior draws of €2,,, Qa, « and [ respectively from Sampler 2.7, while the
right two columns are those from Sampler 2.8. Sampler 2.8 converges much faster than Sampler 2.7.

two samplers for a chain of 11,000 iteration with a burn-in of 1,000, starting from the

same sets of initial values.

In Figure 2.13, we display the time-series and autocorrelation plots for £2,,, 4, «, and

f from both Sampler 2.7 (left two columns) and Sampler 2.8 (right two columns). For

all four parameters, Sampler 2.8 produce chains with much faster mixing and lower

autocorrelation than Sampler 2.7. We present the ESS/sec of the four parameters in

Table 2.2. For each parameter, Samplers 2.8 has larger ESS/sec than Sampler 2.7. We

conclude from these results that the MH within PCG sampler is efficient in improving

the convergence of its parent Gibbs sampler.
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Q. Qp a B
Sampler 2.7 0.002 0.001 0.008 0.010
Sampler 2.8 0.037 0.023 0.051 0.029

Table 2.2: The ESS per second of Q,,, Qa, «, and 8 for Samplers 2.7 and 2.8. Sampler 2.8 has larger
values for all the four parameters than Sampler 2.7.

2.3.3 FACTOR ANALYSIS MODEL

Consider the following factor-analysis model:

Y, NN, [8Z:,%)], fori=1,...,n, (2.21)
where Y; is a (p x 1) vector of observation; Z; is a (¢ x 1) vector with Z; S Ny (0,1); 5 is
the (p x ¢) factor-loading matrix; and ¥ = Diag(c?,...,07) is the variance-covariance

matrix. Weset Y = (V1,...,Y,) and Z = (72, ..., Z,). To identify the model, following
Geweke and Zhou (1996), we specify that the first ¢ rows of § as a lower-triangular
(¢ x q) matrix with positive diagonal elements, that is, fr; = 0 and S, > 0, for
j=(k+1,...,q9) and k =1,...,¢. The marginal distribution of ¥; is N,(0, S), where
S = BBT + X is the variance-covariance matrix. There are p(p + 1)/2 free parameters
in a (p x p) variance-covariance matrix, but a total of [ = p(q+ 1) — q(¢ — 1)/2 different
parameters in S. Thus we choose ¢ to ensure that | < p(p+1)/2. We specify conjugate
prior distributions for (3, %), specifically, p(f) o 1 and o} ~ Inv-Gamma(0.01,0.01),
for j =1,...,p. The parameters Z, 3, and ¥ are unknown and we wish to sample from

their joint posterior distribution.

We simulate a dataset for this factor analysis model. Particularly, we set p = 6, ¢ = 2,
and n = 100; o7 (j = 1,...,6) are generated from Inv-Gamma(1,0.5), and S, (j =
1,...,6, k=1,2,and j > k) from N(0,3?), subject to the constraint that 3;; and Say

are positive.

To sample from the posterior distribution of factor analysis model (2.21) based on

the simulated dataset above, we start with a three-step Gibbs sampler, which updates
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MH within PCG (Sampler 2.10)
. M05|Y,azj,ﬁ(o-g2“yv 2,7 ﬁ,)a forj=1,...,4
. p(Z|Y, B, %), fori =1,...,100

j
Gibbs (Sampler 2.9) .
6. p(o3|Y, Z, ), for j = 5,6
7

1. p(Z;|Y,B',%), for i =1,...,100
2. 2lY,Z,8"), for j=1,...,6
plojlY, 2, ), for j  p(B|Y, Z,%), for j=1,....6

8- pBIY, Z’.Z)j fOI‘.j =16 Note that when updating ajz (G = 1,...,4),
where 3; is the jth row of 02, = (0%,...,0% 1,0%,,...,08) and % =

Diag(c?,..., 012»71, 0‘72»/, O’?:H, - ,ng); when up-

dating Z, &' = Diag(02,...,02,02 ,62").

Figure 2.14: Samplers 2.9 and 2.10. The left and right panels show the steps of the Gibbs sampler
(Sampler 2.9) and the proper MH within PCG sampler (Sampler 2.10) for fitting the factor analysis model.

each of Z, ¥, and [ from its complete conditional distribution, i.e., Sampler 2.9 in
the left panel of Figure 2.14. Unfortunately, both # and ¥ exhibit poor convergence
with this sampler. Because X and Z are highly correlated a posteri, we design a PCG
sampler, i.e., Sampler 2.10 in the right panel of Figure 2.14, to break the correlation

and boost the efficiency of convergence. In particular, Sampler 2.10 updates o302

without conditioning on Z; these reduced updates require MH steps. Because o2 and

o2 converge well with Sampler 2.9, we do not alter their updates in Sampler 2.10. We
derive Sampler 2.10 from its parent Gibbs sampler, i.e., Sampler 2.9, strictly following
the three-stage framework, see Figure 2.15. Thus Sampler 2.10 is a proper MH within

PCG sampler.

We run 50,000 iterations for each of Samplers 2.9 and 2.10 with a burnin of 10,000 using
the same starting values. Figure 2.16 compares Samplers 2.9 and 2.10 in terms of mixing
and autocorrelation of log(c?)-log(c?); the left two columns correspond to Sampler 2.9
and the right two columns correspond to Sampler 2.10. The computational advantage
of Sampler 2.10 is evident. Furthermore, we display the ESS/sec of log(c?)-log(c?) in
Table 2.3. For each parameter, Samplers 2.10 has larger ESS/sec than Sampler 2.9.
Thus the proper MH within PCG sampler outperforms its parent Gibbs sampler in
computational efficiency. While highly effective for X, PCG samplers do not appreciably
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(a) Parent MH within Gibbs Sampler (b) Marginalization

1. p(ZF|Y,B,%), fori=1,...,100

1. p(Zi|Y, B, %), for i =1,...,100 j+1. M*Z,ojz_|y,gz_j,g(2*,0§\Y7 3,6,

2. p(a?|Y,Z,B’),f0rj:1,...,6 for j =1,2,3

3. p(BjY,Z,%), for j=1,...,6, 5. *ZJEWQ_M(Z, o2y, % )
where f3; is the jth row of 6. p(q?ﬂf Z,p'), for j = 5,6

7. p(Bi|Y, Z,%), for j=1,...,6

(¢) Permute (d) Trim

J. MZ7JJ2.|Y,03J.,,B(Z*70J2!K 8,
forj=1,...,4

5. p(Z;|Y, B, %)), fori=1,...,100

6. p(ajz|Y, Z, B3, for j =5,6

7. p(B;|Y, Z,%), for j=1,...,6

Ma]2|y,03j,5(0]2~|Y, Y. p), forj=1,...,4
p(Zi|Y, B, %)), for i =1,...,100

p(a3|Y, Z,B"), for j = 5,6

p(Bi|Y, Z,%), for j =1,...,6

N e

Figure 2.15: The three-phase framework to derive Sampler 2.10 from its parent Gibbs sampler, i.e.,
Sampler 2.9. The parent Gibbs sampler is in (a); Steps 2-5 are marginalized in (b); and the steps are
permuted in (c) to allow redundant draws of Z* to be trimmed in Steps 1-4 The resulting Sampler 2.10
appears in (d).

improve the convergence of 5. We will address this problem in Chapter 3.

2.4 DISCUSSION

Since introduced in 2008, the PCG sampler has been deployed to improve the conver-
gence properties of numerous Gibbs-type samplers in a variety of applied settings. As
with ordinary Gibbs samplers, MH updates are sometimes required within PCG sam-
plers. However, unlike an ordinary Gibbs samplers, embedding MH steps into a PCG
sampler may upset its stationary distribution. This has led to a number of improper
samplers in the literature. This chapter illustrates the subtleties of introducing MH
updates into PCG samplers, offers a strategy for guaranteeing the propriety of such
samplers, and provides advice on the choice between alternative implementations of

MH within PCG samplers. Some of the advice is contrary to what is commonly un-
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Figure 2.16: The sampling results of Samplers 2.9 and 2.10. The left two columns are the time-series and
autocorrelation plots for the posterior draws of 0?—c2 from Sampler 2.9, while the right two columns are
those from Sampler 2.10. Sampler 2.10 is efficient in improving the convergence of X..

derstood. For example, blocking steps within a Gibbs-type sampler should improve its

convergence. We find, however, that this may not be true if MH is involved.

Marginalization in one or more steps of a Gibbs sampler can only improve the con-
vergence (van Dyk and Park, 2008). When MH is required to implement the reduced
steps, however, the overall performance of the PCG sampler may decay, especially if the
choice for the MH jumping rule is poor. Thus, there is a natural trade-off between the
computational complexity of MH and the improved efficiency offered by partial collaps-
ing. Generally speaking, some trial and error may be needed to negotiate this trade-off.
In practice, it is ideal if we can start with an MH within Gibbs sampler, which already
involves MH and can be improved by partial collapsing without any added complexity.

As implied by numerical examples in this chapter, however, there also exist a variety of
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log(c}) log(o3) log(o3) log(o})
Sampler 2.9 0.129 0.142 0.958 0.372
Sampler 2.10  0.931 1.777 1.686 1.578

Table 2.3: The ESS per second of log(c?)-log(c?) for Samplers 2.9 and 2.10. Sampler 2.10 has larger
values for all the four parameters than Sampler 2.9.

cases where the reduced correlation afforded by partial collapsing makes up the lost ef-
ficiency caused by more MH updates. The expectation is that our strategies can extend
the application of PCG samplers in practice and provide researchers with additional

tools to improve the convergence of Gibbs-type samplers.

Embedding the MH algorithm into PCG samplers can be regarded as a specific example
of the combining strategy, which encompasses more flexibility and power to facilitate
the implementation and boost the efficiency of Gibbs-type samplers by integrating two
or more strategies into one coherent proper sampler. We will elucidate the combining

strategy in the next chapter, i.e., Chapter 3.
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COMBINING STRATEGIES FOR
IMPROVING THE CONVERGENCE OF

(GIBBS-TYPE SAMPLERS

To simplify the implementation and improve the efficiency of Gibbs-type samplers, we
combine different strategies into one sampler. For example, in Chapter 1, we combine
PCG and MH. In this chapter, we construct a general framework to combine different
algorithms into a coherent sampler. We use both theoretical arguments and numerical
examples to illustrate that the combined samplers maintain their target stationary dis-
tributions and can only improve the convergence properties of their parent Gibbs-type
samplers. In Section 3.1, we use the factor analysis model described in Section 2.3.3 of
Chapter 2 as the motivating example to show the benefit of combining different accel-
eration strategies into a single sampler. In Section 3.2, we construct the framework of

combining acceleration strategies and provide theoretical arguments to prove that under
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our construction, the combined sampler i) maintains the target stationary distribution
and ii) is more efficient than any of its component algorithms. In Section 3.3, we use
the factor analysis model, the hierarchical model in supernova cosmology, a hierarchi-
cal t model, and a hierarchical probit model to illustrate the construction of combined
samplers and show their computational advantages. In Section 3.4, we summarize the
combining strategy and point out that combining different acceleration strategies into
a single sampler is a specific application of the surrogate distribution framework, which

is the topic of Chapter 4.

3.1 MOTIVATING EXAMPLE

Here we outline our computational strategy for sampling from the posterior distribu-
tion of the factor analysis model introduced in Section 2.3.3 of Chapter 2, in order to
motivate the advantage of combining several strategies in a single sampler. Recall that
in Section 2.3.3 of Chapter 2, to sample from the posterior distribution of the factor
analysis model, we first implement a three-step Gibbs sampler, by updating each of 7,
> and f from their complete conditional distributions. Unfortunately, both g and X
exhibit poor convergence in this sampler. Thus we design a PCG sampler which updates
some (diagonal) components of ¥ without conditioning on Z. Although this strategy
is highly effective for 3, PCG does not appreciably improve the convergence of 5. To
address this, we consider implementing ASIS. Because the distribution Z; S N,(0,1)
does not depend on [ or ¥, Z is an ancillary augmentation for both g and ¥. It is more
difficult to derive a sufficient augmentation for § and Y. However, conditioning on 3,
we can easily find a sufficient augmentation for §; letting W = Z, Y;|W; =~ N(W;, ¥)
is free of 5 and W is a (conditional) sufficient augmentation. Thus we implement an
ASIS algorithm for 8 conditioning on ¥, see Sampler 3.1 in the left panel of Figure 3.1.
(Details of Sampler 3.1 and other samplers in this chapter appear in Appendix B.) This
involves i) updating Z and ¥ from their complete conditional distributions; ii) sampling
B conditioning on Z and ¥, and transforming from Z to W iii) updating /5 again but
conditioning on W and ¥, and finally transforming W back to Z. Numerically we find
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ASIS (Sampler 3.1)
L. p(ZF|Y, B, %), fori=1,...,100 MH within PCG+ASIS (Sampler 2.10)
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set Wy = p*ZF, for i =1,...,100; 6. p(aJ2|Y, Z,3), for j = 5,6
denote the (2 x 2) sub-matrix of 8* con- | - p(B;|Y, Z,%), for j =1,...,6;
sisting of the first two rows of 5* by 3 e , ’
set W; = p*ZF, fori=1,...,100
4. p(B|Y, W, X), consisting of o
8. p(B|Y, W, %), consisting of
o p(BTHIY, W, %);
set (3 to the Cholesky factor of 313,
i p(ﬂ]|KWﬁ~72)a fOI‘j = 37>6a
set Z; = BIW;, for i = 1,...,100,

where W; is a (2 x 1) vector consisting
of the first two components of W;

o p(ATBIY. W, %); o
set 3 to the Cholesky factor of 375,

e p(B;lY, W,B,E), for j =3,...,6;

set Zi = f~'W;, fori = 1,...,100

Figure 3.1: Samplers 3.1 and 3.2. The left and right panels show the steps of the ASIS sampler (Sam-
pler 3.1) and the sampler combining PCG and ASIS (Sampler 3.2) for fitting the factor analysis model.

that this conditional ASIS algorithm is remarkable in improving the convergence of 3,
but has little effect on ¥. (This kind of conditional ASIS algorithm is called as partial

component-wise interweaving strategy in Yu and Meng (2011).)

Since PCG and ASIS have none-overlapping effects in improving the convergence of /3
and X, we naturally consider combining these two algorithms into one single sampler to
improve the convergence of both parameters simultaneously. That is, conditional on £,
we update ¥ parameters with PCG, and then conditional on ¥, we sample § via ASIS.
This results in Sampler 3.2 in the right panel of Figure 3.1. We find that this combined
strategy indeed simultaneously improves the convergence of § and ¥ with a fairly small

extra computational cost.

Motivated by this example, we consider obtaining more capacity to improve the conver-
gence of Gibbs-type samplers by combining several acceleration strategies into a single
coherent sampler. We construct a general framework to achieve this goal and guaran-

tee that under our framework, the combined sampler maintains the target stationary
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3.p(¥s[er, ¥2) 4. p(sliin. ) set 1 = H,, (¢1)
R 4.p(slhr, ¥2)

Gibbs Sampler| PCG Sampler

Figure 3.2: Five samplers for updating from the distribution p(t1,12,%3). They are the parent Gibbs
sampler (first panel), PCG sampler (second panel), MDA sampler (third panel) with a proper working prior,
Haar PX-DA sampler (fourth panel), and ASIS sampler (last panel), respectively.

distribution, and can only improve the convergence of the parent Gibbs sampler.

3.2 COMBINING TwWO OR MORE ACCELERATION STRATEGIES INTO ONE SAMPLER

3.2.1 TRANSITION KERNELS FOR PCG, MDA (HaAr PX-DA), AND ASIS

Suppose we wish to sample from p(¢) with ¢ = {4,...,%n}. As introduced in
Section 1.1.2 of Chapter 1, the transition kernel of the standard Gibbs sampler for
updating p(¢) is a product of N component transition kernels, that is, K(¢|¢)) =
1, K[yl F (v, 0], where F(¢, ') = (¥, ..., ¥0j-1,9},1, ..., ¥). The stationary
distribution of each K; is the corresponding complete conditional of the target distribu-
tion, i.e., p(v;]1—;). By implementing acceleration strategies on the Gibbs sampler, we
equivalently replace K;[v);; F;(1,4')] with a new kernel, K5[t);]; Fi (v, 4], for some j.
The stationary distribution of K} can be different from p(3;]¢)_;) so long as the overall
stationary distribution of the sampler is maintained. We focus on three acceleration
algorithms, that is, PCG, MDA (Haar PX-DA), and ASIS, and provide the explicit

forms of their transition kernels.

Without loss of generality, we set N = 3, that is, ©» = (11,19,13). The steps of the
standard Gibbs sampler for updating p(v1, 19, 13) are presented in the first panel of
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Figure 3.2. The transition kernel of the Gibbs sampler is

K@) = plea]vh, v5)p(whalor, ¥5)p(ihs[er, ¥a). (3.1)

To improve convergence properties of the parent Gibbs sampler, we consider another
four samplers, which are a PCG sampler, an MDA sampler with a proper working prior,

a Haar PX-DA sampler, and an ASIS sampler, respectively.

TRANSITION KERNEL OF PCG

Implementing PCG is equivalent to replacing some component transition kernels in (3.1)
by kernels with reduced conditioning. For example, the PCG sampler in the sec-
ond panel of Figure 3.2, which updates 17 without conditioning on 13, in fact re-
places the component kernel ICy[i1[; (15, ¥4)] = p(i1|eh, ¢5) in (3.1) with a new kernel,
Ky (Y ];4%) = p(1]1hy). The stationary distribution of K (¢]; ¢%) is p(11]v), whereas
that of KCy[al; (64, v4)] is p( 4, 04).

TRANSITION KERNEL OF MDA AND HaAR PX-DA

Suppose conditioning on 15, 1 is the augmented data for ¢o. Thus Steps 1 and 2 of the
Gibbs sampler in Figure 3.2 can be regarded as a DA algorithm conditioning on 5. We

introduce a working parameter « into the model via a one-to-one mapping 2/31 = Go(11).

First, we implement MDA on Steps 1 and 2 of the Gibbs sampler specifying a proper
prior p(a) on «, see the third panel of Figure 3.2. With a proper working prior, im-

plementing the MDA algorithm is equivalent to replacing first two component kernels

n (3.1), Kafoul; (5, 95)] = p(iha]s, ¢5) and Kaltha; (41, 95)] = p(talthr, ¢3), with
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K 2 (01, ¥a|thg; 3)

= [ [ ] Bla, dnlh, v4)p(er, vhr, ol thn, ) dada*dgy

= [ [ B(a*, Ga (1) 115, ¥5) (v, 2| Ga (101), ¥5)| T (1 @) [dada*

= [ p(a”) [ B(Galthr)|a*, 5, ¥5)B(e, 2| Ga (1), ¥5)| I (1 |a) | dada™,

(3.2)

where J(11]@) is the Jacobian matrix of the transformation 1, = G5'(11) conditioning
on «. Updating («, 11, 15) from p(a, vy, 1/J2|2/~Jl, ¥%), shown in the second row of (3.2), is
equivalent to Step 2 of the MDA sampler in Figure 3.2, because sampling («, ¥, 1) from
P, ¥y, iy, Y4) consists of sampling (a, ) from p(a, o |ty Y%) and then updating
1 from ﬁ(w1|a,w2,1ﬁl,wg), which is simply the transformation from ; to ;. The
stationary distribution of the new kernel K 5 (1)1, 12|15; 13) is p(11, aty) since

/ K, o (b1, el 0 )p(W, 041484 et e, = plihy, halelhy). (3.3)

Then suppose Conditions LW-1 and LW-2 described in Section 1.2.1 of Chapter 1 hold.
(For all of the numerical examples related with MDA in this dissertation, the validity of
these two conditions can be easily verified.) We specify the Haar piror to « and use Haar
PX-DA to update (¢1,15) conditioning on 15, see the fourth panel of Figure 3.2. The
Haar PX-DA algorithm replaces the component kernel ICq[1)1]; (¢, ¥4)] = p(1|wh, %)
n (3.1) with the new kernel,

Kilnls (o, v5)l = [ [ p(0iley, v5)p(e”, vl ¢5)dardiy

(3.4)
= [ P(Gar (V)Y 03)D(* |G (1), 95)[ I (401 |a*) | dar™.

Like the equivalence of updating (a,1,19) from ﬁ(a,wl,@bgh@l,wg)to Step 2 of the
MDA sampler, updating («, 11) from p(c, 11|17, 1%), shown in the first row of (3.4), is
equivalent to Step 2 of the Haar PX-DA sampler in Figure 3.2. As stated in Section 1.2.1,
Liu and Wu (1999) verified that Step 2 of the standard Haar PX-DA sampler, i.e.,
Sampler 1.21, is proper. The proof can be applied directly to show the propriety of
Step 2 of the conditional Haar PX-DA sampler in Figure 3.2. Thus, I} [¢1]; (¢, ¥%)]

64



in (3.4) maintains the stationary distribution of Ky (v |; ¥, ¥%), that is, p(i1|¢h, 15).

TRANSITION KERNEL OF ASIS

Suppose conditioning on %, 1y is a sufficient augmentation for ¢y, and let 1y = Hy, (¢1)
be the corresponding ancillary augmentation. Then we replace Steps 1 and 2 of the
parent Gibbs sampler with ASIS updates (last panel in Figure 3.2), which is equivalent
to replacing first two component kernels in (3.1), KCy[¢1]; (), ¥4)] = p(w1|h, 15) and
KCo[wal; (11, 904)] = p(a|tr, ¥4), with the following new kernel,

’C/LQ(%, Va|thy; 1)
= [ [ ] (@i, 05)p(Ws, b [WF, v4)p(ebn, o, ) detdegdedy (3.5)
= [ [ (5104 W) p(, Hoyy (1) |05, 04D (a| My (1), W5) | (201 |h2) A A,

where J(41[t2) is the Jacobian matrix of the transformation ¢y = H_; (11) condition-
ing on 1. Sampling (11, 102) from p(iy, ¥a|ty, %) shown in the second row of (3.5)
is equivalent to Step 3 of the ASIS sampler in Figure 3.2 because updating v; from
p(1/11|¢~)1, g, %) is simply a transformation from Y1 to 1. The stationary distribution
of the ASIS kernel K} ,(¢1,92|15;15) is p(¥1,1a|th3) since it is easy to verify that

/ K, o (11, el )P (), 041464 = plih, el (3.6)

Note that when one step of a sampler requires MH, the corresponding component kernel
also depends on the current iteration of the parameter to be updated. For example, if
Step 1 of the Gibbs sampler in Figure 3.2 requires MH update, its transition kernel Ky
has the form KCy[1 [0 (¥4, 15)], see Section 1.1.2 of Chapter 1.

3.2.2 IDENTIFYING STATIONARY DISTRIBUTIONS OF COMBINED SAMPLERS

To construct a sampler combining two or more acceleration strategies, we replace some

component transition kernels of the parent Gibbs sampler with the kernels for the
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strategies we tend to use. As shown in Section 3.2.1, new component kernels may
not have the target stationary distribution. Thus we must take care to guarantee that

the stationary distribution of the overall combined sampler is the target.

Generally, we can directly verify the stationary distribution of a sampler by finding (1))
such that

r(3) = / K ) () (3.7)

In addition, we provide two conditions which are sufficient to ensure that the combined

sampler maintains the target stationary distribution, that is,

i) if ¥" ~ p(¢), then the input to each component kernel of the sampler follows the
target distribution. For example, suppose the current iteration of the parameter
Y/ is a draw from the target distribution p(¢). If the j*® component kernel is
K% (;]; F5(1,4")), then Fi(1,9’) must follow the target distribution p(F}(v,¢’)).
If K has the form K ();]%; F;(1,9')), the joint distribution of ¢} and F} (v, ')
should be the target;

ii) the last step of the sampler is a draw from the complete conditional of the target

joint distribution.

These two conditions ensure that the last component kernel produces a draw from
p(¢) if the input to the first component kernel follows the target distribution. Us-

ing Conditions i) and ii) to verify the stationary distribution is simpler than directly
applying (3.7).

Sometimes we need to permute the component kernels to guarantee that the two con-
ditions hold. For instance, after replacing the component kernel KCi[iy[; (¢4, ¢%)] =
p(1|h, %) of the Gibbs sampler in Figure 3.2 with the PCG kernel, K} (¢1];v%) =
p(1|¢h), Condition i) above does not hold, because sampling ; from p(tq]1))) leads
to the conditional independence of ¢4 and v in Step 2 and the input to Step 2 does
not follow the target distribution. Thus we change the order of Steps 2 and 3, that is,
sampling 3 immediately after v;, and obtain the PCG sampler in Figure 3.2. Now
both Conditions i) and ii) hold and the PCG sampler maintains the target stationary
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distribution.

3.2.3 CONVERGENCE RATE OF COMBINED SAMPLERS

In this section, we establish the computational advantage of the samplers combining
acceleration strategies. The acceleration strategies we consider are PCG, MDA (Haar
PX-DA), and ASIS. Thus to prove the combined sampler outperforms the parent Gibbs
sampler in efficiency, we simply need to show that replacing a component kernel of the
parent Gibbs sampler with one of the PCG, MDA (Haar PX-DA), and ASIS transition
kernels can only improve the rate of convergence. Without loss of generality, we just
verify that the PCG, MDA, Haar PX-DA, and ASIS samplers in Figure 3.2 all have
better convergence properties than the parent Gibbs sampler in Figure 3.2. We use the
cyclic-permutation bound introduced in Section 1.3 of Chapter 1 to compare computa-
tional efficiency of different samplers, since it is easier to handle than the spectral radius

of a sampler. Recall that smaller cyclic-permutation bound indicates faster convergence.

Sampling more components of ¢ in any set of steps of a Gibbs sampler can only reduce
the cyclic-permutation bound, see Theorem 1 of van Dyk and Park (2008). Thus the
PCG sampler in Figure 3.2 reduces the cyclic-permutation bound of its parent Gibbs

sampler.

To compare the relative efficiencies of the Gibbs sampler and the MDA sampler with a

proper working prior in Figure 3.2, we consider another sampler, which proceeds by

L. ﬁ(aﬂv@leéﬂﬁé)
2. ﬁ(polaa@El?Qﬁé); set 1/}1 = gcfl(@l)
3. p(¥slhr, ).

We name this sampler by Gibbs Sampler 2. The stationary distribution of Gibbs Sampler-
2 is p(@)p(1r, 19, 13). More interestingly, the cyclic-permutation bound of Gibbs Sam-
pler 2 equals to that of the Gibbs sampler in Figure 3.2. We present the corresponding
proof in Appendix B. The MDA sampler in Figure 3.2 differs from Gibbs Sampler 2 only
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in that the MDA sampler updates « in Step 2, whereas Gibbs Sampler 2 conditions on
it. Then the MDA sampler has smaller cyclic-permutation bound than Gibbs Sampler 2,
because sampling more components in one step of a Gibbs-type sampler can only reduce
the cyclic-permutation bound. Thus the MDA sampler reduces the cyclic-permutation
bound of its parent Gibbs sampler, which owns the same cyclic-permutation bound as

Gibbs Sampler 2.

Under Conditions LW-1 and LW-2, Liu and Wu (1999) verified the optimality of a
standard Haar PX-DA sampler, i.e., Sampler 1.21 in Section 1.2.1 of Chapter 1, among
a class of such algorithms. Specifically, with these two condition, each Y;s € Z can
be represented by its orbit r € Q and its position 5 € A on the orbit. Thus we can

parameterize the original augmented model as

p(Ymis7 9|Y:)bs)deisd9 = p(ﬂa r, Qynbs)drdeH(dﬂ)a (38)

and the expanded augmented model as

P, Yinis, 0 Yobs)dYimisd0 H (dav) = p(ac - B, 7, 0| Yons ) p()drd6 H (da) H(df5). (3.9)

Liu and Wu (1999) showed that the DA sampler is equivalent to iterating between £, 7|0
and 0|3, r based on (3.8), the MDA sampler with the working prior p(«), i.e., Sampler 1.1
in Section 1.2.1, also induces the iteration between 3, 7|0 and 6|3, r, but based on (3.9),
whereas the Haar PX-DA sampler, i.e., Sampler 1.2]1 in Section 1.2.1, iterates between
r|6 and 0|r, based on (3.9) with p(a) = 1. Henceforth, updating 6 without conditioning
on (3, the Haar PX-DA sampler outperforms the parent DA sampler and any MDA
sampler with a proper working prior under Conditions LW-1 and LW-2. The arguments
above can be directly applied to prove that the Haar PX-DA sampler in Figure 3.2 has
smaller cyclic-permutation bound than both its parent Gibbs sampler and the MDA

sampler in Figure 3.2.

Yu and Meng (2011) proved that under Conditions YM-1 and YM-2 below, the ASIS

sampler, i.e., Sampler 1.3 in Section 1.2.2 of Chapter 1 is identical to the optimal Haar
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PX-DA sampler for the expanded model p(a, ffmisys, 0|Yons), where « is introduced into
the model via the transformation f/mis,s = Ho(YViniss) (recall that YViisa = Ho(Yiniss))s
see Theorem 4 of Yu and Meng (2011).

YM-1: The state space of , O, forms a group (induced by Hy) with a unimodular

Haar measure;

YM-2: The prior distribution for 6, p..(6), with respect to the Haar measure satisfies
that peo (6 - 0) X Poo(0)Poo(d')-

Considering the ASIS sampler in Figure 3.2, we replace 6 with 1, and Y5 s with ;.
Then suppose that Conditions YM-1 and YM-2 hold. We can directly use the proof for
Theorem 4 of Yu and Meng (2011) to show that the ASIS update induced by Steps 1
and 2 of the sampler in the last panel Figure 3.2 is identical to a Haar PX-DA algorithm
conditioning on 5. Thus we conclude that under Conditions YM-1 and YM-2, the ASIS
sampler reduces the cyclic-permutation bound of its parent Gibbs sampler. Although
Conditions YM-1 and YM-2 seem relatively restrictive, they are satisfied in all of the

numerical examples related with ASIS in this Chapter.

In general, replacing a component kernel of the parent Gibbs sampler with one of the
PCG, MDA (Haar PX-DA), and ASIS transition kernels can only reduce the cyclic-
permutation bound. Thus the samplers combining two or more of these acceleration

strategies improve the convergence rate of their parent Gibbs samplers.

3.3 ILLUSTRATION EXAMPLES

3.3.1 FACTOR ANALYSIS MODEL

In Section 3.1, we use the factor analysis model described in Section 2.3.3 of Chapter 2
to motivate combining several acceleration strategies into one sampler. In this section,
we use the same simulation study as in Section 2.3.3 to show numerically the efficiency
of the combined sampler relative to the samplers that use only one strategy. Specifically,

we start with the parent Gibbs sampler, i.e., Sampler 2.9, design an MH within PCG
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Figure 3.3: Comparing four samplers for the factor analysis model. The left two columns are the time-
series and autocorrelation plots for the posterior draws of 321, while the right two columns are those for
log(ag). The four rows from top to bottom correspond to the Gibbs, PCG, ASIS, and combined samplers,
respectively. The combined sampler outperforms other three in efficiency.

sampler (Sampler 2.10) and an ASIS sampler (Sampler 3.1), and demonstrate how they
can be combined to a proper MH within PCG + ASIS sampler.

Recall that the PCG sampler updates o303 without conditioning on Z, which requires
the help of MH. Since we derive Sampler 2.10 from its parent Gibbs sampler by following
the three-stage framework, see Figure 2.15, Sampler 2.10 maintains the target stationary
distribution. It is easy to verify that the ASIS sampler also has the correct stationary
distribution. Suppose (Z', %', 3') is a sample from p(Z, %, B]Y). Because the first three
steps of Sampler 3.2 all update the complete conditionals of the target, they maintain the
target distribution. After the transformation at the end of Step 3, we have (W, X, 5*) ~
p(W, %, BlY), which is equivalent to p(Z, %, 5|Y). After updating g from p(g8|Y, W, %)
in Step 4, (W, 3, B) follows the distribution p(W, X, 5|Y). Finally, the transformation

at the end of Step 4 makes (Z,3, ) a new sample from the target distribution. By
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Gibbs MH within PCG ASIS MH within PCG+ASIS
B2 0.023 0.062 8.165 9.388
log (02)  0.142 1.777 0.137 1.502

Table 3.1: The ESS per second of 821 and o3 for Samplers 2.9, 2.10, 3.1, and 3.2. The combined sampler,
i.e., Sampler 3.2, outperforms the other three.

combining the arguments for the MH within PCG and ASIS samplers, we ensure the
MH within PCG + ASIS sampler also has the target stationary distribution.

We run 50,000 iterations with a burnin of 10,000 and use the same starting values
for each sampler. Figure 3.3 compares the four samplers in terms of the mixing and
autocorrelation of 8; and log(c3); the left two columns correspond to results for By,
and the right two columns for log(c3). The other 3 components behave similarly to (a1,
and log(c?), log(c2), and log(o3) behave similarly to log(co3), while log(o2) and log(oZ)
converge well for all four samplers. We find the MH within PCG sampler is efficient in
improving the convergence of 3, but has little effect on 5. ASIS has the opposite effect.
By combining MH within PCG and ASIS, we improve the convergence of both ¥ and

[ simultaneously.

Because it has more steps, the combined sampler is computationally more expensive
than the other three. To check whether its improved efficiency compensates for the
additional computational cost, we estimate the ESS per second. We present the ESS
per second of 35, and log(o3) for the four samplers in Table 3.1. By this measure, we
find the sampler combining MH within ASIS and PCG substantially outperforms the
other three in efficiency with a fairly small extra computational cost. (Although the
MH within PCG sampler is slightly better than the combined sampler for log(c3), it

takes around 150 times longer to obtain the same ESS for (s.)

3.3.2 COSMOLOGICAL HIERARCHICAL MODEL

Recall the cosmological hierarchical model described in Section 2.3.2 of Chapter 2. In

Section 2.3.2, to sample from the posterior distribution of this model, we start with
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ASIS (Sampler 3.3)
L. p(§, X*Y, ¢, o/, 5/, X0) MH within PCG+ASIS (Sampler 3.4)
2. Mapye x,a85p (€Y, 6 X5 C,a/, 8,55)] 1. Myyaps, (€Y, €, o, 8, 5p);
use €* to construct L* use € to construct L
3. pla*, BV, €, X3, %*, Sp); 2. p(&, X¥Y, %, o, B, )
use (a*, 5*) to construct A*; 3.p(ar, BXY, &, X*, €, X0);
set X = A*X* + L* use (a*, %) to construct A*;
4. M%‘Y@X’aﬂ,zp(%]ﬁE,X,‘f*,a*,ﬁ*, X5 set X = A*X*+ L
use ¢ to construct L 4.p(e, BIY, €, X, 6, 5p);
5. p(e, BIY, €, X, €, 5p); use (o, 3) to construct A;
use (o, ) to construct A; set X =A"YX - 1L)
set X =A"Y(X ~ L) 5.p(XplY, €, X, €, a, B)
6. p(SPIY. €, X, %, 0, )

Figure 3.4: Samplers 3.3 and 3.4. The left and right panels show the steps of the ASIS sampler (Sam-
pler 3.3) and the sampler combining MH within PCG and ASIS (Sampler 3.4) for fitting the cosmological
hierarchical model.

the parent MH within Gibbs sampler, i.e., Sampler 2.7 in Figure 2.11, where both
C = (Qm, Q) and (a, B) exhibit poor convergence. In order to improve the convergence
of these two parameters, we use three other samplers. First we consider the MH within
PCG sampler, Sampler 2.8, introduced in Section 2.3.2, which uses MH to update % and
(e, B) without conditioning on £ or X. We derive Sampler 2.8 from Sampler 2.7 using
the three-stage framework described in Section 2.2.2 of Chapter 2, see Figure 2.12.
This guarantees that the MH within PCG sampler is proper. Next we construct an
ASIS sampler. We derive the sufficient and ancillary augmentations for ¢ and («, )
conditioning on the other parameters £ and ¥ p. The distribution of X conditioning on
% and (a, B) is

X|€,a,B ~N(JE Xp), (3.10)

where Jiuxs) = (I,...,I)" with I = Diag(1,1,1). Because this distribution is free of
¢ and (a, 3), X is an ancillary augmentation for both of them. To derive a sufficient

augmentation, we set X = AX + L, where Anxany = Diag(T,...,T) with T(3x3) =
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1 0 0
0 1 0 |,andlet L denote the (3n x 1) vector (0,0, py,...,0,0, ), which is a

g —a 1
deterministic function of ¥. The distribution of observed quantities Y conditioning on

X, € and (o, B) is
Y|X, €, 0,8 ~N(X,¢), (3.11)

~

where Y (3,x3n) = Diag(é’l, ..., Cp). Because this distribution is free of ¢ and («, ),
X is a sufficient augmentation for both parameters. Sampler 3.3 in the left panel of
Figure 3.4 is the ASIS sampler corresponding to this pair of sufficient and ancillary
augmentations. Specifically, in Sampler 3.3, we implement ASIS conditioning on ¢ and
Yp: (i) (&, X) is sampled from its complete conditional distribution; (ii) ¢ and («, 3) are
updated conditioning on X, and X is transformed to X conditioning on € and (a, 3);
and (iii) ¢ and (o, 3) are updated again but conditioning on X. Both of the updates
of € require MH. Sampler 3.4 combines MH within PCG and ASIS. In particular,
conditioning on («, #), we update ¥ with MH within PCG, and then conditioning on
¢, we update (o, 5) with ASIS, see the right panel of Figure 3.4 for its steps.

It is easy to verify that Sampler 3.4 is proper. Suppose (', X', €, o/, 5, %)) is a draw
from the target distribution. Although in Step 1 of Sampler 3.4, we sample € without
conditioning on (£, X), the marginal distribution of (%, ', 8',3%) is still that of the
target. After updating (£, X) from its complete conditional distribution in Step 2,
(&, X,€,d,0,€") follows the target distribution. Since the distribution of (X, «, §) is
equivalent to that of (X, a, 3) conditioning on the other parameters, when we transform
back to (X, a, B) at the end of Step 4, (£, X, €, «, 8,3 follows the target distribution.
Finally, the step that updates ¥p is a standard Gibbs step which preserves the target

stationary distribution. Thus, Sampler 3.4 is proper.

We run each of the MH within Gibbs, MH within PCG, ASIS, and MH within PCG +
ASIS samplers for 11,000 iterations with a burn-in of 1,000 using the same data set and

initial values as in Section 2.3.2.
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Figure 3.5: The sampling results of Samplers 3.3 and 3.4. The left two columns are the time-series and
autocorrelation plots for the posterior draws of €2,,,, Q4, «, and [ respectively from Sampler 3.3, while the
right two columns are those from Sampler 3.4. The combined sampler, Sampler 3.4, converges better than
the other three.

The sampling results of the MH within Gibbs and MH within PCG samplers are shown
in Figure 2.13 of Section 2.3.2. Figure 3.5 shows the convergence properties of the ASIS
and combined samplers. For each sampler, we display the time-series (left column) and
autocorrelation plots (right column) for €2,,,, Q4, «, and /3. For all of the four parameters,
the MH within PCG, ASIS, and MH within PCG + ASIS samplers produce chains with
much faster mixing and lower autocorrelation than the parent MH within Gibbs sampler.
We display the ESS per second of €2,,, Q4, a, and 8 in Table 3.2 and conclude that
the MH within PCG, ASIS, and MH within PCG + ASIS samplers all substantially

improve the convergence properties of the MH within Gibbs sampler. Thus we confirm
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MH within Gibbs MH within PCG ASIS MH within PCG + ASIS

Qn, 0.002 0.037 0.010 0.041
Qp 0.001 0.023 0.006 0.027
a 0.008 0.051 0.076 0.073
B 0.010 0.029 0.064 0.074

Table 3.2: The ESS per second of €,,, Q4, «, and 8 for Samplers 2.7, 2.8, 3.3, and 3.4. The combined
sampler, i.e., Sampler 3.4, outperforms the other three samplers.

that both PCG and ASIS are efficient in improving convergence. More interestingly,
ASIS is less efficient in improving the convergence of ¥ than MH within PCG, while
better in improving the convergence of («, ). When we combine these two strategies
into Sampler 3.4, the result outperforms both the MH within PCG and ASIS samplers
in terms of ESS per second. (Although the ASIS sampler is slightly better than the
combined sampler for «, it takes around 15% longer to obtain the same ESS for 3, and

more than four times longer for %)

3.3.3 HIERARCHICAL t MODEL

In this section, we use a hierarchical ¢ model to illustrate the further efficiency obtained
by combining Haar PX-DA and ASIS algorithms into one sampler. Specifically, the
observations, Y; (i = 1,...,n), follow Gaussian distributions independently conditioning

on all the other parameters, that is,

A 2
E%N<5Z-Xi,%>, fori=1,...m, (3.12)
where Y = (Y7,...,Y,,) are the observations and X = (Xj,...,X,) are known covari-

ates. We specify Gaussian and chi-square distributions to the regression coefficients,

B = (P1,-..,0n), and variance parameters, Z = (21, ..., Z,), respectively, that is,

iid

Bi ~ N(u,7?) and Z; S X2/ v. (3.13)
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Gibbs (Sampler 3.5) Haar PX-DA (Sampler 3.6)
L p(ZIY,(e®), 8,7 1) L p(Z*Y. (o), 8,7 1)
2. p(a?|Y, 2,8, 7' 1) 2. p(a|Y,Z*, ', 7', 1'); set Z:Z/a
3. p(BY, Z, 0%, 7, 1)) 3. p(a?|Y, Z, 8,7, 1))
4. p(r, ulY, Z,0%, 8) 4. p(BIY. Z,0%, 7', 1)
5. p(r,ulY, Z, 0%, 8)
ASIS (Sampler 3.7) Haar PX-DA+ASIS (Sampler 3.8)
p(ZY,(0%), 8,7, ) Lp(Z*|Y, (a%), 8,7, 1)
p(e?|Y, Z, 8,7, i) 2. 9(a|Y, Z,B8, 7', 1); set Z = Z /o
p(BY, Z, 0%, 7' W) 3.p(a?|Y, 2,87 1)
p(r, Y, Z, 0%, B); set B = (B —p*) /7 | 4-p(B*]Y, Z, o, 7' 1)
p(rplY, Z,0%,B); set B=718+p 5. p(m*, w*|Y, Z, 02, B*); set B = (B*—u*)/7*
6. p(7, Y, Z,0%,3); set B =718+

Figure 3.6: Four samplers for fitting the hierarchical ¢ model. The top-left and top-right panels show
the steps of the parent Gibbs sampler (Sampler 3.5) and the Haar PX-DA sampler (Sampler 3.6). The
bottom-left and bottom-right panels display the steps of the ASIS sampler (Sampler 3.7) and the sampler
combining Haar PX-DA and ASIS (Sampler 3.8).

Combining (3.12) and (3.13), Y; is marginally ¢-distributed. We specify non-informative
prior distributions to unknown parameters (7, u,0) as p(7,u,0) o« 1. Here we set
Y:, Bi, and Z; as univariate variables, but see van Dyk (2000) for a multivariate ver-

sion of the hierarchical ¢ model. We wish to sample from the posterior distribution,
p<Z7 0-27 67 7-7 /’L’Y)'

To update p(Z, 0%, 3,7, u|Y'), we start with the standard Gibbs sampler, which updates
Z, 0% B, and (7, ) iteratively from their complete conditional distributions, see Sam-
pler 3.5 in the top-left panel of Figure 3.6. With the Gibbs sampler, both (7, 1) and o2
exhibit poor convergence. Thus we consider another three samplers to improve the effi-
ciency of (7, ) and 0. First, we construct an MDA sampler. Specifically, we introduce

the working parameter « into the model via Z = (Zy, ..., Z,), that is,

Y 2N (5, ; O‘; ) (3.14)

)
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Figure 3.7: Comparing four samplers for the hierarchical ¢ model. The left two columns are the mixing and
autocorrelation plots for the posterior draws of log(o?), while the right two columns are those for log(72).
The four rows from top to bottom correspond to the Gibbs, Haar PX-DA, ASIS, and combined samplers,
respectively. The combined sampler outperforms other three in efficiency.

where Z = aZ and thus Z;|o ~ ax?/v. In this example, Conditions LW-1 and LW-2
both hold. Thus we specify the Haar measure prior to «, that is, p(a) x 1/a, and
use Haar PX-DA to obtain optimal computational efficiency. Although it is difficult
to derive the Haar PX-DA algorithm for both (7, ) and o2, constructing a Haar PX-
DA sampler for o2 conditioning on (7, ) is simple. Thus we implement Haar PX-DA
conditioning on (7, x) and obtain a conditional Haar PX-DA sampler, i.e., Sampler 3.6.
Specifically, Sampler 3.6 proceeds by i) updating ¢? and Z with the Haar PX-DA
algorithm conditioning on § and (7, 1), and ii) sampling $ and (7, 1) from their complete
conditional distributions; see the top-right panel of Figure 3.6 for steps of Sampler 3.6.
Next we use ASIS to improve the convergence. We derive the sufficient and ancillary

augmentations for (7, y) conditioning on Z and 2. Because the distribution of observed
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Gibbs Haar PX-DA ASIS Haar PX-DA+4ASIS
log (62) 46.028 64.875 66.972 265.627
log (72) 19.978 21.865 162.177 167.040

Table 3.3: The ESS per second of log(c?) and log(72) for Samplers 3.5-3.8. The combined sampler, i.e.,
Sampler 3.8, outperforms the other three samplers.

quantities Y conditioning on Z, 3, and o2 is

. 2
}/’L|Z7 /Biu 02 ”&"j (B’LXM %) ) (315)

free of (7,p), B is the sufficient augmentation for (7,u). 8 = (8 — u)/7 is the corre-
sponding ancillary augmentation because its distribution, 3; N N(0,1), is free of (7, u).
We construct the ASIS sampler by i) sampling all the parameters from their complete
conditionals, and ii) sampling (7, ) again conditioning on /3, see Sampler 3.7 in the
bottom-left panel of Figure 3.6. Finally, we combine Haar PX-DA and ASIS into one
coherent sampler by updating 0% with Haar PX-DA conditioning on (7, ) and sampling
(7, ) with ASIS conditioning on ¢, and obtain Sampler 3.8 in the bottom-right panel
of Figure 3.6.

Now we verify that the combined sampler, i.e., Sampler 3.8, is proper. Suppose (Z,
(o), 8,7, i) is a draw from the target p(Z, o2, 8,7, u|Y). With ¢y = Z, 1y = o2,
and 3 = (5,7, ), Sampler 3.8 as a specific example of the Haar PX-DA sampler in
Figure 3.2. As shown in Section 3.2.1, the transition kernel induced by Steps 1 and 2
of Sampler 3.8 maintains the target stationary distribution. Thus after sampling Z
in Steps 1 and 2, (Z, (62)', 3,7, /') follows the target distribution. After updating o
from its complete conditional distribution in Step 3, the distribution of (Z, 02, 8,7/, i/')
is p(Z,0%, 8,7, u|Y). Since the distribution of (3,7, 1) is equivalent to that of (3,7, )
conditioning on the other parameters, when we transform back to (3,7, 1) at the end

of Step 6, (7,02, 3,7, ) follows the target distribution. Thus, Sampler 3.8 is proper.

We use a simulation study to compare Samplers 3.5-3.8. We set u =2, 7 =3, 0 = 0.1,

v =0.1, n =10, and draw X from a uniform distribution on [—1,1]. For each sampler,
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we use the same starting values and run a chain of 50,000 iterations with a burn-
in of 10,000. Figure 3.7 compares the four samplers with regard to the mixing and
autocorrelation of log(c?) and log(7?), the left two columns correspond to results for
log(c?), and the right two columns for log(72); u behaves similarly to log(72). The Haar
PX-DA sampler is effective in improving the convergence of o2, but has little effect on 7.
The ASIS sampler is useful for improving the convergence of both parameters, especially
for 7. By combining Haar PX-DA and ASIS, Sampler 3.8 significantly improves the

2 and 7%, and outperforms the samplers using either of the two

convergence of both o
methods alone. Furthermore, we account for the computational time and display the
ESS per second of log(c?) and log(72) from all of the four samplers in Table 3.3. The
combined sampler produces the largest ESS/sec for both parameters, which helps us

confirm that combining Haar PX-DA and ASIS into one sampler is more efficient in

improving convergence than using either strategy alone.

3.3.4 HIERARCHICAL PROBIT MODEL

We use a hierarchical probit model to illustrate the efficiency we can gain by combining
either Haar PX-DA and ASIS algorithms or two ASIS algorithms into one sampler. In
this model, the observation Y = (Y7,...,Y},), are the indicators of the values of the
latent variables Z = (Z3, ..., Z,), that is,

1 ifZ;>0

Y, = , fori=1,...,n, (3.16)
0 otherwise

where Z; ~ N(X,f;,1). Whereas X = (Xi,..., X,,) are known covariates, 8 = (b1, ..., 5n)
are unknown parameters and f; Py N(p, 7%). We specify conjugate priors to p and 7 as
w~ N(0,10) and p(7) o< 1. See van Dyk (2000) for a multivariate version of this model.
We wish to sample from the posterior distribution p(Z, 3, u, 7]Y").

We compare the performance of six samplers for fitting the hierarchical probit model.

We start with the Gibbs sampler, which samples each of Z, (i, ), and 7 from its
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Gibbs (Sampler 3.9) Haar PX-DA (Sampler 3.10)
1. p(Z|Y, B, 7 L. p(Z*|Y, B, i, 1"
2. p(p, BIY, Z,7") 2. p(alY,Z*,7"); set Z = Z* |«
3. p(1Y, Z, B, 1) 3. p(w, BIY, Z,7")
1. p(rlY, Z, 6,1

ASIS I (Sampler 3.11) ASIS IT (Sampler 3.12)
L p(Z*|Y, i/ 7) L p(Z|Y, B, ', 7")
2. p(p*|Y, Z,7"); set Z = Z* — Xp* 2. p(p*, B*Y, Z, 1)
3. p(ulY, Z,7"); set Z = Z + Xp 3. p(T*|Y, Z, B*, pi*); set B = (B* — p*) /7
4. p(BIY. Z, p, ) 4. p(ulY, Z, B, 7)
5. p(7Y, Z, B, 1) 5. p(7|Y, Z, 3, p); set B =18+ p

Haar PX-DA-+ASIS IT (Sampler 3.13) ASIS I+ASIS IT (Sampler 3.14)

1. p(Z*|Y, 8, 1,7 1. p(Z*|Y, i, ")

2. plalY,Z*,7'); set Z = Z* 2. p(p*Y, Z,7'); set Z = Z* — Xp*

3. p(p*, BYY, Z,7") 3. p(u|Y, Z,7");set Z =7+ Xp

4 p(r|Y, Z, 6% ) set B = (8% — )/ | 4 p(BIY, 2o, T)

5. plulY, 2, 5,7) 5. p(r|Y, 2, 8%, ) set § = (6% — )7
6. p(7|Y, Z,B,1u); set B =718+ p 6. p(7|Y, Z, B, 1); set B =718+ p

Figure 3.8: Six samplers for fitting the hierarchical probit model. From top to bottom, the left panels
show the steps of the parent Gibbs sampler, the sampler with ASIS I, and the sampler combining Haar
PX-DA and ASIS Il, whereas the right panels present the steps of the Haar PX-DA sampler, the sampler
with ASIS I, and the sampler combining ASIS | and ASIS II.

complete conditional distribution, see Sampler 3.9 in the top-left panel of Figure 3.8.
To improve the convergence of the Gibbs sampler, we consider using MDA and ASIS.
First, we construct an MDA sampler. The working parameter « is introduced into the
model by setting Z = aZ. Then

1 ifZ >0

Y, = , fori=1,...,n, (3.17)
0 otherwise

where Z; ~ N(X;af;,a?). To facilitate the update of «, we also set B = af and
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Figure 3.9: The sampling results of three samplers for the hierarchical probit model. The left two columns
are the mixing and autocorrelation plots for the posterior draws of u, while the right two columns are those
for log(72). The three rows from top to bottom correspond to the Gibbs, Haar PX-DA, and ASIS | samplers.
The Haar PX-DA and ASIS | samplers improve the convergence of u, but have little effect on log(72).

ind

i = ap. Thus equivalently, Z; =~ N(X;f;,a?) and §; ~ N(ji,a?7?), and the prior of
fi is i ~ N(0,a210). Since Conditions LW-1 and LW-2 hold for this example, we use
the Haar PX-DA algorithm to achieve optimality. We specify the Haar measure prior
to «a, that is, ps(a) o< 1, and obtain the Haar PX-DA sampler, i.e., Sampler 3.10,
by i) updating Z and (u, ) with the Haar PX-DA algorithm conditioning on 7, and
ii) sampling 7 from its complete conditional distribution, see the top-right panel of
Figure 3.8. Next, we construct two samplers by using different ASIS schemes. First,
we implement ASIS for 4 without conditioning on . After marginalizing 5 out, Z is a
sufficient augmentation for ; conditioning on 7, and Z = Z — X is the corresponding
ancillary augmentation. We name this scheme by ASIS I and construct the sampler
using ASIS I, i.e., Sampler 3.11, by i) sampling Z and p via ASIS conditioning on 7 but
not on f3, ii) updating 3 from its complete conditional distribution, and iii) sampling
7 from their complete conditional distributions, see the middle-left panel of Figure 3.8.

Note that this ASIS sampler also utilize PCG. This is equivalent to replacing some
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Figure 3.10: The sampling results of three samplers for the hierarchical probit model. The left two columns
are the mixing and autocorrelation plots for the posterior draws of u, while the right two columns are those
for log(7%). The three rows from top to bottom correspond to the ASIS Il, the sampler combining Haar
PX-DA and ASIS Il, and the sampler combining ASIS | and ASIS Il. The sampler combining ASIS | and
ASIS Il exhibits the best convergence among all of the six samplers for fitting the hierarchical probit model.

component kernels of the Gibbs sampler with PCG kernels and then swapping the PCG
kernels with an ASIS kernel. The overlapping replacement is applicable as long as
the overall stationary distribution of the sampler is maintained. Sampler 3.12 in the
middle-right panel of Figure 3.8 is another ASIS sampler. Similar as the hierarchical
t model in Section 3.3.3, conditioning on Z, [ is a sufficient augmentation for (7, ),
and B = (8 — u)/7 is the corresponding ancillary augmentation. We name this scheme
by ASIS II. Sampler 3.12 implements ASIS II by first updating all the parameters from
their complete conditional distributions and sampling (7, 1) again conditioning on f.
Sampler 3.13 combines Haar PX-DA and ASIS II by sampling (u, 8) conditioning on
7 with Haar PX-DA, and updating (7, ) with ASIS II conditioning on Z, see the
bottom left panel of Figure 3.8. Finally, Sampler 3.14 combines two ASIS algorithms
by sampling Z and p via ASIS I, and updating 5 and 7 via ASIS II. (Sampler 3.14 does
not update p with ASIS II).

82



Gibbs Haar PX-DA  ASIST ASISII

1 1.636 3.632 8.807  1.770
log (72) 2.198 1.150 1477 6.162
Haar PX-DA+ASIS II  ASIS I+ASIS II
1 5.514 12.849
log (72) 9.748 11.092

Table 3.4: The ESS per second of y and log(72) for Samplers 3.9-3.14. The sampler combining ASIS |
and ASIS I, i.e., Sampler 3.14, outperforms the other five samplers.

Now we verify the propriety of the two combined samplers, i.e., Samplers 3.13 and 3.14.
Suppose (Z', 8", 1/, 7') is a draw from the target distribution p(Z, 3, u, 7]Y"). For Sam-
pler 3.13, since the kernel of Haar PX-DA maintains the target stationary distribution,
after Step 2, the distribution of (Z, 8*, u*, 7’) is the target. Because the distribution of
(Z, B, u, T) is equivalent to that of (Z, 3, u, 7). After transforming 3 to 3 at the end of
Step 5, the distribution of (Z, 8, u, 7) is p(Z, B, u, 7|Y"). For Sampler 3.14, after Step 3,
(Z, ) and §' are conditionally independent because Z and p are updated without con-
ditioning on . Fortunately, the marginal distribution of (Z, i, 7') is still the target and
Step 4 only depends on these three quantities. Thus after Step 4, the distribution of
(Z, B*, u, ') is again the target. As stated above, after transforming 3 to 3 at the end
of Step 6, the distribution of (Z, 8, u, 7) is p(Z, B, i, 7|Y). Thus Samplers 3.13 and 3.14
are both proper.

We use a simulation study to compare the relative efficiencies of Samplers 3.9-3.14.
Specifically, we set © = 2, 7 = 0.05, n = 50 and sample X from the uniform distribution
on the interval [—2, 2]. For each sampler, we run a chain of 50,000 iterations with a burn-
in of 10,000 using the same starting values. Figures 3.9 and 3.10 compare Samplers 3.9—
3.14 in terms of the mixing and autocorrelation of 2 and log(7?). For either of Figures 3.9
and 3.10, the left two columns are the time-series and autocorrelation plots of p, and
the right two columns are those of log(7). The Haar PX-DA and ASIS I samplers
improve the convergence of u, but have little effect on 7. ASIS I behaves slightly better
than Haar PX-DA. ASIS II has the opposite effect to Haar PX-DA and ASIS I. The
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samplers combining ASIS IT and Haar PX-DA/ASIS I outperform the samplers using
any of these algorithms alone. The sampler combining ASIS IT and ASIS I exhibits the
best convergence properties. Furthermore, we account for the computational time and
compare the ESS per second of u and log(72) from all of the six samplers in Table 3.4.
The sampler combining ASIS IT and ASIS I produces the largest ESS/sec for both

parameters.

3.4 DISCUSSION

Although acceleration strategies like MDA (Haar PX-DA), ASIS, and PCG are effi-
cient in improving convergence, if there are more than one parameter exhibiting poor
convergence, we may not be able to improve the convergence of all the parameters simul-
taneously by using one strategy alone. Numerical examples in this Chapter show that
combining different algorithms into a coherent sampler can effectively break the plight
and further improve computational efficiency. However, we need to implement combined
samplers carefully to guarantee that they maintain the target stationary distribution.
In fact, combining strategies into one sampler is an examples of using surrogate distri-

butions, which is the topic of the next chapter, i.e., Chapter 4.
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SURROGATE DISTRIBUTION STRATEGY

In Section 3.4 of Chapter 3, we mention that a sampler combining several acceleration
strategies is an example of samplers using surrogate distributions. We have provided
the definition of a surrogate distribution in Chapter 1, that is, a joint distribution of all
unknown parameters in the model which shares certain marginal distributions with the
target, but has lower correlations among its components. In this chapter, we propose a
general framework to construct more efficient Gibbs-type samplers by replacing some of
the conditional distributions of the target distribution with conditionals of a surrogate
distribution. Like combining acceleration strategies into one sampler, using surrogate
distributions may lead to incompatible conditional distributions. Thus, we must be
cautious to guarantee that the desired stationary distribution is retained. Both theoret-
ical arguments and numerical examples are deployed to illustrate the implementation of
samplers using surrogate distributions and show the obtained computational efficiency.
In Section 4.1, we use Gaussian models as motivating examples to shed light on the

construction and computational advantage of samplers using surrogate distributions.
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In Section 4.2, we derive the forms of surrogate distributions derived from PCG, Haar
PX-DA, and ASIS algorithms, provide sufficient conditions to guarantee that samplers
using surrogate conditionals maintain the desired stationary distributions, and then
discuss the computational efficiency of the surrogate distribution strategy. Finally, in
Section 4.3, we use univariate and multivariate ¢ models, the spectral analysis model,
and a simple hierarchical Gaussian model to illustrate the derivation of surrogate dis-
tributions from acceleration strategies, demonstrate the construction of samplers using

surrogate distributions, and show their efficiency in improving convergence.

4.1 MOTIVATING EXAMPLES

4.1.1 TWO-STEP SAMPLERS USING SURROGATE DISTRIBUTIONS

Suppose we wish to sample from p(t)q,12). To achieve this goal, we start with a two-step

Gibbs sampler:
Step 1: ("™ ~ p(yn]”), (Sampler 4.1)
Step 2: vy ~ pluafuy ).

Besides p(1)1,12), We have a surrogate distribution of (11, 12), ps(1,12), which shares
the same marginal distributions with p(11, 1), but has lower correlation between )
and 1. we construct Sampler 4.2 by replacing the conditional distribution in Step 1 of

Sampler 4.1 with the conditional of p,(1)1,19), i.e.,

Step 1: iﬁitﬂ) ~ ps(wllwét)), (Sampler 4.2)

Step 2: wétﬂ) ~ p(w2|w§t+1)).

Furthermore, we replace both conditional distributions of Sampler 4.1 with conditionals

of ps(11, 1), and obtain Sampler 4.3,

Step 1: ¢i""Y ~ p,(vn]”), (Sampler 4.3)
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Step 2: ¥5 T ~ py (1ot

which is in fact the ordinary Gibbs sampler updating ps(11,12). From Sampler 4.1 to

Sampler 4.3, we increase the degree of using conditionals of the surrogate distribution.

We use a simulation study to illustrate the relative efficiencies of Samplers 4.1, 4.2,

and 4.3 by setting p(1, 1) to

0 1  0.99
(¢1,92) ~ Ng ; (4.1)
0 0.99 1
and ps (11, 12) to
0 1 0.7
(wlv ¢2) ~ NZ 5 . (42)
0 0.7 1

Figure 4.1 compares 10,000 draws of 1, generated by the three samplers in terms of
mixing (first column) and autocorrelation (second column). (The performance of 1)y is
similar to ¢4.) Sampler 4.2 significantly outperforms Sampler 4.1. Although slightly,
Sampler 4.3 exhibits even better convergence than Sampler 4.2. The results imply that
for a two-step sampler, we can gain more computational efficiency by replacing more
steps with draws from conditionals of a surrogate distribution. We discuss more on this

point in Section 4.2.3.

While the stationary distributions of both Samplers 4.1 and 4.2 are p(i1, 1), the sta-
tionary distribution of Sampler 4.3 is ps(¢1, 1), which has lower correlation between
Y1 and 1y than p(1)q,1)s), see the last column of Figure 4.1. If p(¢/1, 1) is aimed to be
maintained, Sampler 4.3 is improper and we can only use Samplers 4.1 and 4.2. If only
marginal distributions of p(v1, 1) are of interest, Sampler 4.3 can be manipulated to
further improve the convergence. Moreover, permuting steps of Sampler 4.2 changes its
stationary distribution, because the stationary distribution of the sampler ending with

Step 1 after a cyclic permutation of steps of Sampler 4.2 is p,(11,15).
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Figure 4.1: Samplers with different degrees of using the surrogate distribution for bivariate Gaussian
distributions. The left two columns are the time-series and autocorrelation plots for 10,000 draws of
from Samplers 4.1-4.3. Both Samplers 4.2 and 4.3 significantly outperform Sampler 4.1, and Sampler 4.3
behaves slightly better than Sampler 4.2. The last column displays scatter plots of v; and w5 from the
three samplers. The stationary distributions of both Samplers 4.1 and 4.2 are p(¢1,12), whereas that of
Sampler 4.3 is ps()1, 1), with lower correlation between 11 and ¥9 than p(¢1,12).

4.1.2 THREE-STEP SAMPLERS USING SURROGATE DISTRIBUTIONS

In this section we consider using surrogate distributions in N-step (N > 2) samplers.
Without loss of generality, we set N = 3 and the target distribution to p(tq, 19, 13).

The ordinary Gibbs sampler for updating p(t1, 19, 3) is

Step 1: ?At“) ~ P(@/leét), {gt))v (Sampler 4.4)
Step 2: ¥y ~ p(ualui™ v),

Step 3: ’l/}ét+1) ~ p(w3|'l/}§t+1)7w§t+l)).
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When there are more than two unknown parameters, it can be practically difficult to
derive a joint surrogate distribution for all the variables. Nevertheless, it can be rela-
tively easy to obtain a surrogate distribution for a subset of parameters conditioning on
others. Thus we consider a surrogate distribution, ps(11, e, 13) = ps(W1, ¥a|1bs)p(1)3),
which has the same marginal of 13 as the target, but different distribution of (i1, »)

conditioning on 3. Specifically, ps(¢1[vs) = p(¥1[vs) and ps(v2[hs) = p(¥2]ths) (equiv-
alently, ps(¢1,%3) = p(1,13) and ps(1a, ¥3) = p(1he,13)), but the correlation between
Yy and ¥y in ps(11, Palbs) is lower than that in p(i)y, 1a|)s). First, we construct Sam-
pler 4.5 by replacing the first step of Sampler 4.4 with a draw from the conditional
distribution of the surrogate, p(11, 1s|13), that is,

Step 1: " ~ po(i |0y, ), (Sampler 4.5)
Step 2: 1/1§t+1) ~ p(¢2|¢§t+1)7¢§t))7

Step 3: ™ ~ p(eglY i),

Next we replace Steps 1 and 3 of Sampler 4.4 with updates from conditionals of the
surrogate, change the order of Step 2 and 3, and obtain Sampler 4.6,

Step 1: " ~ po(in |0y, ), (Sampler 4.6)
Step 2: v ~ pu(uslof ™, 0)),

Step 3: vy ~ pluafuy ™V, 0,

Finally, we obtain Sampler 4.7 by replacing all the steps of Sampler 4.4 with draws from
conditionals of ps(11, 19, 13), that is,

Step 1: iﬂt“) ~ ps(¢1|¢g)7¢§t)), (Sampler 4.7)
Step 2: v ~ p (el uil),

Step 3: ’l/}:(%t+1) ~ p8<’l/}3|'lp](_t+1)’ §t+1)>.
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Sampler 4.7 is simply the standard three-step Gibbs sampler for updating ps (11, 12, ¥3).

From Sampler 4.4 to Sampler 4.7, we increase the degree of using surrogate conditionals.

We also use a simulation study to illustrate the relative efficiencies of Samplers 4.4-4.7.

We set p(1P1,1)2,13) to

0 1095 081
(1,2, 03) ~Na | [ 0 [,] 095 1 095 ||, (4.3)
0 081 0.95 1
and ps (1,19, 3) to
0 1070 0.81
(Y1, 02.903) ~Ns | [ 0 [,] 070 1 095 ||, (4.4)
0 081 095 1

which is different from p(vq, 19, 13) only in the correlation between 1; and 5. We run
a chain of 10,000 iterations using each of Samplers 4.4-4.7. In Figure 4.2, we compare
the four samplers in terms of mixing (first column) and autocorrelation (second column)
of 13 (11 and 19 behave similarly to ¢3). Samplers 4.5-4.7 all improve the convergence
of Sampler 4.4, Sampler 4.6 is better than Sampler 4.5, and Sampler 4.7 performs the
best among the three. These results also indicate that replacing more steps with draws

from conditionals of a surrogate distribution can lead to better convergence properties.

Note that the stationary distribution of Samplers 4.7 is the surrogate, ps(11, s, ¥3),
whereas the stationary distributions of other three samplers are all the target, p(v1, ¥,
t3). The surrogate distribution has lower correlation between 1, and 1, (see the last
column of Figure 4.2), but has the same marginal distributions as the target for 1y, 19,
s, (YP1,13), and (g, 3). If p(h1, 109, 13) is necessary to be maintained, Sampler 4.7 is
improper and we can only consider using Samplers 4.5 and 4.6 to improve the conver-
gence of Sampler 4.4. Or else the correlation between 1, and 15 is not of main interest,

Sampler 4.7 can also be considered to further improve the convergence. Like two-step
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Figure 4.2: Samplers with different degrees of using the surrogate distribution for multivariate Gaussian
distributions. The left two columns are the time-series and autocorrelation plots for 10,000 draws of 3
from Samplers 4.4-4.7. Samplers 4.5-4.7 all outperform Sampler 4.4, Sampler 4.6 behaves better than
Sampler 4.5, and Sampler 4.7 is the best. The last column displays scatter plots of ¥, and v from the four
samplers. The stationary distributions of Samplers 4.4-4.6 are p(11, 12, 13), whereas that of Sampler 4.7
is ps (1,12, 13), with lower correlation between 1 and 1y than p(i1, ¥, 13).

samplers, permuting steps of a three-step sampler using conditionals of surrogate distri-
butions may alter its stationary distribution. For example, the stationary distribution
of the sampler ending with Step 1 after a cyclic permutation of steps of Sampler 4.5
is ps(11, 19, 13). For Sampler 4.6, a cyclic permutation of the steps ending with either
Step 1 or 2 leads to a sampler that has the surrogate as its stationary distribution.
With non-cyclic permutations, the stationary distributions of Samplers 4.5 and 4.6 can
be unpredictable. One more complication of N-step (N > 2) samplers is that some
combinations of conditionals of the target and surrogate distributions cannot produce

samplers with known stationary distributions. For example, the sampler that updates
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11 and 1) from their conditional distributions of the target, and updates 15 from its
conditional of the surrogate does not have a known stationary distribution, neither does
the sampler updating v; and 1), from their conditional distributions of the surrogate,

and 13 from its conditional of the target, no matter how we permute the steps.

Motivated by the examples in this section, we believe that it is promising to improve the
convergence of a Gibbs sampler by replacing some of its steps with draws from condi-
tionals of a surrogate distribution. Moreover, samplers using surrogate distributions to
a higher degree may have better computational efficiency. However, extra care must be
taken to guarantee that the samplers using surrogate distributions maintain the desired
stationary distributions. Thus, we provide general conditions for the samplers using sur-
rogate distributions to preserve the desired stationary distributions. Furthermore, we
use both theoretical arguments and numerical examples to illustrate the computational

advantage of using surrogate distributions in a Gibbs sampler.

4.2 USING SURROGATE DISTRIBUTIONS IN GIBBS-TYPE SAMPLERS

4.2.1 DERIVING SURROGATE DISTRIBUTIONS VIA PCG, LIMITING MDA, AND ASIS

In this section, we introduce how to derive surrogate distributions from existing accel-
eration strategies. Specifically, we focus on PCG, Haar PX-DA, and ASIS algorithms.
First, we define the j®® (j = 1,..., N) intermediate stationary distribution of an N-step
Gibbs-type sampler by the stationary distribution of the sampler ending with Step j
after a cyclic permutation. Intermediate stationary distributions can be either the same
as or different from the target distribution, and those which are different from the target

are crucial for deriving surrogate distributions.

DERIVING SURROGATE DISTRIBUTIONS VIA PCG

Recall the PCG sampler in Figure 1.1(d), which samples v without conditioning on

3. In Section 1.2.3 of Chapter 1, we derive the second intermediate stationary dis-
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tribution of this sampler, that is, p(11, V2, ¥4)p(13|tha, 14), which is different from the
target distribution p(t)1, 19,13, 14) only in that conditioning on (19, 14), 11 and 13 are
independent. This intermediate distribution is the surrogate that we can derive from
the PCG sampler, and we denote it by ps (11, 19, 13, 14). Thus we can consider the PCG
sampler in Figure 1.1(d) as a sampler constructed by replacing Step 2 of its parent Gibbs
sampler in Figure 1.1(a) with a draw from the conditional of the surrogate distribution
ps(U1, 9, 13,14) and permuting the steps. Analogously, Step 1 of Sampler 2.1, that is,
the MH within PCG sampler with least partial collapsing for fitting the spectral model
in (2.1), can be regarded as a draw from the conditional of its first intermediate station-
ary distribution, which is displayed in (2.2). Generally, the surrogate distribution we
obtain from a PCG sampler is its intermediate stationary distribution after a reduced

step.

DERIVING SURROGATE DISTRIBUTIONS VIA HAAR PX-DA

For MDA, we can only derive surrogate distributions from either the limiting MDA
algorithm or Haar PX-DA algorithm. We focus on Haar PX-DA to obtain optimal
efficiency. Suppose Conditions LW-1 and LW-2 described in Section 1.2.1 of Chapter 1
hold. Steps 2 and 3 of the Haar PX-DA sampler, i.e., Sampler 1.2, are equivalent to

first sampling (a*,6) from p(a, 0|Y%., Yons) and then setting Yiis = Gt (Yr,). Thus

mis

we specify the surrogate distribution from Haar PX-DA as the intermediate stationary

distribution after updating p(«, 8|Y.5, Yons), that is,

ps(Ymisa 0|Y;)bs) - |:/]5<Oé7 0|Ymisa }/obs)da p(YmisD/obs)- (45)

This surrogate distribution has the same marginal distribution of Y, as the target.
As stated in Section 1.2.1, Sampler 1.21 is proper. Thus the surrogate distribution also
shares the same marginal distribution of 6 as the target. (Note that the surrogate
distribution derived from the limiting MDA algorithm has the form as (4.5).) With
the surrogate distribution p(Yuis, @|Yons), the sub-chain {#®) ¢ = 0,1,...} induced by
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Sampler 1.21 is equivalent to that induced by the following sampler using the surrogate
distribution, that is,

Step 1: Y=

mis

~ p(Vanis |01, Yons), (Sampler 4.8)

Step 2: 0(t+1) ~ ps(eyynﬁis?}/obs)a

which is resulted from replacing the step updating 6 of the parent DA sampler with a

draw from the conditional of the surrogate distribution.

Recall that under Conditions LW-1 and LW-2, Y,,;;s can be represented by (3, 1), where r
is the orbit and [ is the position on r. As stated in Section 3.2.3 of Chapter 3, sampling
from p(0|Yiis, Yobs) is equivalent to updating 6 conditioning on (3, ), whereas sampling
0 from p(0|Yiis, Yobs) is equivalent to updating @ conditioning on r alone. Because the
correlation between € and r is lower than the correlation between 6 and (3,7), the

correlation between 6 and Y5 in ps(Yinis, 0] Yobs) is lower than that in p(Yiis, 0] Yobs)-

DERIVING SURROGATE DISTRIBUTIONS VIA ASIS

We can also use ASIS to derive surrogate distributions. Suppose the target distribution

Is p(07 Ymis,s

Yobs). The surrogate distribution we obtain from the ASIS sampler, that
is, Sampler 1.3 in Section 1.2.1 of Chapter 1 is the intermediate stationary distribution
after sampling 6 from p(6 |Ylffis+7i), Yobs) in Step 3. As stated in Section 1.2.2 of Chapter 1,
Step 2 of the ASIS sampler, i.e., Sampler 1.3, is equivalent to sampling Y;,s. from
p(Ymis,A|Y*

m

is.80 Yops). Thus the surrogate distribution is

ps(Ymis,S7 9|Y;bs) = |:/ p(9|Ymis,A7 %bs)p(Ymis,Alymis,Sa Y:)bs)dymis,A p(Ymis,S|Y;bs)~ (46)

Apparently, this surrogate distribution has the same marginal distribution of Y s as
the target. We verify here that the surrogate distribution shares the same marginal

distribution of € as the target, that is, ps(0|Yons) = p(0|Yobs):
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Proof.

Ps(0Yors) = [ Ps(0, Yinis,s|Yobs)AYmis.s = [ Ps(0]Yimis,ss Yobs)P(Ymis,s| Yobs)dYamis s
= f U p(e‘Ymis,Aa Y;)bs>p(Ymis,A’Ymis,S> }/;bs)dymis,A} p(Ymis,s’%bs)deis,s
= f U p(9|Ymis,A, Yobs) (f p(Ymis,A’9*7 Ymis,87 Y:)bs)

P(0*|Yinis,ss Yobs)d0%) dYomis a] D(Yimis,s| Yobs ) dYimis s
= [ [ Jp(0|Yis.as Yors)P(Ymis.a 0%, Ymis.s, Yons)
(0% Yinis,s, Yobs)P(Ymis,s | Yobs )d0*dY i adYimis s

= p(0|yob8)~
(4.7)

]

The fourth equality holds due to the mathematical equivalence between sampling ¥is
from p(Yiis,a|Yomis.s» Yobs) and Step 2 of Sampler 1.3. If the target distribution is p(0,
Yinis a|Yobs), we can derive the corresponding surrogate distribution, ps(6, Yinis | Yobs), in
the similar manner. Similar as the Haar PX-DA sampler, i.e., Sampler 1.2, the sub-
chain of # induced by Sampler 1.3 is equivalent to that induced by the following sampler
using the surrogate distribution ps(6, Yiiss|Yobs), that is,

Step 1: Y o ~ P(Viniss |07, Yobs), (Sampler 4.9)

Step 2: 9(t+1) ~ ps(9’Y£i5,87 YE)bs)’

constructed by replacing the step updating 6 in the parent DA algorithm for sampling
the target distribution p(6, Yinis s|Yobs) with a draw from the conditional of ps (0, Yinis s|Yobs)-

Yu and Meng (2011) verified that under Conditions YM-1 and YM-2 described in Sec-
tion 3.2.3 of Chapter 3, the ASIS sampler is identical to the Haar PX-DA algorithm
for the expanded model p(a, )N/mis,s, 0|Yons), where ffmi&s = Ho(Ymiss). Thus, as for the
surrogate distribution in (4.5) derived from the Haar PX-DA, the correlation between

6 and Yiiss in ps(Ymiss, 0] Yons) is lower than that in p(Yiss, 0|Yobs)-
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4.2.2 IDENTIFYING STATIONARY DISTRIBUTIONS OF SAMPLERS USING SURRO-

GATE DISTRIBUTIONS

We construct a sampler using surrogate conditional distributions by replacing some
conditionals of the parent Gibbs sampler with the conditionals of surrogate distributions.
The intermediate stationary distributions may be different from the target. Thus, we
must take care to guarantee that the stationary distribution of the overall sampler is

the desired distribution.

Recall Sampler 4.2 in Section 4.1.1, which is a two-step sampler with one step replaced
by a draw from the conditional distribution of the surrogate. One sufficient condition for
Sampler 4.2 to maintain p(i1, 1) as its stationary distribution is that ps(¢1) = p(¢1)
and ps(¢2) = p(¢2). Suppose this condition holds and ( Y),wg“) is a sample from
p(¥1,12). Thus then

[ 8 py (Y W) @SV ) dy P dgy
= [ p@ sV (D [ ) g
= ps(l/ﬁtﬂ )p(@%tﬂ W’ltﬂ))
_ p(¢§t+1)7w§t+1))-

(4.8)

Samplers 4.5 and 4.6 in Section 4.1.2 are three-step samplers using conditional distri-
butions of the surrogate. One sufficient condition for both samplers to maintain the

target stationary distribution is that p, (v, vs) = p(v2, 1) and p,(v1,v) = p(eh, ).

We verify its sufficiency for Sampler 4.6 and omit the proof for Sampler 4.5. Suppose

ps(%;%) = p(%,%) and py(¢1,13) = p(¥1,43) hold, and ( % ) (t) is a draw
from p( wQ : ) then

[ @ ) pp (D [, )ps< SV )
p(d Y wf“% Yy dys dys?

= [ ps(@ 0 oy (5D 1D (I [ D) dapl?
( (t+1 @Z)(H_l) t+1)>.
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Generally, the following two conditions are sufficient to ensure that the overall sampler

maintains the target stationary distribution, that is,

i) The input to each conditional distribution of the sampler follows the correct distribu-
tion. Specifically, consider a generic N-step sampler using surrogate distributions,
which updates 1; in Step j (j = 1,...,N). If Step j is a draw from the condi-
tional of the target distribution, that is, ©; ~ p(v;|F;(¢¥,v")), we must guarantee

Fi(, ") ~ p(Fj(,0"). If ¥y ~ ps(¢;|F;(¢,4")), F;(¢,4") must follow the corre-
sponding surrogate distribution, p,(F;(¢,¢’)).

ii) the last step of the sampler is a draw from the complete conditional of the desired

stationary distribution.

These two conditions ensure that the last steps produces a draw from the target if the

input to the first step follows the target distribution.

In order to guarantee the two conditions holding, we sometimes need to permute the
steps of the sampler after replacing some of its updates with draws from conditional
distributions of the surrogate. For example, after replacing Steps 1 and 3 of Sampler 4.4
with updates from conditionals of the surrogate distribution, we change the order of

Steps 2 and 3 to guarantee the two conditions above holding for Sampler 4.6.

If the correlations among parameters are not of main interest, we allow the stationary
distribution of the sampler to be the surrogate, which is different from the target, so
that it is possible to replace more steps with draws from conditionals of the surrogate
distribution and thus obtain more computational efficiency (e.g., Samplers 4.3 and 4.7).
Under this scenario, Conditions i) and ii) are also sufficient to ensure that the stationary

distribution of the overall sampler is the surrogate.

We can construct a proper sampler by replacing conditional distributions of the parent
Gibbs sampler with conditionals from MORE THAN ONE surrogate distribution, so
long as Conditions i) and ii) above hold. The combining strategy introduced in Chap-
ter 3 is an example for this case, because combining different acceleration strategies is

equivalent to replacing some conditionals of the parent sampler with conditionals of the
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surrogate distributions derived from these strategies.

4.2.3 COMPUTATIONAL EFFICIENCY GAINED BY USING SURROGATE DISTRIBU-

TIONS

COMPARING TWO-STEP SAMPLERS USING THE SURROGATE DISTRIBUTION TO DIF-

FERENT DEGREES

In Section 4.1, we investigate three two-step samplers, i.e., Sampler 4.1-4.3. Recall that
Sampler 4.1 is the parent Gibbs sampler for updating the target distribution p(i1, 1¥s),
Sampler 4.2 replaces Step 1 of Sampler 4.1 with an update from the conditional of the
surrogate distribution pg(11, 1), and Sampler 4.3 replaces both steps of Sampler 4.1
with conditionals of the surrogate, resulting in a Gibbs sampler for updating the surro-

gate distribution ps (11, ¥2).

To compare the convergence rates of the three samplers using the surrogate distribution
to different degrees, we start with the special case that both the target and surrogate

distributions are bivariate Gaussian. Specifically, suppose

0 1 0 1 7,
p<w17 ¢2> = N2 ) and ps(wlva) = N2 )
0 rp 1 0 Tp 1

Under this scenario, we can derive the convergence rate, that is, the spectral radius of
the forward operator induced by each of Samplers 4.1-4.3 analytically. We denote the
forward operators corresponding to Samplers 4.1-4.3 by P;, P, and Pj respectively. By
Theorem 3.2 of Liu et al. (1994), the spectral radius of Py, 7(Py), is p3, and that of
Ps, r(Ps), is pgs, where p, and p,, are the maximum correlation between 1; and 1), for
(11, 12) and ps(1)1, 1b9) respectively. For bivariate Gaussian distributions, the maximal
correlation between v and v, is the absolute value of their correlation (Lancaster,
1958). Thus 7(Py) = and 7(Ps) = 75 . The spectral radius of Py, r(P,), is equal to
the maximum eigenvalue of the transition matrix M such that E(y D |¢p®) = My® 4o,
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Figure 4.3: Convergence rates of Samplers 4.1-4.3 as functions of the correlation between 1 and 9
in the surrogate distribution pg(11,19) for bivariate Gaussian target and surrogate. The two samplers
using conditionals of the surrogate distribution, Samplers 4.2 and 4.3, are both efficient in improving the
convergence of the parent Gibbs sampler, i.e., Sampler 4.1. Moreover, Sampler 4.3, the sampler using the
surrogate distribution to the highest degree, performs even better than Sampler 4.2.

where v is a vector of constants. With (4.10), r(FP2) = |rprp,|. We fix r, at 0.99, and let
rp, vary in the range [0,7,]. Figure 4.3 shows the convergence rates of Samplers 4.1-4.3
as a function of r,,. Because smaller convergence rate corresponds to faster convergence
(see Section 1.3 of Chapter 1), and r(P) > r(FP2) > r(P3) holds uniformly for r,, €
[0,7,], we conclude that with bivariate Gaussian target and surrogate distributions, the
two samplers using conditional distributions of the surrogate, Samplers 4.2 and 4.3, both
converge faster than the parent Gibbs sampler, i.e., Sampler 4.1, and Sampler 4.3, the
sampler using the surrogate distribution to the highest degree, has faster convergence

than Sampler 4.2.

For general bivariate target and surrogate distributions, although we can obtain the con-
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vergence rates of the two Gibbs samplers, i.e., Samplers 4.1 and 4.3, via Theorem 3.2
of Liu et al. (1994), we can hardly derive the convergence rate of Sampler 4.2. Thus
we instead compare the three samplers in terms of their cyclic-permutation bounds.
For a standard two-step Gibbs sampler, the norms of the forward operators induced
by the corresponding 0-step-lagged and 1-step-lagged Gibbs samplers are equal. Thus
by definition, the cyclic-permutation bound of a two-step Gibbs sampler is equal to
the norm of the corresponding forward operator, equivalently the maximum correlation
between the two components updated in two steps of the Gibbs sampler (see Theo-
rem 3.2 of Liu et al. (1994)). Henceforth the cyclic-permutation bound of Sampler 4.1
is ||P1|| = pp and that of Sampler 4.3 is ||Ps|| = pp,. The cyclic-permutation bound
of Sampler 4.2 is min{p,, pp,}. (The proof is displayed in Appendix C.) As long as
Pp. < pPp, the two samplers using the surrogate distribution, i.e., Samplers 4.2 and 4.3
have the same cyclic-permutation bound, which is smaller than that of the parent Gibbs
sampler, i.e., Sampler 4.1. This implies that replacing steps of a two-step Gibbs sampler
with updates from conditional distributions of the surrogate has effects on improving
the convergence properties of the sampler. Although the exact relationship of the con-
vergence rate of Sampler 4.2 with those of Samplers 4.1 and 4.3 remains unclear, the
special case of bivariate Gaussian models indicates that for a two-step Gibbs sampler,

using the surrogate distribution to higher degree leads to better convergence.

COMPARING THREE-STEP SAMPLERS USING THE SURROGATE DISTRIBUTION TO DIF-

FERENT DEGREES

Recall Samplers 4.4-4.7 in Section 4.1. Sampler 4.4 is the parent three-step Gibbs
sampler for updating the target distribution p(wy,19,13). Samplers 4.5, 4.6, and 4.7
replace one, two, and three steps of Sampler 4.4 with updates from the conditionals of

the surrogate distribution pg (v, 19, 13), respectively.

If the target and surrogate distributions are both Gaussian, we can derive the spectral
radius of the forward operator induced by each of Samplers 4.4-4.7 analytically via com-

puting the maximum eigenvalue of the transition matrix M such that E(x®D|yp®) =
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Figure 4.4: Convergence rates of Samplers 4.4—4.7 as functions of the correlation between 1; and 5 in
the surrogate distribution ps(11,12,13) for Gaussian target and surrogate. When 7, > 0.62, the three
samplers using the surrogate distribution, i.e., Samplers 4.5-4.7, all have smaller convergence rates than
the parent Gibbs sampler, i.e., Sampler 4.4, and using the surrogate distribution to higher degree produces
faster convergence. When 7, gets smaller, the three samplers keep converging faster than the parent Gibbs
sampler. However, the samplers using more than one surrogate conditional, i.e., Samplers 4.6 and 4.7,
can perform worse than the sampler using just one surrogate conditional, i.e., Sampler 4.5. When 7, gets
close to 0.59, the sampler using surrogate conditionals in two steps even converges slower than the parent
sampler.

My® +v. Thus we first compare Samplers 4.4-4.7 for the case that both p(/1, 12, 13)
and ps(11, 19, 13) are Gaussian distributions. We specify p(1,1,13) as in (4.3), and
set ps(1, Yo, 13) to

0 1 7, 081
(U1,92,93) ~Ng | | 0 || »,., 1 095 |]- (4.11)
0 0.81 095 1

Suppose 7, > 0, and let r,_ vary in the range [0.59, 0.95], where 0.59 is the smallest value
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of r,, > 0 to make the variance-covariance matrix in (4.11) positive-definite. Figure 4.4
shows the convergence rates of Samplers 4.4-4.7 as a function of r,,. With Gaussian
target and surrogate distributions in (4.3) and (4.11) respectively, if r,, > 0.62, then
the three samplers using the surrogate distribution all have smaller convergence rates
than the parent Gibbs sampler updating the target distribution, and using the surrogate
distribution to higher degree leads to faster convergence. When r,  gets smaller, the
three samplers using the surrogate distributions keep converging faster than the parent
Gibbs sampler. However, the samplers using more than one surrogate conditional can
converge slower than the sampler using just one surrogate conditional. When 7, gets
close to 0.59, the sampler using surrogate conditionals in two steps even converges slower

than the parent sampler.

With general target and surrogate distributions, comparing the convergence rates, or
simply the cyclic-permutation bounds of Samplers 4.4-4.7 becomes more complicated.
In practice, we typically derive surrogate distributions from the PCG, Haar PX-DA,
and ASIS algorithms. The efficiency of these acceleration algorithms in improving
convergence properties has been confirmed. Henceforth, if the surrogate distribution
Ps(¥1, 19, 13) is derived from one of PCG, Haar PX-DA, and ASIS, it is easy to verify
that the sampler using the surrogate conditional in one step, i.e., Sampler 4.5, has
smaller cyclic-permutation bound than the parent Gibbs sampler, i.e., Sampler 4.4.
However, using the surrogate distribution to higher degree does not necessarily leads to
faster convergence. Thus in practice, finding the optimal algorithm from Samplers 4.5
4.7 to improve the convergence of the parent sampler is on a case-by-case basis. The

results for three-step samplers can be easily generalized to N-step(N > 3) samplers.

In all, replacing steps with draws from conditionals of the surrogate distribution gener-
ally improves the convergence of the parent sampler. For two-step samplers, using sur-
rogate conditional distributions in more steps typically leads to more efficient samplers,
whereas for N-step(N > 3) samplers, this trend does not often hold. Moreover, we can
consider more than one surrogate distribution when constructing a sampler using surro-

gate conditionals, as the combining strategy does. We have proved the computational
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advantage of the combining strategy in Section 3.2.3 of Chapter 3. Thus the samplers
constructed by replacing some steps of the parent Gibbs sampler with updates from
conditionals of the surrogate distributions derived from different acceleration strategies

are expected to be efficient in improving the convergence of the parent sampler.

4.3 ILLUSTRATION EXAMPLE

In this section, we use three examples, t-distribution models, the spectral analysis model,
and a simple hierarchical Gaussian model to demonstrate deriving surrogate distribu-
tions from Haar PX-DA, PCG, and ASIS algorithms, and show the computational

efficiency of the samplers using surrogate distributions.

4.3.1 t-DISTRIBUTION MODEL

We first use t-distribution model to illustrate the deriving of a surrogate distribution
from the Haar PX-DA algorithm, and compare the convergence properties of three two-
step samplers, which use the Haar PX-DA surrogate distribution to different degrees.

We consider both univariate and multivariate ¢-distributions.

UNIVARIATE t-DISTRIBUTION

We consider the following univariate t-distribution model:

Yiiri\(}ty(u,az), fori=1,...,n, (4.12)
where Y = (Y7,...,Y,,) are the observations; v is the known degrees of freedom of the

t-distribution; p and o are the unknown location and scale parameters respectively and
we specify non-informative prior distributions to them, that is, p(u,0?) oc 1/0%. Tt is
difficult to sample p(u,o?|Y") directly. To simplify the implementation, we extend the
model in (4.12) with the latent variable ¢ = (g1, . .., ¢,) as in Meng and van Dyk (1999),
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DA Haar PX-DA Surrogate

ler 4.11
(Sampler 4.10) (Samp er/ ) (Sampler 4.12)
/ 2/ 1 p(q*|Y7 /~’L/70—2 ) / 2/
L p(q|Y,p',0%) L ps(qlY, i/, 0%),

2. p(alY,q*);set ¢ = q*/a
2. p(p, 0%q,Y) 3. pu0?|V.q) 2. ps(p,0%q,Y).

Figure 4.5: Three samplers for fitting the univariate ¢-distribution model in (4.13). The left, middle, and
right panels show the steps of the DA sampler (Sampler 4.10), the Haar PX-DA sampler (Sampler 4.11), and
the two-step Gibbs sampler for updating the surrogate distribution derived from the Haar PX-DA algorithm
(Sampler 4.12).

that is,
ind 0-2
Yin(p,—),forizl,...,n, (4.13)

i
iid
where ¢; ~ x2/v.

We compare the efficiencies of three samplers for fitting the univariate ¢-distribution
model. We start with the standard DA sampler which iteratively updates ¢ and (u, o?)
from their conditional distributions of p(q, u,0?|Y"), see Sampler 4.10 in the left panel
of Figure 4.5. To improve the convergence of the DA sampler, we construct an MDA

sampler. The working parameter « is introduced into the model by setting

) 2
Y, %N (u, “ ) (4.14)

i

where Gjla ~ ax?/v. Since Conditions LW-1 and LW-2 introduced in Section 1.2.1
of Chapter 1 hold for this example, we use the Haar PX-DA algorithm to achieve
optimality. We specify the Haar measure prior to «, that is, ps(a) o< 1, and obtain the
Haar PX-DA sampler, i.e., Sampler 4.11 in the middle panel of Figure 4.5. We derive a
surrogate distribution via the method introduced in Section 4.2.1 from the Haar PX-DA

sampler, that is,

P 0% qlY) = [ [ e oo,y e plav), (1.15)

As stated in Section 4.2.1, the sub-chain of (u, 0?) induced by the Haar PX-DA sampler,

i.e., Sampler 4.11, is equivalent to that induced by the sampler which updates from
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Figure 4.6: The sampling results of o for Samplers 4.10-4.12. The first, second, and third columns
correspond to the trace plots, autocorrelation plots, and histograms of log(c?). Both samplers using the
surrogate distribution, i.e., Samplers 4.11 and 4.12, are efficient in improving the convergence of o2, and
the sampler using the surrogate distribution to a higher degree, i.e., Sampler 4.12, performs slightly better.

p(qlY, i, 0%) and py(p,0%|q,Y) iteratively. Thus the Haar PX-DA sampler can be
considered as a two-step sampler which replaces one step of the parent DA sampler
with a draw from the conditional of the surrogate distribution ps(u, o2, q|Y’). Because
in this example, our main interest focuses on the marginal distribution of (u, 02), we also
consider the two-step Gibbs sampler for updating p,(u, 0?2, ¢|Y), that is, Sampler 4.12
in the right panel of Figure 4.5. The construction of Sampler 4.12 can be considered as
replacing both steps of the parent DA sampler with draws from the conditionals of the
surrogate distribution. Henceforth, Samplers 4.10-4.12 are an example for Samplers 4.1
4.3, which are three two-step samplers using the surrogate distribution to different
degrees. Details of Samplers 4.10-4.12 and other samplers in this chapter appear in
Appendix C.
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We use a simulation study to compare the relative efficiencies of Samplers 4.10-4.12. We
set n =6, v =0.1, 4 =0, and 0 = 1. For each sampler, we run a chain of 10,000 with
a burn-in of 1,000, starting from the same initial values. Figure 4.6 shows the mixing,
autocorrelation, and posterior density estimation of log(c?) for Samplers 4.10-4.12. The
three samplers behave similarly on p and we omit the corresponding results here. Both
samplers using the surrogate distribution, i.e., Samplers 4.11 and 4.12 are efficient in
improving the convergence of o2, and the sampler using the surrogate distribution to a

higher degree, i.e., Sampler 4.12, performs slightly better.

MULTIVARIATE t-DISTRIBUTION

Generalizing the data augmentation scheme in (4.13) to the multivariate version is

straightforward. We write

in. E .
Y;r\?Nd(pJ,—),forzzl,...,n, (4.16)
where Y = (Y7,...,Y,,) are the observation and each Y; is a (d x d) vector, marginally

following a multivariate location-scale t-distribution with v degrees of freedom (v is
known); ¢ S X2/v; p and ¥ are the unknown (d x 1) location vector and (d x d)
scale matrix. We also give the non-informative prior distribution to (i, ), that is,
p(p, ) \E|7(d+1)/2. Generalizing the marginal augmentation scheme in (4.14) to the

multivariate case, we obtain

in Z
Y, N (u, - ) (4.17)

where §;|a ~ ax?/v. We also specify the Haar measure prior to «, that is, ps () o 1.
The algorithms we consider for fitting the multivariate are also the standard DA sam-
pler, Haar PX-DA sampler, and the two-step Gibbs sampler for updating the surrogate
distribution derived from the PX-DA sampler. The steps of these samplers are almost

the same as those corresponding to the univariate t-distribution, which are listed in

Figure 4.5. The only modification is that o2 is replaced by ¥. We omit the plot display-
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Figure 4.7: The sampling results of o7, for the three samplers for fitting the multivariate ¢-distribution
model. The first, second, and third columns correspond to the trace plots, autocorrelation plots, and
histograms of log(c?,). Both samplers using the surrogate distribution, i.e., the Haar PX-DA sampler and
the Gibbs sampler for updating the surrogate distribution, are efficient in improving the convergence of o2,
and the sampler using the surrogate distribution to a higher degree, i.e., the Gibbs sampler for updating the
surrogate distribution, performs slightly better.

ing the samplers for fitting the multivariate ¢-distribution model. The deriving of the
surrogate distribution from the Haar PX-DA sampler for the multivariate ¢-distribution
model is also a copy of that for the univariate ¢-distribution model as in (4.15), except

replacing o2 with X.

We use a simulation study to compare the three samplers for fitting the multivari-
ate t-distribution model. We set n = 10, d = 2, v = 0.1, p = (0,0), and ¥ =
0.1 0.7 x /0.1 x /5
0.7 x V0.1 x /5 5

with a burn-in of 1,000, starting from the same initial values. Figure 4.7 presents the

. For each sampler, we run a chain of 10,000

mixing, autocorrelation, and posterior density estimation of the logarithm of the first

diagonal component of the scale matrix ¥, that is, log(c,) for the three samplers. Both

107



samplers using the surrogate distribution, i.e., the Haar PX-DA sampler and the Gibbs
sampler for updating the surrogate distribution, are efficient in improving the conver-
gence of o7;, and the sampler using the surrogate distribution to a higher degree, i.e.,
the Gibbs sampler for updating the surrogate, performs slightly better. The three sam-
plers perform similarly on g and the correlation parameter of the scale matrix ri5, with
the Gibbs sampler for updating the surrogate slightly more efficient, log(c2,) behaves

similarly to log(c?,), and we omit the results for p, r, and log(c3,) here.

This results of the univariate and multivariate t-distribution model confirm our on two-
step samplers using the surrogate distribution, that is, replacing more steps with draws

from conditionals of the surrogate distribution leads to more efficient samplers.

4.3.2 SPECTRAL ANALYSIS IN X-RAY ASTROPHYSICS

Recall the spectral analysis model introduced in Section 2.1 of Chapter 2. In this section
we use an extension of this model to illustrate the deriving of a surrogate distribution
from the PCG algorithm, and compare the convergence properties of two three-step

samplers, which use the PCG surrogate distribution to different degrees.

The model we use here is similar to that in (2.1). The only difference is that we specify

the emission line part as a sum of K lines, instead of just one line, that is,

K
Y; ~ Pois (&(E{B + Z’ykf{i = ,uk})e‘z’/Ei), fori=1,...,n, (4.18)
k=1

where Y = (Y7,...,Y,,) are the recorded photon counts and £ = (Ej,..., E,) are the
known energies in n bins. For simplicity, we fix the value of v = (71,...,7vk) in this
example. Thus «, 3, p1, ..., i, and ¢ are the unknown parameters. We assume these
parameters are a priori independent, each of p = (i1, ..., ux) is a priori uniform on

{1,...,n}, and a, B, and ¢ are a priori uniform on the positive real line R.

We compare the performance of two three-step samplers for fitting the model in (4.18).

The first sampler we consider is an MH within PCG sampler, which updates p and (8, ¢)
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MH within PCG (Sampler 4.13) Surrogate (Sampler 4.14)

L p(plf', ¢',Y) L p(ulf', ¢',Y)
2. p(B, 0|1, Y) 2. p(B, |, Y)
3. p(alB, pu,¢,Y) 3. p(alB, 9,Y)

Figure 4.8: Two samplers for fitting the spectral analysis model in (4.18). The left and right panels
show the steps of the MH within PCG sampler (Sampler 4.13), which uses the conditional of the surrogate
distribution ps(a, B, i, ¢|Y") in one step, and the three-step sampler using the surrogate conditionals in two
steps (Sampler 4.14).

without conditioning on «, see Sampler 4.13 in the first panel of Figure 4.8. Steps 1 and 2
require MH updates. We derive a surrogate distribution via the method introduced in
Section 4.2.1 from the PCG sampler. Specifically, the surrogate distribution is the
intermediate stationary distribution after the reduced Step 1 of Sampler 4.13, that is,

ps(a, B, 1, 0lY) = [p(ulB,¢,Y)ple, B, 1, 0|Y)dp!
= p(ﬁ) M, ¢7 Y)p(Oé|ﬁ, Qb, Y),

(4.19)

which breaks the correlation between a and p conditioning on (8, ¢). Then Sampler 4.13
can be considered as a sampler using the conditional of the surrogate distribution
ps(a, B, 11, ¢|Y) in Step 1. We replace Step 3 of Sampler 4.13 with a draw from the
conditional of the surrogate distribution, i.e., ps(al|B, 1, ¢,Y) = p(a|B,¢,Y), and ob-
tain Sampler 4.14 in the second panel of Figure 4.8. Steps 1 and 2 of Samplers 4.13
and 4.14 also require MH. Thus both Samplers 4.13 and 4.14 use the surrogate distribu-
tion in (4.19), with Sampler 4.14 to a higher degree. Note that the stationary distribu-
tion of Sampler 4.14 is ps(«, 5, 1, ¢|Y'), not p(«, 5, 1, ¢|Y). In fact, both samplers use
conditionals from two surrogate distributions, because p(/3, ¢|u,Y") is the conditional

distribution of p(f, ¢, u|Y )p(alu,Y), which is a surrogate distribution different from
ps(a, B, p, 9lY).

We use a simulation study to compare Samplers 4.13 and 4.14. We specify n = 100,
E, = 0.5 and the bin width as 0.03, «a =30, 6 =1, K =2, 4 =1, 75 = 0.3, uy = 50,
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Figure 4.9: A dataset simulated under the spectral model in (4.18) and used in the simulation study for
comparing Samplers 4.13 and 4.14.

po = 80, and ¢ = 0.2, see Figure 4.9. For either of the two samplers, we run one chain
of 35,000 with the same starting values. Figure 4.10 compares Samplers 4.13 and 4.14
in terms of the mixing and autocorrelation of o, 3, and ¢. Sampler 4.14 performs better
than Sampler 4.13 in convergence, which is a signal that using the surrogate conditionals
in more steps of a sampler leads to better convergence properties. However, one plight
we encounter in this example is that Step 3 of Sampler 4.14 (updating a mixture of n’
Gamma distributions, see Appendix C) is computationally demanding, which diminishes
the power of this example for verifying the efficiency of using surrogate distributions to

higher degrees.

110



MH within PCG Surrogate

c o c o
4 o 4 o
=] =]
o © o] o © o]
o] i €. o] i €]
T — < ] T — < ]
21 8o 21 3
Q 4 o 4
1 So 1 =
8 T T T T T T T T < O -"_'_'_'_'_ 8 T T T T T T T T < o -"_'_'_'_'_
0 10000 25000 0 10 20 30 40 0 10000 25000 0 10 20 30 40
Iteration Lag Iteration Lag
Q I S 4 o [ =R
™ |- o ™ | o
2w 2w
1! o B o
o . (TR o |t o
[Ca NN I g T, s o
{1 L, . oy . So' 41 80-
o | i S A o | S
« > i >
T T T T T T = T T < g -"_'_'_'_'_ T T T T T T T T < g -"_'_'_'_'_
0 10000 25000 0 10 20 30 40 0 10000 25000 0 10 20 30 40
Iteration Lag Iteration Lag
q =S q = g
o o
= 9 © = 9
< o =N < o
IS s _ 1 I
S < S <
831 21 831
8 1 1 I
3o J o
Lo =& T : T T ct——————— 7+ <3S & T : : ;
0 10000 25000 0 10 20 30 40 0 10000 25000 0 10 20 30 40
Iteration Lag Iteration Lag

Figure 4.10: The sampling results of Samplers 4.13 and 4.14. The left two columns are the time-series
and autocorrelation plots for the posterior draws of o, 3, and ¢ respectively from Sampler 4.13, whereas
the right two columns are those from Sampler 4.14. Sampler 4.14 performs better than Sampler 4.13.

4.3.3 HIERARCHICAL GAUSSIAN MODEL

Finally, we use a simple Gaussian hierarchical model to demonstrate deriving surrogate
distributions from ASIS. This example is not convincing enough to prove the com-
putational advantage of samplers using the surrogate distribution to a higher degree.
However, it sheds light on the possible equivalence of PCG, MDA, and ASIS under the

framework of surrogate distributions.

Suppose there is a single observation Y, and

Y ~ N(X,1) and X ~ N(¢, V), (4.20)

where V' is the known latent variance; X and ¢ are unknown parameters. We specify

the non-informative prior distribution to 1, that is, p(¢) o 1.
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ASIS
(Sampler 4.16)
DA 1 p(X*|¢',Y) Surrogate
(Sampler 4.15) 2. (X" Y) (Sampler 4.17)
- P y 1);
1. p(X|,Y _ L ps(v| X" Y
) piwlli Y)) A =TT ) E?WJ y)>
N p 7 el * ps Y
3. p(PIX,Y);
set X = X +

Figure 4.11: Three samplers for fitting the simple hierarchical Gaussian model in (4.20). The left, middle,
and right panels show the steps of the DA sampler (Sampler 4.15), the ASIS sampler (Sampler 4.16),
and the two-step Gibbs sampler for updating the surrogate distribution derived from the ASIS algorithm
(Sampler 4.17).

We consider three samplers for fitting the hierarchical Gaussian model. The first is the
standard DA sampler which updates X and ) iteratively from their conditional distri-
butions of p(¢, X|Y'), see Sampler 4.15 in the left panel of Figure 4.11. To improve the
convergence of Sampler 4.15, we then consider using ASIS. The latent X is the suffi-
cient augmentation for 1) and X = X — ¢ is the corresponding ancillary augmentation.
We construct the ASIS sampler, i.e., Sampler 4.16, based on this pair of augmentation
schemes, see the middle panel of Figure 4.11. We derive a surrogate distribution via

the method introduced in Section 4.2.1 from the ASIS sampler, that is,

P XIY) = [[ ([ P X, Y )p(X[e", X,Y)du*) p(u] X, Y)AX] p(X]Y)
— p(IY)p(XIY),

(4.21)

where sampling X from p(X|, X,Y) is equivalent to the transformation at the end
of Step 2 of the ASIS sampler. As stated in Section 4.2.1, the sub-chain of 1 induced
by the ASIS sampler, i.e., Sampler 4.16, is equivalent to that induced by the sampler
which updates from p(X|¢',Y) and ps(¢|X,Y) iteratively. Thus the ASIS sampler
can be considered as a two-step sampler which replaces one step of the parent DA
sampler with a draw from the conditional of the surrogate distribution ps(¢, X|Y).
Since for this example, ¥ is the parameter of main interest, we also consider the two-

step Gibbs sampler for updating ps(¢), X|Y'), that is, Sampler 4.17 in the right panel
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Figure 4.12: The sampling results of 1 for Samplers 4.15-4.17. The first, second, and third columns
correspond to the trace plots, autocorrelation plots, and histograms of 1. Both samplers using the surrogate
distribution, i.e., Samplers 4.16 and 4.17, are efficient in improving the convergence of v, and the two
samplers perform similarly.

of Figure 4.11. The construction of Sampler 4.17 can be considered as replacing both
steps of the parent DA sampler with draws from the conditionals of the surrogate
distribution. Henceforth, Samplers 4.15-4.17 are another example for Samplers 4.1-4.3,

the three two-step samplers using the surrogate distribution to different degrees.

We use a simulation study to compare Samplers 4.15-4.17. We set V = 0.01 and ¢ = 1.
For each sampler, we run a chain of 10,000 with the same initial values. Figure 4.12
presents the mixing, autocorrelation, and posterior density estimation of v for Sam-
plers 4.15-4.17. Both samplers using the surrogate distribution, i.e., Samplers 4.16
and 4.17 are efficient in improving the convergence of ¥, and the two samplers perform

similarly, although they use the surrogate distribution to different degrees.

One interesting result of this example is that, for this simple hierarchical Gaussian
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model, the surrogate distributions derived from three different samplers are all the

same. The three samplers are the ASIS sampler, i.e., Sampler 4.16, the PCG sampler

L p(v]Y)

2. p(X[,Y),

and the Haar PX-DA sampler, where the working parameter « is introduced into the
model via X = X — a and the working prior is the Haar measure prior p(a) oc 1. Thus
the surrogate distribution strategy unveils the possible equivalence of the PCG, Haar
PX-DA, and ASIS algorithms, and we unify different acceleration strategies under the

general framework of surrogate distributions.

4.4 (CONCLUSION

With surrogate distributions, we are able to unify different acceleration algorithms and
also the combining strategy introduced in Chapter 3 under one general framework, be-
cause all the algorithms can be constructed by replacing some steps of the parent Gibbs
sampler with draws from the conditionals of surrogate distributions. We use both theo-
retical arguments and numerical examples to illustrate the flexibility and strength of the
surrogate distribution strategy in improving convergence properties of Gibbs-type sam-
plers. Especially, for an N-step(N > 3) sampler, there typically exist numerous choices
of using surrogate distributions. However, the sampler with the optimal efficiency often

need to be selected on a case-by-case basis.
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APPLIED WORK IN SUPERNOVA

COSMOLOQGY

Recall the Gaussian hierarchical model (2.14)—(2.16) in Section 2.3.2 of Chapter 2, which
is designed for analysing supernova cosmology. In this section, we discuss the advantage
of the hierarchical structure in this model, and introduce several extensions of the model
that are of physical interests. We begin in Section 5.1 with describing the shrinkage
effects of the Gaussian hierarchical model. In Section 5.2, we explore the influence of
adding systematical errors onto the variance-covariance matrix in the first level of the
model, i.e., (2.14). In Section 5.3, we specify the residual distance modulus as a cubic
spline function to check the propriety of the hierarchical model. Then we investigate two
generalizations of the Phillips corrections to further reduce the residual scatter around
the Hubble diagram. In Section 5.5, we let the color correction parameter S vary with
redshift and In Section 5.4, we add the host galaxy mass as a covariate in the regression

model. Final discussion appears in Section 5.6.
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5.1 SHRINKAGE EFFECTS

We illustrate the shrinkage effects of the hierarchical model by plotting the posterior
expectation and standard deviation of the absolute magnitude M; conditioning on the
other unknown parameters (but integrating out ¢; and x;), as the function of the pop-
ulation standard deviation o, for thirty Type la SNe, in Figures 5.1 and 5.2. The
thirty SNe are selected for having large difference between the likelihood and posterior
estimates of M; relative to the other SNe. As the population standard deviation o,e
gets close to zero, the conditional expectations of the absolute magnitudes for different
SNe are shunk to the population mean M, and the conditional standard deviations are
shrunk to zero. The larger o,.s becomes, the more variation appears in the population
of absolute magnitudes. The shaded areas in the plots correspond to the 95% posterior
credible interval of 0,,. The posterior estimate of o, under the hierarchical model
is so small that the conditional expectations of the absolute magnitudes for different
SNe are similar and the conditional standard deviations are small. In fact, the hier-
archical model accounts for the uncertainty in the observed values of ¢;, z;, and mp;,
and adjusts their estimates (i.e., their posterior distributions) by “shrinking” them to-
wards their estimated population means and the fitted regression line. By “borrowing
strength” across the SNe, the hierarchical regression structure of the model reduces the
residual scatter around the regression plane. Recall that Type Ia SNe are supposed
to be “standardizable candles” with similar absolute magnitudes (see Chapter 1 and
Section 2.3.2 of Chapter 2). The hierarchical model reflects this assumption properly
with shrinkage.

In the remainder of the chapter, we consider the sampling results of applying the hi-
erarchical model to another data set, which consists of 740 spectroscopically confirmed
Type Ia SNe obtained by the SDSS-II and SNLS collaboration from the “Joint Light-
curve Analysis” (JLA) (Betoule et al., 2014). This data set contains Type Ia SNe ob-
served with SNLS (Canada-France-Hawaii Telescope), Hubble Space Telescope (HST),
SDSS, and several other telescopes for low-z SNe. For the JLA data set, we specify an
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Figure 5.1: The posterior standard deviation of the absolute magnitude M; conditioning on the other
unknown parameters (but integrating out ¢; and z;), as the function of the population standard deviation
Ores, for thirty Type la SNe. The thirty SNe are selected for having larger difference between the likelihood
and posterior estimates of M;. The shaded area corresponds to the 95% posterior credible interval of o .

inverse-Gamma prior distribution to o2, that is, o

. 2 .~ Inv-Gamma(u, v), instead of a

res

log-uniform prior, which might lead to difficulties in interpreting the posterior distribu-

tion. We perform a sensitivity analysis for the choice of scale for this inverse-Gamma

2

distribution, to test the robustness of our posterior inference on o

with respect to its
prior specification. Specifically, we compare the posterior distributions of o2, obtained
under three different inverse-Gamma priors, with parameters « = v = 0.003, 0.03, and
0.1 respectively. The resulting posterior distributions (along with the priors) are shown
in Figure 5.3. Despite the widely differing priors, the posterior distributions are nearly

identical, verifying the prior-independence of our results. Posterior distributions of all

the other parameters are similarly insensitive to the choice of prior for o2,. In the rest

res’

of this section, we use o2  ~ Inv-Gamma(0.003,0.003).

117



0.2 0.3 0.4 0.5 0.6

[} ]
[} 1
= '959% CI'
= -
Y 1 1
@) n | |
c o 4 ! [}
S .
s ! [ ,
o . ; =
X | /
Yoo o
S -
= I
[¢]
-
%2} !
@] i
o )
T o
S = N
= ‘CE T [ 1
© | | |
c [ 1
o [ |
]
O o
! 1
! 1
1

Gres

Figure 5.2: the posterior expectation of the absolute magnitude M; conditioning on the other unknown
parameters (but integrating out ¢; and z;), as the function of the population standard deviation oy, for
thirty Type la SNe. The thirty SNe are selected for having larger difference between the likelihood and
posterior estimates of M;. The shaded area in the plots corresponds to the 95% posterior credible interval
of Ores-

5.2 INFLUENCE OF THE SYSTEMATICAL COVARIANCE MATRIX

In Section 2.3.2 of Chapter 2, we assume that the observations of ¢, x, and mp for
each SN are conditionally independent (given their means and variances, see (2.14)),
i.e., the (3n x 3n) variance-covariance matrix Yo = Cypay = Diag(é’l, . ,C’n) is block
diagonal. Betoule et al. (2014) derived a systematical variance-covariance matrix, Cyyst,
with correlations among the SNe, see Figure 5.4 for the systematical correlation matrix,
where the blocks correspond to different surveys, that is, SNLS, HST, SDSS, and low-
z. The systematical covariance matrix includes contributions from calibration, model
uncertainty, bias correction, host, dust, peculiar velocities, and contamination. We
account for these systematical error by replacing the matrix Yo = Cgay With Yo =

Cstat + Csyst in the full posterior distribution.

118



T T T T T
= 4
-
~ ’ ~*,
’ ~
~ ~
/\\ ~~\
~ ~
’ ~
4 ~
~ 4
~
~
~
~
~
~
~
~
~
~
~
~
~-
~
~ 4
~
~
~
-~
NN
~§
~§
~
~~a
_____
L L L
0.3 0.4 0.5 0.6

res

Figure 5.3: Robustness of the posterior distribution for o2, (solid lines) with respect to three dif-
2

ferent prior specifications (dashed lines). The black, blue, and red correspond to the prior oz, ~

Inv-Gamma(0.003, 0.003), o2, ~ Inv-Gamma(0.03,0.03), and o2 ~ Inv-Gamma(0.1,0.1). Since the three

posterior distributions are similar, we conclude that the posterior distribution of 0,5 is largely insensitive to
its prior specification.

To assess the relative importance of the statistical and systematical variance-covariance
matrices, we use an MH within PCG sampler similar to Sampler 2.8 in Section 2.3.2
of Chapter 2 to fit the hierarchical models with Yo = Cgar and Yo = Cgar + Coyst

respectively. The only difference between this MH within PCG sampler and Sampler 2.8

2
res’

since we change the prior of o2 for the JLA data set. (See

rests in the sampling of o res

Appendix D for details.)

Figure 5.5 shows the 68% and 95% contours of the joint posterior distributions of
(Qm, Q4), where blue represents including only statistical errors in the Level 1 variance-
covariance matrix, and black including both statistical and systematical errors. Adding
the systematical covariance matrix not only enlarges the size of the contours—as expected—
but also significantly shifts the mean value of the posterior distribution of €2, to larger

values, which leads to a smaller 2,. Thus we conclude that the shift in cosmology is
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Figure 5.4: the systematical correlation matrix for the JLA data set. The blocks correspond to different
surveys, that is, SNLS, HST, SDSS, and low-z.

driven by some aspect of the systematical errors in JLA.

As stated above, the systematical covariance matrix contains contributions from dif-
ferent sources. Analysing each source individually, we conclude that the main driver

shifting the posterior estimate of €2, to larger values is the calibration uncertainty.

In order to further investigate the origin of the observed shift in the fitted cosmological
parameters obtained by add the systematical errors, we compute the percent increase in
the standard deviation of ¢, Z, and mp when adding the systematical covariance matrix

onto the statistical covariance matrix, i.e.,

1 n U;::ySt
Fy==> S (5.1)

i—1 Ty

where y = ¢, z, or mpg. The quantity Fy1 /% is the average percent increase in the standard
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Figure 5.5: Comparing the 68% and 95% contours of the joint posterior distributions of (£, Q) for
including only statistical errors in the Level 1 variance-covariance matrix (blue) to those for including both
statistical and systematical errors (black). Purple contours correspond to statistics covariance matrix with
diagonal errors on m g inflated by the average m p variance resulted from the systematical covariance matrix.

deviation for SN ¢ when the systematics covariance matrix is added to the statistical co-
variance matrix (considering diagonal elements only). We find F él/ 2= 0.36, F ; /2 = 0.16,
and F;/BQ = 2.66, which shows that the increased error on mpg is by far the dominant
contribution from the systematical covariance matrix. This is because the dominant
source of systematical error in the JLA data is the flux calibration (Betoule et al.,
2014). To check whether the increase in the mp variance is responsible for the shift in
the cosmological parameter estimates, we multiply the variance of mpg in the statistical
covariance matrix by (1 + Fj,,), and refit (without adding the systematical covariance
matrix) the Gaussian hierarchical model. The resulting cosmological constraints are
shown as purple contours in Figure 5.5. Comparing with the results obtained from in-
cluding both statistical and systematical errors in the variance-covariance matrix (black
contours), it is clear that most of the shift in the fitted cosmological parameter is due

to the large systematic variance of mpg. If the model were Gaussian and linear, inflating
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the errors would only enlarge the uncertainty on the parameters, but would not shift
the mean of the posterior distribution. Hence we conclude that the cosmology shift is

a reflection of the non-Gaussian and non-linear nature of our model.

In the remainder of this chapter, we always set the observed variance-covariance matrix
to Yo = Csar + Csyst, and name the Gaussian hierarchical model (2.14)-(2.16) with
Yo = Csar + Csyst by the “Baseline Model”. The following models are all extensions of
the Baseline Model.

5.3 MODEL CHECKING

To check whether the Baseline Model reflects the underlying physical truth of supernova

cosmology properly, we quantify the residual scatter around the Hubble diagram as,

t(zi) = [ti — i, (5.2)

where t(z) is a function of the red shift z, fi; is the distance modulus specified by the
Baseline Model, i.e., i; = mp; — M; + ax; — Bc¢;, and p; is the theoretical distance
modulus, i.e., p; = pi(z;, %) as displayed in (2.17). Here we specify ¢(z;) as a cubic

spline function, that is,

K
t(zi) = bizi + baz] + b3z + > brys(zi — 2% (5.3)

k=1
where (2Y,...,2%) are known knots and b = (by,...,bx,3) are unknown parameters.

Then we replace the regression model in (2.15) with

mBi:,ui—i‘Mi—Oél’i—i‘ﬂCi—Ft(Zi), forizl,...,n, (54)

specify the non-informative flat prior to b, that is, p(b) ~ 1, and obtain a new hierarchical

model, which is named by the “Cubic Residual Model”.
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Figure 5.6: The posterior estimate of the cubic spline function ¢(z) in (5.4). The red line is its posterior
mean and the gray band is its point-wise 95% credible region. The black dots are estimates of the residual
distance moduli based on the observations, that is, Ay = mp; — My + az; — B¢ — pi, where My, «, and
B are imputed with their posterior means obtained from fitting the hierarchical model (2.14)—(2.16).

We fix the values of € = (§2,,,,2a) at their posterior means obtained from fitting the
Baseline Model, and then use an MH within PCG sampler to fit the Cubic Residual
Model. Specifically, we sample («, ) without conditioning on (X, &) and b. Details of

this sampler and other samplers in this Chapter are given in Appendix D.

We plot the posterior estimate of the cubic spline function ¢(z) in Figure 5.6. The
red line represents its posterior mean and the gray band represents its point-wise 95%
credible region. The black dots are estimates of the residual distance moduli based on

the observations, that is,

A[}JZ = mBi — MO + Ozi‘i - Béz — M, (55)

where My, «, and [ are replaced by their posterior means obtained from fitting the

Baseline Model. Since the posterior estimate of the residual distance modulus #(z)
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is close to zero, we conclude that the Baseline Model performs well in reflecting the

underlying physical truth of supernova cosmology.

The Phillips corrections are expected to reduce the residual variance in (2.15) and thus
increase the precision in the estimates of €, see Section 2.3.2 of Chapter 2. Introducing
additional covariates may further improve precision. Thus in the following two sections,
we generalize the Phillips corrections by adding more covariates into the regression

model.

5.4 DEPENDENCY ON HOST GALAXY MASS

There is strong evidence that the adjusted absolute magnitude of Type Ia SN correlates
with host galaxy mass (e.g., Sullivan et al., 2006). Current results indicate that more
massive galaxies (log,q(M/Mg) > 10) host brighter SNe, with their average absolute
magnitude being of order ~ 0.1mag smaller than that in less massive hosts (e.g., Sullivan
et al., 2010). This could be a reflection of dust, age, and/or metallicity of the progenitor
systems (Childress et al., 2013).

5.4.1 MODELS INCORPORATING HOST GALAXY MASS

We investigate three models that incorporate host galaxy mass as a covariate in (2.15)
and study how they affect the inference of €. In particular, we consider the models that
(i) divide the SNe into two populations using a hard host galaxy mass threshold (“Hard
Classification Model”), (ii) divide the SNe into two populations using soft probabilistic
classification (“Soft Classification Model”), and (iii) adjust for host galaxy mass as a
covariate in the regression, analogously to the stretch and color corrections (“Covariate
Adjustment Model”). Specifically, we model the observed host galaxy masses (on the
log,, scale) as

My; "N (My;,02,), fori=1,...,n, (5.6)
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where M,; is the (true) host galaxy mass of SN 7 (in log;, solar mass) and og; is the

observed standard deviation of ]\//Tgi.

In the “Hard Classification Model”, we divide the SNe into two classes using the observed
mass: high host galaxy mass class if M\gi > 10 and low host galaxy mass class if
]/W\gi < 10. (Thus in this model, we ignore measurement errors in ]\//fgi.) We fix the host
galaxy mass classification at 10'° solar masses, analogous to the location of the step
function used for the host galaxy mass by Betoule et al. (2014). The two classes are
allowed to have their own population-level values for the mean absolute SN magnitude
and residual standard deviation, i.e., (M, o) for high mass hosts and (M}°, o%9,) for
low mass hosts. Common values are used for a and 5 (and of course for €) for both
classes. We do not assume a redshift dependency for the color correction parameter.
The prior distributions we specify to the new population-level parameters are MM ~
N(—19.3,22), Ml ~ N(=19.3,22), (0")® ~ Inv-Gamma(0.003,0.003), and (0'2,)* ~
Inv-Gamma(0.003, 0.003).

The “Soft Classification Model” is identical to the Hard Classification Model except
that measurement errors in the observed masses are accounted for by probabilistically
classifying each SNe; these errors can be quite significant. Specifically, we let Z; be an
indicator variable that equals one for an SN with high host galaxy mass and equals zero

for an SN with low host galaxy mass, that is,

0, if My, <10
Z; = (5.7)
1, if My; > 10.
We treat Z = (Zy,...,Z,) as a vector of unknown latent variables that are estimated

along with the other model parameters and latent variables via Bayesian model fitting.
This requires specification of a prior distribution on each M,;. We choose a flat prior

—~

so that M| My; % N(M,;, 07;), see Appendix D for details.

The “Covariate Adjustment Model” introduces M,; as a covariate in the regression

model (2.15) rather than classifying the SNe by host galaxy masses. Specifically, we
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replace (2.15) with
mp; = Mi + Mi —ax; + 601' + ”}/Mgiy (58)

expand the observed quantities ¢;, #;, and mpg; in (2.14) to include the observed host
galaxy masses in (5.6), and also expand the population model for the latent variables,

¢i, x;, and M;, given in (2.16) to include host galaxy mass, that is,

iid
My % N(My., R2), (5.9)

where M,, and R, are hyperparameters analogous e.g., to xp and R,. The prior distri-
butions we specify to the added parameters are yUnif(—4,4), My, ~ N(10,100%), and
log(Rg) ~ Unif(—5,2).

5.4.2 RESULTS UNDER THE MODELS INCLUDING HOST GALAXY MASS

We fit all of the Hard Classification Soft Classification and Covariate Adjustment Mod-
els using MH within PCG samplers, which update € and («a, ) (for the Hard Classifi-
cation and Soft Classification Models, or («, 3,7) for the Covariate Adjustment Model)
without conditioning on (X, ). We compare the sampling results under the three mod-

els with those under the Baseline Model.

W detect significant difference (with 95% probability) between the mean absolute mag-

nitudes of SNe in low-mass and high-mass classes. Specifically, we define
AMy = M{" — My (5.10)

as the difference of mean absolute magnitude between the two classes. The 95% equal-

tail posterior credible interval for AMj is
—0.10 < AF, < 0.00, (5.11)

with AMy = 0 excluded. Figure 5.7 shows the posterior distribution of AM,, where the
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Figure 5.7: Posterior distributions of AM), the difference of mean absolute magnitudes for SNe in high-
mass (Mg ; > 10) and low-mass classes (M, ; < 10). Blue and green correspond to the Hard Classification
and Soft Classification Models, respectively. Under both models, the posterior probability that AMy < 0 is
greater than 95%, implying that SNe in more massive hosts are most intrinsically brighter.

result for the Hard Classification Model is compared with that the for Soft Classification
Model. There is not an appreciable difference in AM, between the Hard Classification
Model and the Soft Classification Model. We find that SNe in more massive host galaxies
are intrinsically brighter, with our posterior estimate of the magnitude difference under
the as AMy = —0.055+ 0.022. The SNe residing in more massive galaxies have smaller
residual standard deviation, for o™ = 0.097 + 0.007 and ¢'°. = 0.110 £ 0.009.

res res

Figure 5.8 shows the posterior estimates of the empirically corrected SNe’s absolute
magnitudes, M;, as a function of the measured host galaxy mass. Histograms on either
side of the plot show the posterior distributions of the mean absolute magnitudes for
the two classes. The average measurement error of the host galaxy mass is fairly large,
especially for low-mass host galaxies. Therefore, the SNe whose host galaxy masses are
close to the cut-off, i.e., M,; = 10, are of uncertain classification, once the measurement

errors are taken into account. This could influence the estimate of AM, and the ensuing
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Figure 5.8: Posterior means and standard deviations for the empirically corrected absolute magnitudes
versus measured host galaxy mass. The SNe are divided into two populations, with Mg ; smaller (larger)
than 10, colored in blue (red). A hollow square represents the SN whose measurement error of Mg; is
equal to or larger than 5. The population means of the absolute magnitudes are M° = —19.114 + 0.023
and M} = —19.169 & 0.022 (horizontal dashed lines) respectively for the low-mass and high-mass classes.
The blue and red vertical errorbars represent the average posterior standard deviations of the absolute
magnitudes in the low-mass and high-mass classes, respectively. The horizontal errorbars represent the
average measurement errors of M ; in the two classes. These average values exclude the SNe represented
by hollow squares. The slope of the purple regression line is the posterior mean of v under the Covariate
Adjustment Model, and the purple shaded area represents the 1o credible region for ~.

cosmological constraints.

To investigate the importance of the measurement errors in host galaxy masses, we
fit the Soft Classification Model which includes an indicator variable Z; for each SN;
recall that Z; is one if SN ¢ belongs to the high-mass class and zero if it does not.
Treating Z; as an unknown variable allows us to compute the posterior probability that
each SN belongs to the high-mass class. Figure 5.9 presents the posterior mean and
standard deviation for each Z;. The posterior mean of Z; is the posterior probability
that SN ¢ belongs to the high-mass class. Although the measurement errors in host
galaxy masses are suppressed for clarity in Figure 5.9, they are fully accounted by the

Soft Classification Model.
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Figure 5.9: The posterior mean and standard deviation of each Z;, the indicator variable for SN 7 belonging
to the high-mass class (Z; = 1, red) versus measured host galaxy mass. If Z; = 0 (blue), SN ¢ belongs to
the low-mass class. The posterior mean of Z; is the posterior probability that SN 7 belongs to the high-mass
class. Although the errorbars are suppressed for clarity, the Soft Classification Model fully accounts for the
measurement errors in host galaxy masses.

Under either the Hard Classification or Soft Classification Model, the posterior distri-
butions of the cosmological parameters, %, hardly change compared with the Baseline

Model.

Finally, under the Covariate Adjustment Model, we express the fitted regression line
with respect to My, as 1p; — p1; = intercept +% /\gi, where 7 is the posterior mean of ~
and the intercept is (Mo —ax+ fc) with My, «, and (5 replaced by their posterior means,
i.e., My, &, and j3, x replaced by % > ¢ | %, and c replaced by % > 1 ¢i. The regression
line is plotted as a solid purple line in Figure 5.8. The shaded purple area corresponds
to the 68% posterior credible interval of v (with the intercept fixed as described above).

Figure 5.10 shows the posterior distribution of the regression coefficient v. The posterior

probability that v < 01s 99%. The 68% posterior credible interval for v is —0.030+0.010.
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Figure 5.10: The marginal posterior distribution of v, the regression coefficient for M ; in the Covariate
Adjustment Model. The posterior probability that  is less than zero is 99%.

Despite the fact that the posterior probability that v < 0 is 99%, there is not a signif-
icant shift in the cosmological parameters, %, or the residual standard deviation, o,
compared with the Baseline Model. Although the intuition stemming from the stan-
dard linear regression suggests that adding a significant covariate should reduce residual
variance, the situation is more complicated in (5.8) owing to the measurement errors in
both the independent and dependent variables. While the variances of the left and right
sides of (5.8) must be equal, there are numerous random quantities whose variances and

covariances can be altered because of adding a covariate to the model.

5.5 REDSHIFT EVOLUTION OF THE COLOR CORRECTION PARAMETER

It is possible that the color correction varies with redshift, as a consequence of evolution
of the progenitor and/or changes in the environment, for example, variation in the dust

composition with galactic evolution (Childress et al., 2013). This is not captured by the
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SALT-II fits, since they use a training sample that is distributed over a large redshift
range (0.002 < z < 1) (Guy et al., 2007) and thus the training sample color correction is
averaged across redshift. It is therefore important to check for a redshift dependence in
the color correction by allowing 3, which controls the amplitude of the linear correction

to the absolute magnitude, to vary with z.

5.5.1 MODELS WITH z-DEPENDENT COLOR CORRECTION PARAMETER

We consider two phenomenological models that allow the color correction to depend on
z. In the first model, the dependence is linear. Specifically, we replace the constant 3

in (2.15) with the z-dependent [y + /51 2;, which leads to

mp; = p; + M; — ax; + Boc; + Brzic;. (5.12)

We specify uniform prior distributions to 5y and [y, that is, 8y ~ Unif(0,4) and S; ~
Unif(—4,4). We refer to this model as the “z-Linear color Correction Model”.

The second model allows for a sharp transition from a high-z to a low-z regime. Specif-
ically, we replace the constant £ in (2.15) with 5y + AfS [% - %arctan (%)], where
Bo, AP, and z; are unknown parameters. This can be viewed as a smoothed step func-
tion which approaches 5y as z — 0 and approaches Sy + A as z — oo, with a smooth

monotone local transition centered at z = z. Substituting this into (2.15), we obtain

1 1 i —
mp; = p; + M; — ax; + Boc; + AB {5 + p arctan (20.0123:)} Ci, (5.13)

where the covariate associated with AS depends nonlinearly on z;. The priors we
specify to By, AB, and z; are uniform distributions, that is, Sy ~ Unif(0,4), A ~
Unif(—1.5,1.5), and z; ~ Unif(0.2,1). We refer to this model as the “z-Jump color

Correction Model”.
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5.5.2 RESULTS UNDER THE MODELS WITH z-DEPENDENT COLOR CORRECTION

We fit both the z-Linear color Correction and z-Jump color Correction Models with MH
within PCG + ASIS samplers. Under the z-Linear color Correction Model, we sample
% without conditioning on (X, £), which requires the MH update, and sample (o, 5o, 1)
via ASIS conditioning on other parameters. Under the z-Jump color Correction Model,
we sample z; and € without conditioning on (X, ¢), which require the MH updates,
and sample («, 5y, AB) via ASIS conditioning on other parameters. We compare the

sampling results under these two models with those under the Baseline Model.

When evolution with the redshift is linear (as in the z-Linear color Correction Model),
a non-zero, negative linear term [, is preferred with ~ 95% probability, 5; = —0.622 +
0.342. Because the standard deviation of ¢; is of order ~ 0.1, high-z SNe (at z ~ 1)
are typically ~ 0.06 mag brighter than those nearby. When the evolution is a sharp
transition with redshift (as in the z-Jump color Correction Model), there is strong
evidence for a significant drop in § at z, = 0.66 + 0.06. At z, § drops from its
low-z value, By = 3.14 £ 0.09 by A = —1.12 + 0.24, with a nominal significance
of approximately 4.60. This represents a correction of typically ~ 0.11mag for SNe at
z > z;. The posterior mean and lo credible region of the sharply transited §(z) are

shown in Figure 5.11.

Despite significant evidence for redshift evolution of the color correction parameter, the
cosmological parameters estimated from the z-Linear color Correctionand z-Jump color
Correction Models are only mildly affected compared with the Baseline Model. The

posterior distribution of the residual intrinsic scatter also remains unchanged.

To quantify the residual scatter around the Hubble diagram, we use Ay, in (5.5) of
Section 5.3, that is, the difference between the estimated distance modulus based on

the observations and the theoretical distance modulus. The sample variance of Ay, is

1 n
0R = = > Ay — AR (5.14)

=1

132



3.4 T T T

32F - === ======--- -

30F T T T T T -
2.8}

2.6

\
1

1

1

1

1

2.4} 1
1

2.2t 1
i
1

2.0

1.8} S S e e e e oo

16 I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Figure 5.11: Redshift evolution of the color correction parameter 3, assuming the z-Jump color Correction
Model. The green line is the posterior mean, and the shaded area represents the 1o credible region.

where A = %Z?’:l Ap,;. Note that both Ap, and O'QA“ are functions of the unknown

parameters, and thus have posterior distributions.

We compare the Hubble diagram residuals, Ay, for the Baseline Model, with those for
the z-Jump color Correction Model in Figure 5.12. The unknown parameters in Ag,
are replaced with their posterior means. We only present SNe with z > 0.6, because
the B values from the two models are similar for low-z SNe and thus the residual
distance moduli are similar for z > 0.6. The left panel of Figure 5.12 shows the Hubble
residuals under the Baseline Model; the central panel shows those under the z-Jump
color Correction Model; the right panel compares the two models by plotting residuals
under the Baseline Model versus those under the z-Jump color Correction Model. The
scatter under the z-Jump color Correction Model is closer to zero than that under the
Baseline Model. This indicates that allowing for a sharp transition in §(z) improves

the standardization of Type Ia SNe.
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Figure 5.12: Hubble residuals of the Baseline Model (left, 8 = constant with z), z-Jump color Correction
model (centre), and comparison of the two models (right). In the left and central panels, only SNe with
z > 0.6 are plotted to highlight the difference between the two models. Errorbars represent the posterior
standard deviations of Ay,;. In the right panel, SNe with z < 0.6 are plotted in red. This panel shows that
the z-Jump color Correction Model reduces the scatter around the Hubble diagram noticeably for z > 0.6,
while its Hubble residuals are similar to the Baseline Model for z < 0.6.

We define the cumulative (i.e., summed over z) Hubble residual as

si= Y Al (1<i<n) (5.15)
z<z

In Figure 5.13, we use the cumulative residual to highlight the difference between the
fits under the Baseline, z-Linear color Correction and z-Jump color Correction Models.
Figure 5.13 shows the cumulative residual as a function of redshift, where at each redshift
the Baseline Model residual has been subtracted to facilitate comparison. For z < 0.7,
the Baseline Model offers a slightly better fit than either of the 5(z) models. But for
z > 0.8 both the z-Linear color Correction and especially the z-Jump color Correction
Model provide improved residuals with respect to the Baseline Model. This is shown by
the negative values of their relative cumulative residuals with respect to the Baseline
Model. In other words, Figure 5.13 shows that both 5(z) models improve the fit for
high-z SNe. Formal model comparison should be deployed to weigh the evidence for

the evolving color correction models relative to the Baseline model.

It is conceivable that the evidence for a step in the evolution of §(z) is a spurious
consequence of the mass-step correction, which is not included in the above analysis.

Since more massive (My; > 10) host galaxies are preferentially found at low redshift,
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Figure 5.13: Cumulative Hubble residuals for the two 5(z) models relative to the Baseline Model. For z 2
0.8, both z-dependent models improve the fit with respect to the Baseline Model, which has g = constant.
The z-Jump color Correction Model shows the largest improvement.

and SNe in those galaxies are brighter (see Section 5.4), it is possible that such galaxies
require on average a smaller color correction than SNe in galaxies at high redshift (which
are on average less luminous). However, if such a color-mass-redshift interaction were
to exist, it could be identified by fitting a model that allows for both a host galaxy mass
correction and evolution in the color correction. To investigate this possibility, we fit a
model that includes both a mass-step correction (as in the Hard Classification Model)
and a sharp transition in §(z) (as in the z-Jump color Correction Model). The posterior
distributions of all the model parameters from this fit change negligibly compared with

those from the fit of the z-Jump color Correction Model without mass-step correction.

The top panel in Figure 11 of Betoule et al. (2014) suggested that un-modelled selection
effects on the color correction at z 2 0.6 might lead to our detection of a drop in the
value of 5(z) in that range. To test this possibility, we artificially correct the trend to

negative colors (as shown in Figure 11 of Betoule et al. (2014)) for z > z;, and re-fit the
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z-Jump color Correction Model. This correction alters the posterior distributions of the
cosmological parameters significantly, while leaving the strong detection of a jump in
the value of 3(z) largely unchanged. This argues against the existence of un-modelled
color correction selection effects causing the observed jump in (z) in the z-Jump color
Correction Model. By the same token, it is unlikely that our result is driven by the
redshift evolution of the color (or stretch) correction, as a consequence of selection

effects.

In all of our models above, the population mean and variance of the color correction
and stretch parameters are assumed to be redshift-independent. However, the observed
color corrections drift towards the blue near the magnitude limit of a survey (i.e., to
larger z). This happens because intrinsically brighter SNe (which are more likely to
be observed) are bluer in color. This selection effect leads to a z-dependency of the
observed color correction, even if the underlying color does not change with redshift.
We allow the population mean and variance of the color corrections to differ for low-
z (z < 0.66) and high-z (2 > 0.66) SNe. (The threshold of z = 0.66 is chosen as
the posterior mean of the jump location in the z-Jump color Correction Model.) The
we re-fit both the Baseline Model and the z-Jump color Correction Model. The joint
posterior distribution of (£2,,,2) shifts appreciably towards lower matter and lower
cosmological constant values, while the evidence for a drop in § remains. This shows
that the results of the hierarchical model are sensitive to the detailed modelling of a
potential redshift-dependency (induced by selection effects, or otherwise) of the color
correction parameter. However, the model for the redshift dependence of color is not

what is driving the shift in the posterior distribution of €2,, toward higher values.

5.6 CONCLUSION

In this section, we focus on the Gaussian hierarchical model in supernova cosmology
and investigate several extensions of the model. We find that the hierarchical regres-

sion structure of the model reduces the residual scatter around the regression plane by
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“borrowing strength” across SNe, and this hierarchical model properly reflects the un-
derlying physical assumptions. Moreover, for the JLA data set, the systematical errors
can significantly shift the cosmological constraint estimates and the contribution from
calibration is the main driver of the shift. To further reduce the residual scatter around
the Hubble diagram, we generalize the Philip correction to explore the influence of host
galaxy mass and redshift-dependent color correction parameter. We confirm (at the
95% probability level) the existence of two sub-populations segregated by host galaxy
mass, at log,,(M /M) = 10, differing in mean absolute magnitude by 0.05540.022mag.
Cosmological parameter constraints are however unaffected by inclusion of host galaxy
mass corrections. We also find ~ 40 evidence for a sharp drop in the value of the color
correction parameter, 5(z), at a redshift z; = 0.662 4 0.055. We rule out some possible

explanations for this behaviour, which remains unexplained.
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CORRECTIONS TO ALGORITHMS FOR
FirTing THE MNP MODELS IN IMAI

AND VAN DYK (2005)

The multinomial probit (MNP) model is a useful tool for describing discrete-choice data
in social sciences and transportation studies. There are a variety of methods for fitting
the model, see Chapter 1. Among them, the algorithms provided by Imai and van
Dyk (2005), based on Marginal Data Augmentation, are widely used, because they are
efficient in convergence and allow the prior distribution to be specified directly on iden-
tifiable parameters. Burgette and Nordheim (2012) modified a model and algorithm of
Imai and van Dyk (2005) to avoid an arbitrary choice that is often made to establish
identifiability. However, there are errors in the algorithms of Imai and van Dyk (2005),
which affect both their algorithms and that of Burgette and Nordheim (2012). These

errors can alter the stationary distribution and the resulting fitted parameters as well
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as the efficiency of these algorithms. We propose corrections and use both a simula-
tion study and real-data analyses to illustrate the difference between the original and
corrected algorithms, both in terms of their estimated posterior distributions and their
convergence properties. In some cases, the effect on the stationary distribution can be

substantial.

6.1 MuLTINOMIAL PROBIT MODEL

We consider a (p + 1)-class multinomial model. Each observation is a binary (p + 1)-
vector, d; = (dj, . .. ,d@(pﬂ)). We model d; by conditioning on a latent multivariate
normal variable, U; = (Uﬂ, el Ui,(p+1))§ d;j is one if U;; is larger than all the other
components of U;. Specifically,

1 it U;; = max{U;,...,U;
Ui ~ Ny (X78,%°) and dj; = / U 1)}

, fori=1,...,n,
0 otherwise

(6.1)
where X? is a ((p + 1) x ¢) matrix of known covariates, (3 is a g-vector of unknown

parameters, and ¥ is a ((p + 1) x (p + 1)) unknown variance-covariance matrix.

Model (6.1) is unidentifiable because shifting U; by any constant or rescaling U; by any
positive constant, does not alter the distribution of d;. To avoid this, IvD and BN
both followed McCulloch and Rossi (1994), by expressing each U;; relative to a base
category (e.g., Ui p+1)), and obtained the new latent variable, W; = (Wi, ..., W),

where Wi; = Uy; — Uj (p41). The distribution of W; is still multivariate normal, i.e.,

where X; = PX? and ¥ = PY°PT with P = [I,, —J], with I, a (p X p) identity matrix
and J a column p-vector of ones. For simplicity, we collapse d; into Y;, which is an

integer in {0, ...,p}, defined as

139



0 if maX{Wﬂ, ey sz}< 0 )
Y, = , fori=1,...,n. (6.3)
k if Wi, = max{0, Wyy,..., W,;,}

To ensure identifiability, we must also set the scale. IvD adopted the standard solution of
McCulloch and Rossi (1994); they set the first diagonal element of ¥ to one, i.e., o3, = 1.
BN proposed a different solution; they fixed the trace of the variance-covariance matrix,
i.e., trace(X) = p. BN argued that the trace restriction is better because the resulting
posterior distributions do not depend on the choice of category with unit variance and

are easier to interpret.

To overcome difficulties stemming from the constraint, o?, = 1, on the variance-

covariance matrix, motivated by McCulloch and Rossi (1994), IvD set W, = aW;,
for i = 1,...,n, where @ > 0. Then W; ~ N,(X;5,%), where § = aff and ¥ = a?%.
Because ¥ can be any positive-definite matrix, IvD specified an inverse-Wishart prior
distribution, ¥ ~ Inv-Wishart(v, S). After transforming to o? = 42, and ¥ = %/52,,

the implied prior distribution on (a?, %) is

a?|E ~ aftrace(SE7)/x2,, and p(X) \E\_(V+p+1)/2[trace(SE’l)]_Vp/QI{ofl =1},
(6.4)
where g is a positive constant, S = S /a2, and the first diagonal element of S is
one; [ is an indicator function which equals one when the condition in the brackets
is satisfied, and zero otherwise. They also specified a normal prior distribution for [,
B ~ N,(5o, A). For simplicity, we set o = 0. BN adopted the same strategy for setting
their prior distribution in the context of the constraint, trace(X) = p. In particular,

their implied prior distribution for (a?,X) is almost the same as IvD except that
p(2) o |22 trace(SEY)] P I trace(S) = p, (6.5)

where trace(S) = p. They use the same prior distribution as IvD for 3, ie., 8 ~
Ng(0, A). As IvD stated, this choice of prior distribution allows both informative and

diffuse priors for the unknown parameters while maintaining simplicity and efficiency
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of the algorithms.

6.2 ERRORS IN ALGORITHMS AND THE CORRECTIONS

We refer to Algorithms 1 and 2 of IvD as Algorithms IvD-1 and IvD-2, and to the
algorithm of BN as Algorithm BN. We denote the corrected versions of these algorithms
as Algorithms IvD-1c, IvD-2c, and BNc, respectively. Algorithm IvD-1c is displayed here
and Algorithms IvD-2c¢ and BNc in Appendix E. Except for the two boxed expressions,
Algorithm IvD-1 is identical to Algorithm IvD-1c.*

To obtain posterior samples under the MNP model, Algorithm IvD-1 proceeds by
sampling iteratively from p(a2, WY, 8, %), p(a?, 8|Y, W, %) and p(a?, B|Y, Z, 8), where
Z =W —aXg." In the first of these draws, W is obtained via a sequence of conditional
draws; this is identical to Step 1(b) of Algorithm IvD-lc. Note that this algorithm
marginalizes a out in each step. Algorithm IvD-2 proceeds by sampling iteratively
from p(a?, WY, 8,%), p(a?,2|Y, Z, B) and p(B]Y, W, %), again using a sequence of con-
ditional draws for updating W. Algorithm IvD-2 does not marginalize a out when
sampling 5. Algorithm BN is an adaptation of Algorithm IvD-1. The only difference
occurs in Step 3 when sampling (a?,¥). In Algorithm IvD-1, o? is set to the first el-
ement of ¥ in Step 3(b), while it is set to trace(X)/p in Step 3(b) of Algorithm BN.
Details of Algorithms IvD-2 and BN appear in Appendix E.

Unfortunately, there are two errors in these algorithms, which may severely alter their
stationary distributions, fitted values, and convergence properties. In Algorithm IvD-1,
both errors occur in Step 3. The corrections to these errors are the boxed expres-

sions in Algorithm IvD-1c. Correction 1 is rather simple. The transformation from

(Z, 8D o+ %) to the original variables (W ¢+, g0+ o (t+1) 53¢41)) should

*In Algorithm IvD-1, the constraint in the first box of Algorithm IvD-1c is ignored and the expression
in the second box is replaced by W+ = J1/* /o(t+1),

tIn the original version of the paper, we denoted (W — aXpf) by Z. However, there exist two
transformed variables, one in the original model, i.e., (W — X ), and the other in the expanded model,
i.e., (W — X3). Thus here we denote (W — X3) by Z and (W — Xf) by Z, with Z = aZ.
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Algorithm IvD-1c (with corrections in boxes)

Step 0: Initialize parameters t = 0, 59, (9, £ and W),
while t < T do
Step 1: Update ((aQ)*,VT/*) via p(a?, W|Y, B0, £(1) by

(a) sampling (a?)” from p(a?|2®): (a?)" ~ adtrace (SE(t)_l) /X2, setting a* = \/(a2)”;
(b) sampling W* from p(W|Y, a*, B®), 1)
fori:=1,...,ndo

for k:=1,...,pdo

sampling W7, from p(W;x|Y;, Wiffk,ﬂ(t), S®Y): W ~ TN(uik, 72), see Appendix E.3 for
details;

end for

setting W = o*W/.
end for
Step 2: Update ((042)*,6(”1)) via p(a?, B|Y, W*, ) by

(a) sampling (a2)* from p(a?|Y, W*, £®):

n I T - I A A —1A o -
) S (W= X;8) O I(Wi* — X;8) + BTA713 + trace (SE“) 1)
(@) ~ 5 ,
X(ntv)p

5 —1 -1 n 1.~
where 3 = (Z?:lXiTE(t) X, +A*1) (Zi:lXZTE(t) Wi*>;
(b) sampling #* from p(3|Y, W*, (a2)*,£®):

n —1
B ~Ng |5, (a2>*<ZX?E<”1Xi+A—1> :
i=1
setting a* = \/W and ﬂ(tﬂ) — B*/a*.
Step 3: Update ((az)(tﬂ),E(tH)) via p(a?, 2|V, W*, gE+1) by
(a) sampling X* from p(Z|Y, Z, g0+1):

n
¥* ~ Inv-Wishart (n + v, Z ZZE + 5) ,‘ subject to the constraint in (6.7) ‘,
i=1
where Z; = Wi — o* X;80+1);

(b) setting a(t+D) = g%, R+ = f}*/(a(t+1))2, and | WY = (Zi + oD X; B+ /(4D |

K2

return 5(t+1)’ $(t+1) and WEHD
t+1+t
end while
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involve setting

Wit = (ZZ + Oz(tH)Xiﬂ(tH)) JaY fori=1,... n, (6.6)

)

see Step 3(b) of Algorithm IvD-1c, instead of W™ = 17 /o) as in Algorithm IvD-
1. The correct inverse transformation is necessary to guarantee that the joint stationary

distribution of (W+D B+ o+ (+1)) is the target posterior distribution.

Correction 2 is more subtle. When sampling ©* while conditioning on Y, Z, and ¢+,
Algorithm IvD-1 uses Inv-Wishart(n + v, > 1 | 7Z;ZF 4+ S). IvD, however, ignored a
constraint on ©* imposed by Y and the current values of Z and . This constraint
is on the first diagonal element of ¥*, i.e., (6%,)°. In particular, if we set & (5%,) =

Zi + (61)X; 8% for i = 1,...,n, the updated value of &%, must satisfy

max {€a (51,)- - & (57 } <0 i Y; = 0

i ~ ,for i=1,...,n. (6.7)
max 0,61 (7). & (511) | = & (1) i Yi=k

Thus, the conditional distribution of ¥* given Y, Z, and At in Step 3(a) of Al-
gorithm IvD-1c is a constrained inverse-Wishart distribution, whereas that of Algo-
rithm IvD-1 is unconstrained. The constrained sample in Algorithm IvD-1c is obtained
via rejection sampling; we iteratively sample from the unconstrained inverse-Wishart

distribution until (6.7) is satisfied.

Algorithms IvD-2 and BN are adaptations of Algorithm IvD-1. Thus, both corrections

affect these algorithms as well. See Appendix E for details.

6.3 SIMULATION STUDY

We use a simulation study to illustrate the differences of Algorithms IvD-1 and IvD-1c,

Algorithms IvD-2 and IvD-2¢, and Algorithms BN and BNc. We set n = 50, p = 2,
1 0.5 X; X;

=2, 0= (-v2,1), and ¥ = . For X; = b b , we sample
05 1 Xioq Xiog
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Figure 6.1: The posterior samples of W7, Wg, and W34 from Algorithm IvD-1 with only Correction 1
implemented and Algorithm IvD-1 with both corrections implemented (i.e., Algorithm lvD-1c) appear in the
first and second rows, respectively. The draws from the sampler without Correction 2 not adhering to the
constraint (6.7) are in red.

Xija (j = 1,2) from a uniform distribution on (—0.5,0.5) for i =1,...,25, on (0.4, 1.5)
for i = 26,...,50, and sample X5 (j = 1,2) from a uniform distribution on (—1,1)
for i = 1,...,25, on (0.8,3) for i = 26,...,50. We specify the prior distribution for
¥ and o? as in Section 6.1, with v = p, o = v, and S = Diag(1,1), and for §3, as
B ~ N,4[0, Diag(100, 100)]. For each algorithm, we run a chain of 15,000 and discard the
first 5,000 draws.

Figure 6.1 presents the posterior samples of W7, Wsg, and Ws34 obtained with Algo-
rithm IvD-1 with Correction 1 implemented, but not Correction 2 (row 1), and with
Algorithm IvD-1¢, i.e., with both corrections (row 2). The draws from the sampler
without Correction 2 that do not adhere to the constraint (6.7) are colored red, which
illustrates the second problem of Algorithm IvD-1 described in Section 6.2. These draws
are rejected in Step 3(a) of Algorithm IvD-1c.

Unfortunately, Algorithms IvD-1, IvD-2, and BN do not return draws from the target
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Figure 6.2: Quantile-quantile plots comparing the posterior draws from different algorithms in the simula-

tion study. The columns correspond to five parameters, i.e., 51, (2, log (%) log(03,), and log(c?,).

The first row compares draws from Algorithms IvD-1 and IvD-1c, the second row compares draws from Al-
gorithms IvD-2 and IvD-2c, and the last row compares draws from Algorithms BN and BNc. The algorithms
of IvD fix o3, = 1 and thus no comparisons are included for these algorithms in Column 5.

posterior distribution. Figure 6.2 shows quantile-quantile plots that compare the sta-
tionary distributions of original and corrected algorithms. The first row of Figure 6.2
compares Algorithms IvD-1 and IvD-1c. The distributions of 5 differ slightly for the
two algorithms, while the distributions of ¥ differ significantly, especially the correlation
parameter, p1a = 012/(011092). The second row shows the quantile-quantile plots that
compare Algorithms IvD-2 and IvD-2c¢. The distributions of both 5 and X differ slightly
for the two algorithms. The last row of Figure 6.2 compares Algorithms BN and BNc.
The distributions of § are similar for the two algorithms, while the distributions of X

are different, particularly pio and o3,.

Trace plots of the parameters obtained with Algorithms IvD-1c, IvD-2¢, and BNc exhibit
better convergence than the corresponding plots obtained with Algorithms IvD-1, IvD-2,

and BN. These plots are omitted to save space.
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Figure 6.3: Comparison of algorithms in the margarine-purchase data analysis. The first three columns

compare posterior distributions of 32, log(c3,), and log (%) obtained with Algorithms IvD-1c and IvD-

1, Algorithms IvD-2c and IvD-2, and Algorithms BNc and BN respectively. Blue solid line represents the
corrected algorithms, and red dashed line represents the original algorithms. The last column compares
posterior distributions of the three parameters from two corrected algorithms, Algorithms IvD-1c (blue solid
line) and IvD-2c (red dashed line).

6.4 DATA ANALYSIS

For a further comparison of the algorithms, we consider three real-data analyses. First,
we fit the MNP model to a data set describing margarine purchases which is avail-
able in the bayesm R package. Following BN, we limit analysis to purchases of six
brands: “Parkay stick”, “Blue Bonnet stick”, “Fleischmanns stick”, “House brand
stick”, “Generic stick”, and “Shedd Spread tub”, and only consider the first purchase of
one of these brands for each household. This results in a data set consisting of n = 507

observations.

We set “Parkay stick” as the base category, and p = 5. Again following BN, we set up
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Figure 6.4: Comparison of lag-100 autocorrelations of all the model parameters sampled with Algo-
rithm IvD-1c and the samplers of McCulloch and Rossi (1994), Nobile (1998), and McCulloch et al. (2000) in
the Dutch election example. Circles, triangles, and rectangles represent coefficient, variance, and correlation
parameters respectively.

a model that only includes intercept terms for the other five categories and a coefficient
for log prices. Thus ¢ = 6, and X; = [I,, g;|, where [, is an identity matrix and g; is
the p-vector of differences in log prices between each category and the base. We again
specify the prior distribution for 3 and «? as in Section 6.1, with v = p, a2 = v, and
S = Diag(1,...,1), and for 5, as § ~ N,[0, Diag(100,...,100)]. When implementing
Algorithms IvD-1, IvD-1c¢, IvD-2, and IvD-2c¢, we set the variance corresponding to
“Blue Bonnet stick” to one. For each algorithm, we run a chain of length 300,000,
discard the first 100,000 draws, and thin the remaining draws by 10. In this way we

obtain 20,000 draws from each algorithm.

The first three columns of Figure 6.3 compare the posterior distributions of 3,, log(c3,),
and log (%) sampled with Algorithms IvD-1 and IvD-1c (column 1), Algorithms IvD-
2 and IvD-2c¢ (column 2), and Algorithms BN and BNc¢ (column 3). The three parame-
ters are selected because their stationary distributions show relatively obvious difference
for all three pairs of original and corrected algorithms. Algorithms IvD-1, IvD-2, and BN
all fail to deliver draws from the target posterior distributions. The situation is most
substantial for Algorithm IvD-1. The last column of Figure 6.3 compares two corrected
algorithms, Algorithms IvD-1c and IvD-2c¢, and shows that the posterior distributions of
Ba, log(c3,), and log (}fﬁ) obtained with Algorithms IvD-1c¢ and IvD-2c are identical.

(The corresponding distributions of the other parameters are also identical.) We do not
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compare Algorithm BNc with Algorithms IvD-1c or IvD-2¢ because the difference in its

model specification means its posterior distribution will differ.

IvD compared the convergence properties of Algorithm IvD-1c with those of the sam-
plers of McCulloch and Rossi (1994), Nobile (1998), and McCulloch et al. (2000), using
a series of numerical examples. Here we replicate these comparisons in order to verify
that Algorithm IvD-1c maintains the advantages of Algorithm IvD relative to the other
samplers. Thus we redo both real-data analyses in IvD, replacing Algorithm IvD-1 with
Algorithm IvD-1c. The first example considers a data set describing the voter choice in
Dutch parliamentary elections. Using the same model setting, prior specification, and
starting values as IvD, we run a chain of length 50,000 with Algorithm IvD-1c. Following
IvD, we compare Algorithm IvD-1c with the samplers of McCulloch and Rossi (1994),
Nobile (1998), and McCulloch et al. (2000) in terms of lag-100 autocorrelations of all the
model parameters, see Figure 6.4. With smaller autocorrelations for all the parameters,

Algorithm IvD-1c exhibits better convergence than the other three algorithms.

The second data set in IvD is on purchases of liquid laundry detergent. We specify the
same model and prior distributions as IvD, and run Algorithm IvD-1c to obtain three
chains of length 10,000 with the same three sets of starting values used by IvD. Trace
plots of the price coefficient, log(c2;), and log <iﬁ> obtained with Algorithm IvD-1c
are similar to the corresponding plots from Algorithm IvD-1 (presented in the top left
panel of Fig. 8 in IvD). Thus Algorithm IvD-1c is less sensitive to the choice of starting
values than are the other samplers. (The trace plots from these three samplers are
also displayed in Fig. 8 of IvD.) Unfortunately, in this example, however, the rejection
sampling of ¥ is rather time-consuming for the two chains which are initialized far from
regions of high posterior density. To solve this problem, we start running the chains
without Correction 2, that is, by sampling 3 from the unconstrained inverse-Wishart
distribution. After an initial run (1,000 iterations in this example), when the chain
approaches the high-density region of the target distribution, we deploy Correction 2

and discard the initial run.
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6.5 DISCUSSION

The algorithms of IvD and BN are implemented in the popular R package MNP and
are widely used for fitting MNP models. We point out errors in these algorithms and
propose corrections. Using both a simulation study and real-data analyses, we illustrate
the differences between the original and corrected algorithms. From these analyses, we
find that the errors can significantly affect the final results, especially in that they alter
the stationary distributions and hence the fitted parameters. Considering the popularity
of these algorithms, it is important that these errors are corrected. We have done so
here and also in the MNP package. The corrected algorithms require somewhat more
computational time due to the additional rejection sampling steps. Like other MCMC
samplers for the MNP model, computational time increases with both the sample size
n and the number of alternatives p, and like other samplers, is roughly proportional to
np. For most of the examples considered in the paper, the extra computational time is
fairly small and at least in some cases it is made up by the improved autocorrelation
of the corrected algorithms. When the initial values are far from the high-density
region of the posterior distribution, the rejection sampling of ¥ can be computationally
expensive. In this case, we propose doing an initial run without Correction 2 and

initializing Correction 2 when the chain reaches high-density regions.

Moreover, to further improve the convergence of Algorithm IvD-1c, we have tried com-
bining MDA and ASIS. The ASIS algorithm is constructed conditioning on 3. Because
the distribution of observed quantities Y conditioning on W, 3, and T is free of &; W is
the sufficient augmentation for 3; W = X~V2(W — aX ) is the corresponding ancillary
augmentation because its distribution, W; S N, (0, I), is free of 3. The first three steps
of the combined sampler are the same as the steps of Algorithm IvD-1c. After Step 3,
the combined sampler transforms W to W, samples some components of 3 conditioning
on W, 8, and the rest ¥ components, and finally transforms (W, ) back to (W, %, ).

However, this combined sampler does not show significantly more efficiency than Algo-

rithm IvD-1c, either in simulation studies or real-data analyses. One important reason
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can be that it is difficult to sample & conditioning on W. We solve this problem by
only updating some components of 3 conditioning on others. However, this solution
is not sufficiently effective. We are exploring more useful methods to circumvent the
intractability of sampling 3 conditioning on W, which may help the combined sampler

work better.
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CONCLUSION AND FUTURE WORK

7.1 CONCLUSION

Gibbs-type samplers are widely used tools for obtaining Monte Carlo samples from
posterior distributions under complicated Bayesian models. Standard Gibbs samplers
update component quantities of the parameter by sequentially sampling their condi-
tional distributions from the target joint distribution. However, this strategy can be
slow to converge if the components are highly correlated. In this manuscript, we make
efforts to formalize a general strategy to construct more efficient samplers by using sur-
rogate distributions, which are designed to share certain marginal distributions with
the target, but with lower correlations among its components. Specifically, we replace
some of the conditional distributions in a Gibbs sampler with conditionals of a surrogate
distribution. Although not necessarily recognized when they were introduced, a number
of existing strategies for improving Gibbs can be formulated in this way (e.g., Marginal
Data Augmentation, Partially Collapsed Gibbs sampling, Ancillarity-Sufficiency Inter-

weaving Strategy, etc.). Under particular settings, these existing strategies are even
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equivalent in terms of surrogate distributions. However, the use of surrogate distribu-
tions in Gibbs-type samplers may lead to incompatible conditional distributions and
thus sensitivity to the order of the component draws. Thus we propose a framework
to combine different strategies involving surrogate distributions into a single coherent
sampler that maintains the target stationary distribution and outperforms any of its
component algorithms in terms of convergence. This combining strategy, as a special
case of implementing the surrogate distribution strategy, greatly amplifies our power
to improve the convergence of Gibbs-type samplers. A problem in supernova cosmol-
ogy has motivated our work and serves as a realistic testing ground for our methods.
Our new algorithms are efficient in fitting the Gaussian hierarchical model in supernova

cosmology and several extensions of this model.

7.2 FUTURE WORK

In the future, our main task is to refine the theory of our framework and generalize our
algorithms for applications in wider field. At this stage, we are exploring the following
three problems. First, the combining strategy developed in Chapter 3 can be extended
by considering more algorithms. That is, the algorithms to be combined do not need
to be restricted within PCG, MDA, ASIS, and MH strategies. Now we are exploring
the possibility of combining pseudo marginal Monte Carlo methods and PCG to facili-
tate implementation and boost efficiency. Second, so far, we have not found convincing
numerical examples to illustrate the computational advantage of using surrogate condi-
tionals in a Gibbs-type sampler, especially a sampler with more than two steps. Thus we
need to keep searching for such examples that we can verify the power of our surrogate
distribution strategy numerically. Furthermore, we should improve the theory for the
surrogate distribution strategy, because so far we cannot provide clear guidance on the
usage of surrogate conditional distributions in a Gibbs-type (particularly multi-step)

sampler, which guarantees an improvement of the convergence properties.
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DETAILS OF STEPS OF THE
(GIBBS-TYPE SAMPLERS IN CHAPTER 2

A.1 DEgtAILS OF THE MH wIiTHIN GIBBS AND MH wITHIN PCG SAMPLERS FOR
FITTING THE SPECTRAL MODEL IN (2.1)

With noninformative uniform prior distributions for all of the parameters, the posterior

distribution of «, 3, v, u, and ¢ under the spectral model (2.1) is

pla 8,7, 8Y) o [ [alBE: +I{i = p})e /%"

= n (A1)
exp {—aDEfﬁ +yI{i = M})G_WE’}-
i=1
The joint posterior distribution of o, 5, v, u, ¢, and the augmented data Y7, is
S Y~ X0, (Yi/Es) w7 LY
Y, Y i=14ip— i=1Fi/ L [ i=1 YiL
p( Laaw@a’ymuagﬂ ) X o € P (Y;—Y;L)‘Y;L' Y
X {H [I{i = M}]YZL} exp {—a Z(Efﬁ +yI{i = ,u})e_‘i’/E’}.
i=1 i=1
(A.2)

Thus the steps of the parent MH within Gibbs sampler in Figure 2.3(a) or 2.9(a) are
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) : : : : v I{i=p'} -
Step 1: Sample Y;; from Binomial {YZ, Fo vy TP }, fore=1,...,n,

Step 2: Sample o from Gamma {Z?:l Y, +1, Z?:1(Ei_ﬁl +AI{i = u’})e_d’//Ei},
Step 3: Use MH to sample 8 from p(8|Y, Yy, a, v, 1/, &) < p(Yr, o, 5,7, 1/, ¢'|Y),
Step 4: Sample v from Gamma {E?:l Yio+1, ad I{i= ,u’}<3—¢//Ez'}7

Step 5: Use MH to sample p from p(u|Y, Yz, o, 8,7,¢") < p(Yr, a, 5,7, p, ¢'|Y),
Step 6: Use MH to sample ¢ from p(¢|Y,Yr, «, 5,7, 1) o< p(Yr, e, B, 7, i, ¢|Y).

The steps of the MH within PCG sampler with lowest degree of partial collapsing, i.e.,
Sampler 2.1, are

Step 1: Use MH to sample 1 from p(ulY, o', 8,7/, @) o< pl(a/, 8,7, i, #|Y),

Step 2: Sample Y;; from Binomial {YZ, B vt }, fori=1,...,n,

Step 3: Sample o from Gamma {2?21 Y; +1, Z;‘:l(Ei—ﬁ’ A T{i = M})e—¢'/Ei},
Step 4: Use MH to sample § from p(8|Y, Yy, a, v, p, ¢') o< p(Yr, v, 8,7, i, ¢'|Y),
Step 5: Sample v from Gamma {2’;:1 Yie+1, ad )l  I{i= ,u}e—¢’/Ei},

Step 6: Use MH to sample ¢ from p(¢|Y, Y, «, 5,7, p) < p(Yr, e, B, 7, i, ¢|Y).

Integrating (A.1) over «, we have,

n B » ) v
p(B, 7,1, 0Y) o< [ (B +7I{i = p})e %] x
ZZI” —(Z5, Yit) (A.3)
> (B P 4 AI{i = p})e /P
=1

Hence, the steps of the MH within PCG sampler with medium degree of partial collaps-

ing, i.e., Sampler 2.2, are

Step 1: Use MH to sample p from p(u|Y, 5., ¢') < p(B', v, p, ¢'|Y),

Step 2: Use MH to sample ¢ from p(¢|Y, 5,7, ) o< p(68',7', 1, 9|Y),

Step 3: Use MH to sample § from p(8|Y,~', u, ¢) < p(B,7, p, oY),

Step 4: Sample a from Gamma {Z?:l Y, +1, Z?:1(Ei_ﬁ ++'I{i = M})G—WEZ}’
Step 5: Sample Y;; from Binomial {Yi, %}, fori=1,...,n,

Step 6: Sample v from Gamma {}"" | Vir +1, ad> 1, I{i = ple ?/F}.
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The steps of the MH within PCG sampler with highest degree of partial collapsing, i.e.,
Sampler 2.3, are almost the same as Sampler 2.2, except that Steps 2 and 3 are combined
into one single step. That is, we use MH to sample (3, ¢) from p(53,¢|Y, v, pn)

(8,7, BlY).

We use a uniform distribution on {1,...,n} as the jumping rule when updating pu.
When updating either § or ¢ via MH, we specify a Gaussian distribution centered at
the current draw of the parameter as the jumping rule; the variance of the jumping rule
is adjusted to obtain an acceptance rate of around 40%. Analogously, when sampling
[ and ¢ jointly via MH, the jumping rule is a bivariate Gaussian distribution centered
at the current draw with variance-covariance matrix adjusted to obtain an acceptance

rate of around 20%.

A.2 DEgtAILS OF THE MH wITHIN GIBBS AND MH wITHIN PCG SAMPLERS FOR
FITTING THE COSMOLOGICAL HIERARCHICAL MODEL IN (2.14)—(2.16)

The posterior distribution of (¢, X, %, «, 5,%p) is

— _ _ 1 1 1
P& X, 6,0, B,ZplY) o< Sl ™ ISp| Sl M s

res

exp{ - % [(Y —AX — L)"S5N(Y — AX — L)

(X = TSR X - I+ (€~ 65 - )]
(A.4)

where Jgnx3z) = (I,...,I) with I = Diag(1,1,1), A@nxsn) = Diag(T,...,T) with

1 0 0

Tiaxy= | 0 1 0 |, L denotes the (3n x 1) vector (0,0, p1,...,0,0, i,), which is a
b —a 1

deterministic function of ¢, &, = (0,0, M,,), ¥¢ and Xp are defined in Section 2.3.2,

D 2 2 2
and ¥y = Diag(o; , 0%, 0%, )-

The steps of the MH within Gibbs sampler, i.e., Sampler 2.7, are
Step 1: Sample (£, X), which consists of two sub-steps:

e Sample ¢ from N(kg, K);
e Sample X from N(pa,X4).

where Y71 = AT A+ 550 K1 = —JTS' S S T+ TS T + 500 A =
ATSHY = L), pa = Sa(A + 351 ), and kg = K(JTSE' SAA +351,).
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Step 2: Use MH to sample € from p(¥|Y,¢, X, «, 5,%p), which is proportional to
p(&, X, €, a,8,2p|Y), under the constraint € = (Q,,,, Q) € [0, 1] x [0, 2].

Step 3: Sample (a, ) from N(up, Xp) with constraint (a, 8) € [0, 1] x [0, 4], where

n 2 n
3 &;’z‘ . 3 T > 2i(Mi i)
—1 i—1 ™MBi i=1 ™MBi =1 O s
Yo =" and up = Xp Bi
B n n 2 n —c;(M;—mpi+ui)

—TiCi } : Ci E . —_—
o ~ 74:1 2
Z 52 52 Tmp;

i=1 ™MBi i=1 ™MBi
Step 4: Sample X p, which consists of three sub-steps:
27 2

e Sample R? from Inv-Gamma [ﬂ M} with log(R.) € [-5,2].

e Sample R?2 from Inv-Gamma [%, w} with log(R,) € [-5,2].

res 2

e Sample 02 from Inv-Gamma [%, M} with log(o.es) € [—5,2].

Moreover, integrating (£, X') out of (A.4), the marginal distribution of (%, «, 5,%p) is

_ _ _ 1 1 1
P(€, .8, 8p|Y) o [Se| ISp| IS K]S s
1
X exp{ —5[(Y—L)T251(Y—L)—ATZAA (A.5)

—kd K ko + €150 ] }

The steps of the MH within PCG sampler, i.e., Sampler 2.8, are

Step 1: Use MH to sample € from p(€|Y, «, 8, %p), which is proportional to p(%, «,
B,%p|Y), with € = (Q,,, Qx) € [0,1] x [0, 2].

Step 2: Use MH to sample (a, ) from p(«, 5|Y,%,Xp), which is proportional to
p(¢,a,B,5plY), with (a, 8) € [0,1] x [0,4].

Step 3: Sample (£, X), which consists of two sub-steps:

e Sample ¢ from N(ko, K);
e Sample X from N(pa,X4), where gy = X a(A + E;lJf).

Step 4: Sample X p, which consists of three sub-steps:

e Sample R? from Inv-Gamma [%, M} with log(R.) € [-5,2].

e Sample R? from Inv-Gamma [g, w} with log(R,) € [-5,2].
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e Sample o2 from Inv-Gamma [%, w with log(o.es) € [—5,2].

When MH updates are required in any of the samplers, we use truncated Gaussian
distributions as the proposal distributions. These distributions are centered at the
current draws with variance-covariance matrices adjusted to obtain an acceptance rate
of around 25%. The truncation enforces prior constraints and in all cases the MH

updates are bivariate.

When generating parameters from a truncated distribution, we repeat drawing from the
corresponding unconstrained distribution until the truncation condition is satisfied. In
the cosmological example, rejection sampling is not computationally demanding, since

the ranges of the prior distributions are fairly large.

A.3 DETAILS OF THE GIBBS AND MH wITHIN PCG SAMPLERS FOR FITTING THE
FACTOR ANALYSIS MODEL IN (2.21)

With priors p(a?-) = Inv-Gamma(a,b) (j = 1,...,6) and p(5) o 1, the joint posterior
distribution of Z, 8, and X under the factor analysis model (2.21) is

6 6
|Z|7100/2 (H 0_j—2(a+1)>exp {—6203_2}
j=1

j=1

100
p(Z,8,5Y) o exp —% > [(n — BZ)'STNY; - BZ) + ZFZ@-] }
(A.6)

Thus the steps of the Gibbs sampler, i.e., Sampler 2.9, are

Step 1: Sample Z; from Ny [(12 AT ) T BT Y, (1 + 5’Tz'—15')’1}, for i =
1,....100.

Step 2: Sample o7 from Inv-Gamma l[a+12,b+ 3 Z;ﬂ? (Y, — B}Zi)Q}, forj=1,...,6,

where 3} denotes the jth row of 3'.

Step 3: Because of the constraint that 517 > 0, S22 > 0 and (15 = 0, we sample 3 from
p(BlY, Z, %) by

)

B11>0
where TN(po, 02)| » denotes a normal distribution N(ug, 05) truncated by the

100 2
21 YanZa oy }
100 2 b 100 2
Zi:l Zil Zi:l Zil

e sampling (17 from TN [

constraint F,
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)

B22>0

e sampling 3, from TNy [(ZZT)_1ZY2, (ZZT/O'%)_l}

where Y5 denotes the vector (Yis. .., Yn2),

e sampling 3, from N, [(ZZT)_lZYj, (ZZT/UJQ-)_I}, for j=3,...,6.

Integrating (A.6) out of Z, we obtain the marginal posterior distribution of § and ¥,
that is,

n

P(B.EIY) o exp{—%z[ﬂ — ST+ ATETB) ﬁTz—lmT]}

i=1

6
|[2 +ﬁTz,1ﬂ‘—100/2’Z|—100/2 <H Uj a+1)> exp{ bZa }

- (A7)

Henceforth, the steps of the MH within PCG sampler, i.e., Sampler 2.10, are

Step j: Use MH to sample 02 from p(o 2|Y o? ;8" ocp(B,E[Y), for j=1,...,4,

/
where o2 denotes the (5 x 1) vector (a%, 0ot o).

Step 5: Sample Z; from N, { [12 + ﬁ'T(z')‘lﬁ'} T )y, [12 n ﬁ'T(Z’)‘lﬁ'} 1}  fori =
1.....100,
where ¥’ = Diag(o?,...,0%,0%, 0%).

Step 6: Sample o7 from Inv-Gamma la+12b+1 S (v, — 5;21')2}7 for j =5,6.

Step 7: Sample § from p(8|Y, Z, %) by

)

Z-: Yi1Zi o? }
B11>0

100 ~»2 100 72
Zl 1Z’Ll Zz 1 7.1

e sampling f1; from TN [

e sampling 3, from TN, [(ZZT)_lzy_m (ZZT/O'S)_l}

)

B22>0

e sampling /3; from Ny |(ZZ7 71ZY,~ 72727 162) |, for j = 3,....6.
p g ] YRl j ) J ) )

To sample o7 (j = 1,...,4) without Z in Sampler 2.10, we first update log(c?) via
MH. The proposal distribution is specified as a Gaussian distribution centered at the
logarithm of the current draw of O'JQ»; the variance is adjusted to obtain an acceptance
rate of around 40%. Then the new iteration of 0]2- is set to the exponential of the

updated log(c7).
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THE PROOF OF ONE STATEMENT AND
DETAILS OF THE GIBBS-TYPE
SAMPLERS IN CHAPTER 3

B.1 PROOF OF THE EQUALITY OF THE CYCLIC-PERMUTATION BOUND OF THE
GIBBS SAMPLER IN FIGURE 3.2 AND THAT OF GIBBS SAMPLER 2

Proof. Recall that the cyclic-permutation bound of an N-step Gibbs-type sampler is de-

to the j-step-lagged sampler, see Section 1.3 of Chapter 1. Henceforth, to prove that
the cyclic-permutation bound of the Gibbs sampler in Figure 3.2 equals to that of
Gibbs Sampler 2, we just need to show that these two samplers have equal values for all
of {v;,7 =0,1,2}. We use 7} to denote the norm of the forward operator corresponding
to the j-step-lagged sampler of the Gibbs sampler in Figure 3.2, and VJZ to denote that
of Gibbs Sampler 2. We present the proof of v = 4% here; 7} = 72 and 4 = 73 can be

shown in the similar way.

The 1-step-lagged sampler of Gibbs Sampler 2 proceeds by
L p(ala’, 1, %)
2. p(sldf,v2) (where ¢y = GH(4))
3. plo Ui, v3); set ¢y = G (),
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where Step 1 is equivalent to sampling 1o from p(1s]1],1%) and Step 3 is equivalent to
sampling («, 11) from p(a)p(v1|1)e, 13). The stationary distribution of this 1-step-lagged

Sa‘mpler is ﬁ(aa ¢17 ¢2> ¢3)p(04)p(¢17 1/}27 ¢3)
The 1-step-lagged sampler of the Gibbs sampler in Figure 3.2 proceeds by

2. p(Ysla, 1)
3. p(¢1|¢27¢3)>

and its stationary distribution is p(11, 2, ¥3).
Then Vh € Lj(p), with varz(h) = 1, we have

Varﬁ[E(h’(a7 ¢1’ w27 w3) Wi’ Tﬂé)} = Eﬁ [E2<h(0é, ¢1> w27 ¢3)W§7 %)]
= [ [ b, b1, o, 3)p(wa Wb, 04 )p (3], ) p(@) p(th1 12, ) dedihy deppdips)?
p(a)p(e], v, ) dadu) duphduy )
= var,(h*) [ |[* ;szwa,wg>p<w3|w1,w2>p<w1|w2,¢3>dwld¢2dw3

p(1, 0%, w4) v iy
() vay (1) < (1),

IN

(B.1)
where h* (1,12, 13) = [ h(a, i1, ¢, ¥s5)p(a)da; h* € L(p), and var,(h*) < 1 because
i) E,(h*) = [[f h(a, ¥, o, hs)p(a)da]p(ihr, 12, 3)depydepadips = Es(h) = 0;

i) var,(h*) = [ [f k(o 1, ¥, ¥3)p(e)dal’p(thr, o, s )duprdipadipy < vary(h) = 1.
From (B.1), we conclude that % < 4.

Next, Vg € L%(p) with var,(g) = 1, it also holds that g € L3(p) with varz(g) = 1 since

i) Es(9) = [ g(tr, ¥2,v3)p()p(t1, 2, ) dadipndipadips = E,(g) = 0;
ii) Varﬁ(g) = fgg(%, Vg, Y3)p(a)p(ahr, 2, Pg)dadip depodaps = Val“p(g) =L

Thus, in addition, we have

var, [E(g(1r1, Yo, ¥3)|1], ¥4)] = Ep[E(g(t1, 12, ¥s) 41, 1))

= [ 91, o, 03)p (oW, ) (W3 |4, o) p (o [902, s ) dipr dipades]”
(e, %, ) du duphday

= [ 1] g1, w2, 03)p(walt}, W4)p (s |5, ) p(e)p(¥|thn, ) dadepy dipadips]?
p(a)p(], v, 4 )da/du duphdaly

< ()7

(B.2)
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From (B.2), we conclude that 7] < 2.

Combining (B.1) and (B.2), 4 = 2. O

B.2 DETAILS OF THE ASIS AND COMBINED SAMPLERS FOR FITTING THE FACTOR
ANALYSIS MODEL (2.21)

Setting W; = 5Z; (i =1,...,100), the joint posterior distribution of W, 3, and ¥ is,

100

p(W,5,2]Y) o exp { Y — W) 'Sy = wy) + W (BBT) _IWil }

100/2 6
|Z|—100/2 (Ho_j (a+1) >exp{ bZO' }

j=1

(B.3)
where W; (i = 1,...,100) denotes the sub-vector (W;;, Wi,), and (3 is defined in Sec-
tion 3.1.

The steps of the ASIS sampler, i.e., Sampler 3.1, are

Step 1: Sample Z from N, [(12 T ) T Ty, (1 + @’TZ'*B')”}, for i =
1,....100.

Step 2: Sample o7 from Inv-Gamma [a+12 b+ 1 2100 (Y, ;Z;)Q] Jforj=1,...,6.

Step 3: Sample 5* from p(f|Y, Z*, %) by

’

e sampling S, from TN [
B11>0

S YaZh o} ]

1()0 *27 100 *2
Zz 1Zz Zzl 11

e sampling 5 from TN, [(Z*Z*T)AZ*YQ, (Z*Z*T/Og)il]

)
B55,>0

e sampling (7 from Ny [(Z*Z*T)_lZ*Yj, (Z*Z*T/UJZ)_:L]7 for j =3,...,6;

Then set W; = *Z7, fori =1,...,100.
Step 4: Sample § from p(8|Y, W, X) by
e sampling /3 from p(B|Y, W, %):
first, sampling S from Inv-wishart(v, Sy), where the degrees of freedom v =
100 — 6 — 1 and the (2 x 2) scale matrix Sy = 1% W;W/; Then set 3 as
the Cholesky factor of S, i.e., 3 is the unique (2 x 2) lower triangle matrix

with positive diagonal elements satisfying S = BAT,
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e sampling ; from Ny[m;, V], for j =3,...,6,

100
100 vy
(S W) (3 ] T e

where V; = = 1 and m; = V;5~ J
Vi 7 candmy = V3™ | s vy,

o2

J

Finally set Z; = S~'W;, for i = 1,...,100.

The steps of the sampler combining MH within PCG and ASIS, i.e., Sampler 3.2, are

Step j: Use MH to sample o7 from p(c7|Y, azlj,ﬁ’) x p(B,2]Y), for j =1,...,4,

o 2 2 2/
where 02 denotes the (5 x 1) vector (o7,...,07 1,07,1,...,06 ).

Step 5: Sample Z7 from N, { [Ig +B’T(E(“))_lﬂ’}_1B’T(E(4))_1Yi, [12 +B’T(E(4>)_1ﬂ’]_l} ,
fori=1,...,100.
Step 6: Sample 02 from Inv-Gamma [a + 12,6 + 1 SV, — 3Z;)2], for j =5, 6.

Step 7: Sample 5* from p(B|Y, Z*, %) by

?

e sampling 57, from TN [
B3>0

100 v, % 2
EiTéOY“Z“ 10((7)-1 :|
* 2 9 * 2
Zi:1 Zil i=1 Zil

e sampling 5 from TNy [(Z*Z*T)_IZ*Y,Q, (Z*Z*T/Ug)_l]

)
B35,>0

e sampling (3} from N, [(Z*Z*T)_lZ*Yj, (Z*Z*T/U?)_l], for j =3,...,6;

Then set W; = p*Z7*, fori =1,...,100.
Step 8: Sample 5 from p(S|Y, W, X) by

e sampling /3 from p(B|Y, W, %):

first, sampling S from Inv-wishart(v, Sp); Then set 3 as the Cholesky factor
of S,

e sampling ; from Ny[m;, Vj|, for j =3,...,6;
Finally set Z; = B~'W;, fori = 1,...,100.

B.3 DETAILS OF THE ASIS AND COMBINED SAMPLERS FOR FITTING THE COSMO-
LOGICAL HIERARCHICAL MODEL IN (2.14)—(2.16)

Setting X = AX + L, the joint distribution of (¢, X, ¥, a, 8, %%) is

168



pl 101
R2R2 02

X res

P& X, D, Q00 B, 53|V o [Sof 2 Sp| S0l
1 _ _
exp{ = [(Y ~X)"SCNY - X)
+ (AT'X — AL — JO) SN (ATIX — AL — J¢)
+ €656 - &) |
(B.4)
The steps of the ASIS sampler, i.e., Sampler 3.3, are
Step 1: Sample (£, X*), which consists of two sub-steps:
e Sample ¢ from N(ko, K);
e Sample X* from N(p4,X4), where s = S4(A + X5 JE).

Step 2: Use MH to sample €* from p(%|Y,¢, X, «, 5,%p), which is proportional to
p(&, X, €, a,B,2p|Y), under the constraint €* = (QF,,23) € [0, 1] x [0, 2];
Use €™ to construct L*.

Step 3: Sample (o, 5*) from N(up,Xp) with constraint (a*, 5*) € [0,1] x [0, 4];
Use (a*, %) to construct A*. Then set X = A*X* + L*.

Step 4: Use MH to sample € from p(%|Y, ¢, X, a*, 3%, ¥p), which is proportional to
p(&, X, €, a*, %, Sp|Y) under the constraint € = (Q,,, Qa) € [0,1] x [0,2];

Use € to construct L.

Step 5: Sample («, 3) from N(up,Xp) with constraint (a, 8) € [0, 1] x [0, 4], where

ooy =ha n o @i(Mo—M;)
y-l =1 Tres ;2 res d ) i=1 02
= n . nooo and up D Zn —&;(Mo—M;) )
Dt D i=1 7 o2,

where &, Z;, and M; are the (3i — 2)"™, (3i — 1)™, and (3i)" components of (X —L);
Use (a, ) to construct A. Then set X = A~1(X — L).
Step 6: Sample ¥ p, which consists of three sub-steps:
e Sample R? from Inv-Gamma [%, M} with log(R.) € [-5,2].

e Sample R? from Inv-Gamma [g, M} with log(R,) € [—5,2].
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e Sample o2 from Inv-Gamma [%, w with log(o.es) € [—5,2].

The steps of the sampler combining MH within PCG and ASIS, i.e., Sampler 3.4, are

Step 1: Use MH to sample € from p(€|Y, «, 5,%p), which is proportional to p(%|a,
B,Xp|Y) with € = (Q,, Q) € [0,1] x [0,2];

Use € to construct L.
Step 2: Sample (£, X*), which consists of two sub-steps:

e Sample ¢ from N(ko, K);
e Sample X* from N(p4,Y4), where pa = S4(A + X5 JE).

Step 3: Sample (a*, §*) from N(up, ¥p) with constraint (a*, 5*) € [0, 1] x [0, 4];
Use (a*, 3*) to construct A*. Then set X = A*X* + L.

Step 4: Sample (a, ) from N(up, Xp) with constraint («, 5) € [0,1] x [0,4];
Use (a, 3) to construct A. Then set X = A~1(X — L).

Step 5: Sample Y p, which consists of three sub-steps:

e Sample R? from Inv-Gamma [%, M} with log(R.) € [-5,2].

e Sample R?2 from Inv-Gamma [%, M} with log(R,) € [-5,2].

e Sample o2 from Inv-Gamma |2 M} with log(o.es) € [—5,2].

res [27 2

B.4 DETAILS OF THE GIBBS-TYPE SAMPLERS FOR FITTING THE HIERARCHICAL t
MODEL IN (3.12) AND (3.13)

With the prior p(u, o, 7) o 1, the joint posterior distribution of Z, 02, 8, 7, and p under
the hierarchical ¢t model in (3.12) and (3.13) is

o2

n (VB X )2 n n — )
P(Z,0% 5 plY) o exp{—j | BRAGEARE 4y 7,4 B o)
(UQ)_(n+1)/2T_n (H?:l Zf”fl)ﬂ) .

(B.5)

Thus the steps of the Gibbs sampler, i.e., Sampler 3.5, are

31X )2
Step 1: Sample Z; from Gamma [”TH, 7+ %

o5y ],for@:l,...,n.
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Step 2: Sample ¢? from Inv-Gamma [”T_l, Liot Zi(;/ —BX)” }

Step 3: Sample (; from N [(ZU# + G%) / <Z;)2( > 1/ <

)i -

1,...,n.

Step 4: Sample (7, i) from p(7, u|Y, Z, 3,0?) by
e sampling 72 from Inv-Gamma {— -1, [Zl - Qi Bi)” 151 ] /2}

e sampling p from N (Z =1 i Tz)

Setting Z = aZ, and specifying the Haar measure prior to o as ps () o< 1/a, we obtain

the joint posterior distribution of Z.,a, 02, B8, 7 and [, that is,

% [El 1 (Y B’L ’L) + VZ?:I Zz + Z?:1§§17“)2i|}

ao?

B(Z,0,0% B 7 ulY) o exp{-
(n+1)/2 T (nrtn ~(v—1)/2
(‘7) (nvn)/2= 1<Hi:1 Z; )

(B.6)

The steps of the Haar PX-DA sampler, i.e., Sampler 3.6, are

/v .\2
Step 1: Sample Z* from Gamma [”Tﬂ,g %}, fore=1,...,n.

Step 2: Sample « from Inv-Gamma (%ﬂ, %), Set Z = Z* /.

Step 3: Sample 02 from Inv-Gamma [”T_l,

Step 4: Sample 3; from N [(Z“}:;X’ + (ﬁ;2> / (Z;);’z + (T})2> ,1/ (fo’?
1,...,n.

> Zi(m—ﬁgxif}
5 )

*1 }>2>]’f0”' -

Step 5: Sample (7, 1) from p(7, u|Y, Z, 02, B) by
e sampling 72 from Inv-Gamma {% -1, [ZZ B — i Bi)” 161 ] /2}

e sampling p from N (M ﬁ).

n ’n

Furthermore, setting 5 = (8 — )/, we obtain the joint posterior distribution of Z, o2,
B, 7, and p, that is,

P(Z,0% BorplY) o exp{—L [BR AU XI5 75 52

o2

(02)—(114'1)/2 <H7}_1 Z(V—l)/2> '
(B.7)

The steps of the ASIS sampler, i.e., Sampler 3.7, are
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1y \2
Step 1: Sample Z; from Gamma [%1, 5 %], fori=1,...,n.

Step 2: Sample 02 from Inv-Gamma

Step 3: Sample 3 from N [(ZYX’ + (“,) )/(ZJ)Q( ) 1/(
1,...,n.

|:n 1 Z?lz(Y —BiX )]

)i -

Step 4: Sample (7%, u*) from p(7, p|Y, Z, 3*,0?) by

e sampling (T*)2 from Inv-Gamma {% -1, [Z?:l (ﬁf)z - —(Z?:,i B;)Q] /2}3 T =
(%),

e sampling p* from N [#7 #]

I

Set = (8* — u*)
Step 5: Sample (7, i) from p(r, u|Y, Z, B3,02) b

e sampling 7 from TN(m,, VT)|T>0’ where

_ X ZYiBiXi — (O, ZYiXa) Oty ZiBiXP) ) (i, ZiX7)
S ZiBXE = (S0, Zi5iX2) (i, ZiX?)

and

0.2

V, = - = )
S ZiBXE — (S, ZiBiXE) (D, ZiX?)

e sampling p from N [Z Z;(Yi—B:) X, 2 };

S Zi X2 V3T Zi X2

Setﬁz7’ﬁ~+p.

Finally, the steps of the sampler combining Haar PX-DA and ASIS, Sampler 3.8, are

Step 1: Sample Z* from Gamma ["H Z 4+ %} fori=1,...,n.

Step 2: Sample « from Inv-Gamma (%ﬂ, %), Set Z = Z* /.

n (V. R \2
Step 3: Sample 02 from Inv-Gamma [”T_l, Liz ZZO; BiXs) }

Step 4: Sample 57 from N [(ZYX’ + (‘f) > / (ZU);’Q + (T})2> ,1/ (Z;)z(? +

1 .
( ,)2>},f0rz =

1,...,n.

Step 5: Sample (7%, u*) from p(7, u|Y, Z, 3*, 0?%) by
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e sampling (7*)? from Inv-Gamma {% -1, [ZLI (Br) — %] /2}; ™ =

(T)’,
e sampling p* from N [M’ (72)2];

n

Set = (8" — p)/7".
Step 6: Sample (7, ) from p(7, ulY, Z, 3, 02) by

e sampling 7 from TN(m., VT)|

>0’
; Yory Zi(Yi—7Bi) X o? .
e sampling p from N [ ST XTSI

SetB:Tﬁ—i—u.

B.5 DETAILS OF THE STEPS OF THE GIBBS-TYPE SAMPLERS FOR FITTING THE
HIERARCHICAL PROBIT MODEL IN (3.16)

With the prior distributions p ~ N(0,V') and p(7) o 1, the joint posterior distribution
of Z, B, p and 7 under the hierarchical probit model (3.16) is

HE’(@'%YD
B

Y

Z(Z’L o 61X1)2 + Z?:l (ﬁz - M) + 2

i=1

1/®(6;X;), ifY; =1,
where F;(8;;Y;) = [2(BiXi), i ]

1/®(—B;X;), otherwise,
tribution function of the standard normal distribution.

with ®(-) denoting the cumulative dis-

Thus the steps of the Gibbs sampler, i.e., Sampler 3.9, are
Step 1: Sample Z; from TN(8/X;, 1)y, fori =1,...,n,

where Z; is constrained by Z; > 0 if Y; = 1, and Z; < 0 otherwise.
Step 2: Sample (u, 8) from p(u, B|Y, Z, ") by

Sy ZiXa /(7)) X2 +1] 1 }
Sy X2/ XEHHL/ VY S0 XP /() X211V f7

e sampling p from N {

X )2 .
e sampling 3; from N [Z;égﬂ%;)g , X3+11/(T,)2], fori=1,...,n.

n N2
Step 3: Sample 72 from Inv-Gamma [”T_l, 2:1(+u)]’ T =72
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Poo(@) o 1/, we obtain the joint posterior distribution of Z, a, §, fi, and 7, that is,
G’ } }
_|_ =
oV (B.9)

2
i 2
+ 272

Setting Z = aZ, 8 = af3, and it = apu, and specifying the Haar measure prior to « as
| [zy_l (Zi—BiX)
042

2

B(Z,0, B, [i.7]Y) o exp{
a2t (T B s i),

. /e (2X), it =1,
where F;(5;, ;Y;) = -
1/® —%XZ) , otherwise.

The steps of the Haar PX-DA sampler, i.e., Sampler 3.10, are

*
zFX;

2
(Zi:l (7/)2Xi2+1)
5 20

b

2
.
(r)2X2+1

Step 1: Sample ZF from TN(B/X;, 1)]y;, fori=1,...,n.
2 2 imt ()2 X2+1
=1

Step 2: Sample o from Inv-Gamma

Set o = Va2 and Z = Z*/a.
Step 3: Sample (p, 8) from p(u, B|Y, Z,7') by
Sy ZiX/((T) X3P +1]
S X2/ X2V S X2 /()P X214V
],forizl,...,n.

2];7':\/7'_2-

n—1 2o (Bi—p)
2 2

1 }7

1

e sampling p from N {
ZiXitp/(r')?
XZH+1/() 7 X3+1/(7)?

e sampling 3; from N [

Step 4: Sample 72 from Inv-Gamma [
Integrating (B.8) over 3, we obtain the marginal distribution of Z, u, and 7, that is,

}H [(TzXf + 1) PR Y|
(B.10)

=1

12

" (Z; — pX;)?
(Zi — pXo)” | 4
¥

1
2 ZZ:; T2X2+1

p(Z, p, T|Y) o eXp{
1/ (X /\/72X2 1 1) CifY =1,
1/ (—puX;/ /T2 X2+ 1) , otherwise.

where F;(u, 7;Y;)
Furthermore, setting Z = Z — X, we obtain the joint distribution of Z, u, and 7, i.c.,
} [1[2x2+ 1) Frm i)
(B.11)

=1

2

1< 7?2 I
pPE/a Y
X, +1

2

=1

p(Z, 7, 1Y) eXp{

Thus the steps of the sampler using ASIS I, i.e., Sampler 3.11, are
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Step 1: Sample Z from TN {,u’Xi, [ ’7',)2X2 + 1}} ‘Y., fori=1,...,n

, S0 ZEX /()P X2 ] .
Step 2: Sample p* from N{ ™ 1)1(3 (X211 V ) S, X2 )X?+1]+1/V}’

Set Z = 7* — i*X.

Step 3: Sample p from TN(0,V)|r,, where F), is the constraint {yu : Zi + pnX; >
0if Y; =1; Z; + puX; <0 otherwise, fori =1,...,n};
Set Z =7 + pX.

X 2 .
Step 4: Sample 3; from N [ZX)Q(J:%L)Q , X2+11/( ,)2}, fori=1,...,n.

Step 5: Sample 72 from Inv-Gamma ["21, M] T =72,

Furthermore, setting 3 = (8 — p)/7, we get the joint posterior distribution of Z, /3, u,
and 7, that is,

n

Z(Zi — 7B:X; —MXz‘)Z +i5i2+ £
i=1

n

HE(Bﬁ:MaTa }/z) )

p(Z, B8, p, T|Y) O<6Xp{——

i=1 i=1
(B.12)

_ — ]. @ _fi X’L 9 .f }/; = 17

where Fi(f;, 1, 7;Y;) = /@ (P - Wil i :
1/® [—(7B; + p)Xi] , otherwise.
Thus the steps of the sampler using ASIS II, i.e., Sampler 3.12, are
Step 1: Sample Z; from TN(8.X;, 1)|y,, fori=1,...,n
Step 2: Sample (u*, 5*) from p(u, B|Y, Z, ') by
: * 1 ZiXa /(7)) X2+41] 1
o sampling y* from N {ZZ;JIf?/[(T/)QX?H]H/V’ ZLIX?/[(T')?X?H}HW}

Y. * /(! 2 X
e sampling 57 from N [Z});jf/(f,)g , X?Hl/(T,)Q}, fori=1,...,n.

Z?:l (251'—#)2} : T = (7.*)2;

Step 3: Sample (7*)? from Inv-Gamma | %31,
Set B = (8* — ) /7,

Step 4: Sample p from N { [ZZ \ Xi(Zi — B z)} / (Z?ﬂ X7+ %) ’1/ (22;1 X7+ \l/)}

Step 5: Sample 7 from TN {[Y7(Z; — Xip) XiBi] / (3oimy X267) 1/ (2 X268 3| o
Set B =75+ .

The steps of the sampler combining Haar PX-DA and ASIS II, Sampler 3.13, are

Step 1: Sample Z; from TN(8/X;, 1)|y;, fori=1,...,n
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n Zq; Xz
) 2 n no_(2))? ( ! <f’>2X3+1) :
Step 2: Sample o from Inv-Gamma q 2, [ >, R T X2 - 2 7;
i 2iz1 XZ TV

Set « = va? and Z = Z* /.
Step 3: Sample (u*, 3*) from p(u, B|Y, Z,7') by

Zz 1ZX/[( ) X7 +1] 1 }

e sampling p* from N{ T X2 /(P2 X2 1V S X2 /() X2 +1]+1/V

Zi Xitp* /(7)) 1 } fori=1.....n.

e sampling 57 from N [ ryE X )

n )2
Step 4: Sample (7*)* from Inv-Gamma [”771, M}, ™ =/ (%)%

Set 3 = (B — p*)/7*.
Step 5: Sample p from N { [ZZ | Xi(Z; — 7B z)} / (Z?:l X7+ %) ) 1/ (Z?:l X7+ %) }
Step 6: Sample 7 from TN {[ 1 (Zi = Xip) X, ﬁl} / (Z?:l ngf) ,1/ (Z?:l XZQ/B’LQ)} ‘T>0;
Set 8 =716+ pu.

Finally, the steps of the sampler combining ASIS I and ASIS II, Sampler 3.14, are
Step 1: Sample Z; from TN {1/X;, [( (7'’ X2 + 1]} ‘Y., fori=1,...,n

: . o) 20X () X2 i ,
Step 2: Sample i from N {21,1)1@/[( VXTIV z?:1X3/[<r'>2X3+11+1/v}’

Set Z = 7* — iu*X..

Step 3: Sample p from TN(0,V)|p,, where F), is the constraint {u : Z; + pX; >
0if Y; =1; Z; + uX; <0 otherwise, fori =1,...,n};
Set Z = Z + pX.

LY. ! 2 .
Step 4: Sample f from N [ZX)§++1%,)3 , X2+11/(T/)2], fori=1,...,n.

Step 5: Sample (7 ) from Inv-Gamma [” L M}, * = (7'*)2;

2 T =
Set B = (8* — p*)/T*.
Step 6: Sample 7 from TN { [0 (Z; — Xin) Xi3] / (0, X262) .1/ (X0, X282) |y
Set 8 =708+ .
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DERIVATION OF THE
CYCLIC-PERMUTATION BOUND OF
SAMPLER 4.2 AND DETAILS OF THE
(GIBBS-TYPE SAMPLERS IN CHAPTER 4

C.1 DERIVING THE CYCLIC-PERMUTATION BOUND OF SAMPLER 4.2 WITH GEN-
ERAL TARGET AND SURROGATE DISTRIBUTION

Recall that the cyclic-permutation bound of an N-step Gibbs-type sampler is defined by

.....

j-step-lagged sampler, see Section 1.3 of Chapter 1. Henceforth, to derive the cyclic-
permutation bound of Sampler 4.2 in Section 4.1, we first compute the norms of the
forward operators corresponding to its O-step-lagged and 1-step-lagged samplers, i.e., v

and ;.

The 0-step-lagged sampler is Sampler 4.2 itself, and its stationary distribution is the
targetv i'e'7 p(wla 1/}2)

Then Vh € L3(p) with var,(h) = 1, since p(11, ¥2) and ps(11, 12) have the same marginal

distributions, we have
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vary [E(h({, o) 0| = By [ (R, 0 ) )]
2
S e e ()l Y | p()dud

h* w(tJr )

= var,, (1) [ [f ﬁ (Wi >dwf“} po(ws”)dus”

S pgsvarps(h‘*) S pps‘

(C.1)
where p,. is the maximum correlation between ¢; and vy for ps(i1,19); h*(¢1) =
J h(1, ¥o)p(2|in)dibe; h* € L3(psy) with ps; the marginal distribution of v for
Ps(¥1,2), and var,, , (h*) < 1, because
i) Epgl (h*) = f fh V1, Yo)p(Wa|th1)deba]ps (1) dipr = Ep(h) = 0;

i) vary, , (1) = [ [ B(t1, 2)p(Ws]thr)debs] py(thr)dehy < var,(h) = 1.
From (C.1), we conclude that vy < p,,..

Furthermore, Yg € L{(ps1) with var, ,(g) = 1, it also holds that g € L§(p) with

varp(g) = 1, because
1) E fg % ¢1>¢2)d¢1d¢2 fg(wl)Ps(%)dwl = Eps,l(g) = 0;
ii) Val"p fg ¢1 %, wz)d%dwz fgz(%)ps(%)dwl = Val"ps,l(g) =L

Thus, in addition, we have

o = van, [Blof)wl)] = B, [E2g(i ™) ")
_ f [fg (t+1 (wgtﬂ ’% ) ( 2t+1 ’w(tJrl ) (t+1 dw(tJrl ]2 (iﬁét))dwét)
(
1

= [ o) an ) )

= var,,( ps<g<¢f+ D).
(C.2)

From (C.2), we conclude that 7o > p,,.
Combining (C.1) and (C.2), v = pp,

In the similar manner, we can obtain that v, = p,. Since p,, < p, by the definition of

the surrogate distribution, the cyclic-permutation bound of Sampler 4.2 is vy = p,,.
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C.2 DETAILS OF THE GIBBS-TYPE SAMPLERS FOR FITTING THE UNIVARIATE t-
DISTRIBUTION MODEL (4.13)

The target posterior distribution of ¢ and (p, 0?) is,

v+1 -1

pla. p, 0®lY) (H ql-> (0%) % exp {_ [ZL ng - Vzgzl qi] } |

(C.3)

The steps of the standard DA sampler, i.e., Sampler 4.10, are

Step 1: Sample ¢; from Gamma [”;1, (YS;S/I)Q + %}, fori=1,...,n.

Step 2: Sample (u,0?) from p(u, o?|q,Y) by

Z?:l q:Y;

Sy ai(Yimp)® N
5 , where [i = S

e sampling o2 from Inv-Gamma [”T’l,

e sampling p from N <u, Zn2 )

194

Setting ¢ = agq, and specifying the Haar measure prior to a as ps(a) o< 1/a, we obtain

the joint posterior distribution of ¢, o, and (i, 0?), that is,

~/ ~ L _n_1 _nE+l)
B3, 0, 0V) o ([T 6) 7 (o) # a5 (C.4)
2 n ~ .
eXp {_ [21_12[1;9;1'_#) + VZ21';1 q7.:| } )

The steps of the Haar PX-DA sampler, i.e., Sampler 4.11, are

Step 1: Sample ¢ from Gamma [”*1 Yiop)® 4 g], fori=1,...,n.

) 202/

Step 2: Sample o from Inv-Gamma ("” VZZT“L); Set ¢ = ¢*/a.

Step 3: Sample (u,0?) from p(u,o?|q,Y) by

n . -2
e sampling o2 from Inv-Gamma [”T’l, M],

2

e sampling p from N (u, En2 ” )
19

We derive the surrogate distribution of ¢ and (u,0?) as in (4.15). We first work out
p(qlY') and ps(p, 0%|g,Y) as

1/+1 n—1

p(qY) o (H Qz) (Z %’) [Z qi(Yi — ﬂ)2] e’%; (C.5)
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ps(,02lq,Y) = [plo, p,0%|q,Y)de

R I T S Rl ) DAy s R I
oy g+ Dl
(C.6)
Thus the surrogate distribution is
ps(a: 1, a*[Y) = ps(p, 2lq, Y)p(qlY)
x ()7 (L a) TS ) P o
[ " gt P 1qL(Y w2 ] D2

The steps of the Gibbs sampler for updating the surrogate distribution, i.e., Sam-
pler 4.12, are

Step 1: Sample ¢ from p,(q|Y, 1/, o) by,

e sampling w; from Gamma [ vl (Viop)” | g}, fori=1,...,n,

e sampling /* from Gamma <

m|3

VZ;;I ) setting ¢ = p*w*,

where w* = (w7, ..., w);
Discard * and w.
Step 2: Sample (u,0?) from p,(u,0%|q,Y) by

e Sample o* from Inv-Gamma (%7 VZZzl m)j

2a*

n (V. )2
e sampling o2 from Inv-Gamma [”T’l7 M],

e sampling p from N (u, Zn* 2q )
=1 17

Discard o*.

C.3 DETAILS OF THE GIBBS-TYPE SAMPLERS FOR FITTING THE MULTIVARIATE
t-DISTRIBUTION MODEL (4.16)

The target posterior distribution of ¢ and (p, 0?) is,

1/+d -1

p(g, 1, BJY) o (Hq) exp {—% [Z%’(Y; — ) RTHY = ) +VZQi] }
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The steps of the standard DA sampler for updating the target distribution are

vid (Yi—p) 'S (YVi—p)+v
2 2

Step 1: Sample ¢; from Gamma [ yfori=1,... n.

Step 2: Sample (u, X) from p(u, X|q,Y) by

e sampling ¥ from Inv-Wishart [n — 1.3 (Y — )Y — ',

>i14:Yi

where [i = S

e sampling p from Ny <u, S qz>

Setting ¢ = agq, and specifying the Haar measure prior to a as p(«) o 1/a, we obtain
the joint posterior distribution of ¢, o, and (u, 3), that is,

+d -1 n+d+1 n(u+d) 1
2

ﬁ(Cjaaau72|Y) (8 (H:’L:l C_Iz) |Z|

exp { — [ @Y - u) DY - ) v d b (C9)

The steps of the Haar PX-DA sampler are

Step 1: Sample ¢ from Gamma [”+d (Yi=p) 2’21()/ —p)+ ] fori=1,...,n.

Step 2: Sample a from Inv-Gamma (”” VZZT”’); Set ¢ = ¢* /.
Step 3: Sample (u, X) from p(u, X|q,Y") by
e sampling ¥ from Inv-Wishart [n 1L, Y- Y-,

e sampling p from Ny <[L, ﬁ)

We derive the surrogate distribution of ¢ and (i, X) as in (4.15). We first work out
p(qlY) and py(p, Elq,Y') as

V+d -1 n g T2
v 4
p(qlY) o (H%) (Z%) Z%Yz (Y, — )" e T (C.10)
i—1
ps(, Zlg,Y) = [pla, pu,%]g,Y)da
L Tl g -
= T/ raln- 173 = 15| 1
n nvtd n ~ N 5 C.11
(Cra) " S a (v - v - 7| e
_n(u+d)

2

Y+ T @Y — ) T (Y — )
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Thus the surrogate distribution is

ps(q: 1, 2Y) = ps(p,2]q, Y)p(qlY)
_ ntd+1 vtd _q nwy v g
o [X]

(Ilo @) 2 (Cimia) e 2 o) (C.12)
g+ S G- ) S Y -] T

2

The steps of the Gibbs sampler for updating the surrogate distribution are
Step 1: Sample ¢ from p,(q|Y, i/, X') by,

. Y —u/ Tz/—l Yi—u! .
e sampling w from Gamma [ﬂl (¥i—yr') (¥ “H”], fori=1,...,n,

2 2

e sampling $* from Gamma (%, "Zn%w:) setting ¢ = S*w*,

where w* = (w7, ..., w});
Discard * and w.
Step 2: Sample (p, X)) from ps(p, X|q,Y) by

v q
e Sample a* from Inv-Gamma <%, #),

(Yi—i) (V=)™

a* Y

e sampling ¥ from Inv-Wishart [n -1, i@
1 N a*X .

e sampling p from Ny <M> —Z?:1qi>7

Discard o*.

In fact, the univariate ¢-distribution model is a special case of the multivariate t-
distribution model.

C.4 DETAILS OF THE GIBBS-TYPE SAMPLERS FOR FITTING THE SPECTRAL ANAL-
YSIS MODEL (4.18)

The target posterior distribution of «, 8, p, and ¢ under the spectral model (4.18) is

K Y;
ples B, 0Y) o< Ty [alB + UL el {i = i he /™

(C.13)
exp { —a S (B + il el {i = pud)e ¥/

Integrating (C.13) over «, we have,
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Y;
p(B, 1, 0Y) o< T, [(E;ﬁ + K I = Nk})e—ab/Ei} %
0 K . (TR, Vit (C.14)
(S (B + S i = e/ |

Hence, the steps of the MH within PCG sampler updating p and (3, ¢) without condi-

tioning on «, i.e., Sampler 4.13, are
Step 1: Use MH to sample p from p(u|f’,¢',Y) o< p(B', i, #|Y).
Step 2: Use MH to sample (3, ¢) from p(83, ¢|u,Y) o< p(B, i, ¢|Y).

Step 3: Sample o from Gamma |y ", Y; + 1, Z?ﬂ(Efﬁ + Zszl Yl {i = Mk})ew/b‘i]_

The steps of the three-step sampler using the conditionals of the surrogate distribution

ps(a, B, 1, ¢|Y) in Steps 1 and 3, i.e., Sampler 4.14, are
Step 1: Use MH to sample p from p(p|f’, ¢',Y) o< p(B', i, #|Y).

Step 2: Use MH to sample (8, ) from p(8, 6|, V) o p(B, 1, 6|Y).

Step 3: For K = 2, as for the simulation study in Section 4.3.2, sample «a from
Z?:l Z?:l pﬂGamma(av bjl)7

where a = > " | Y, +1; pjy = #&ﬂwﬂ and >0, 70 pu = 1; for j = 1 and

l — 1, bjl = 27:1 EZ_B€7¢/E7’ + 'Yleid)/Ej + 7267¢)/E17 and

. . — Y, —a n —pPI
o if j =1, wy=uwy=(E 7+ Y1+ 72) lbzz (Hi:m;&z L By)7

. _ Y, Yi, uirrn sy,
e otherwise, wj = (E S '(E, 5t 9) lbﬂ (Tl izjon B 200

)

We use a uniform distribution on {1,...,n}" as the jumping rule when updating .
When sampling # and ¢ jointly via MH, the jumping rule is a bivariate Gaussian
distribution centered at the current draw with variance-covariance matrix adjusted to

obtain an acceptance rate of around 20%.

C.5 DETAILS OF THE GIBBS-TYPE SAMPLERS FOR FITTING THE SIMPLE HIERAR-
CHICAL GAUSSIAN MODEL (4.20)

The target posterior distribution of X and 1 is,

1
p(X, YY) OceXp{—§

=T } . (C.15)
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The steps of the standard DA sampler, i.e., Sampler 4.15, are

. VYy+y' Vv
Step 1: Sample X from N( s ’v_+1)'

Step 2: Sample ¢ from N(X, V).

Setting X = X — 1, the joint posterior distribution of X and 1 is,

p(X, 0]Y) ocexp{—% [(y—X—@z))HEH. (C.16)

%

The steps of the ASIS sampler, i.e., Sampler 4.16, are

Step 1: Sample X* from N (Ve//:{’bl, VL+1>
Step 2: Sample * from N(X*,V); Set X = X* — ¢*.
Step 3: Sample ¢ from N(Y — X, 1); Set X = X + ).

We derive the surrogate distribution of X and ¢ as in (4.21). We first obtain p(X|Y),
which is N(Y, 1), and ps(¢| X, Y'), which is N[Y, (V+1)]. Because ps(¢|X,Y) = p(¢|Y) =
ps(V|Y), ps(X |10, Y) = p(X|Y). Thus it is not necessary to express the joint surrogate
distribution ps(¢), X|Y') explicitly.

The steps of the Gibbs sampler for updating the surrogate distribution, i.e., Sam-
pler 4.17, are

Step 1: Sample X from N(Y,1).

Step 2: Sample 1) from N(Y,V + 1).
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DETAILS OF THE (GIBBS-TYPE
SAMPLERS IN CHAPTER 5

In this appendix, we provide the details of the samplers for fitting the generalized ver-

sions of the Baseline Model in supernova cosmology, which are introduced in Chapter 5.

D.1 THE BASELINE MODEL

The joint and marginal posterior distributions under the Baseline Model have almost
the same forms as (A.4) and (A.5) in Section A.2 of Appendix A, except that we replace
L by the density of Inv-Gamma(0.003,0.003).

2
Otes

The MH within PCG sampler for the Baseline Model is almost the same as Sampler 2.8

2 from Inv-Gamma [ % + 0.003,

in Section 2.3.2 of Chapter 2, except that we sample o
S LM 0,003 ],

The posterior distributions for the hierarchical model with X = Cg..t have the same
forms as those for the Baseline Model. The steps of the sampler for fitting this model

are also the same as those for fitting the Baseline Model.

185



D.2 THE HARD CLASSIFICATION MODEL

In this model, we divide the SN population into two classes according to the observed
host galaxy mass. The joint and marginal posterior distributions under the Hard Clas-
siﬁcation Model have the identical forms as those in (A.4) and (A.5) except that we
replace —— with the product of two Inv-Gamma(0.003,0.003) densities. The specifica-
tion of YX , L, ¥, and A is identical to that in the Baseline Model. However, the
specification of &, &,,, X p, Yo, and J is modified to reflect the existence of two host galaxy
mass populations. Under this model, £ = (cg, o, M, MP); &, = (0,0, —19.3, —19.3);
Sp = Diag(S,...,S,), where S Diag[R2, R2, (1 — Z;)(o%,)" + Z( by oy =

10 0 0
Diag(1%,10%,2%,2%); Jznxa) = , where J; = | 0 1 0 0 |. Under this
0 0 1-242, Z
model, Z = (Zy,...,Z,) is known Wlt

1 if M,,; > 10
zi:{ e = (D.1)

0 otherwise.

The steps of the MH within PCG sampler for fitting the Hard Classification Model are,

Step 1: Use MH to sample € from p(€|Y, «, 8, %p), which is proportional to p(%, «,
B,%p|Y), with € = (Q,,, Q) € [0,1] x [0, 2].

Step 2: Use MH to sample (a, ) from p(«, |Y,%,Xp), which is proportional to
p(¢,a,B,5plY), with (a, 8) € [0,1] x [0,4].

Step 3: Sample (£, X), which consists of two sub-steps:

e Sample ¢ from N(ko, K);
e Sample X from N(pua, X 4), where py = Y4(A + X51JE).

Step 4: Sample X p, which consists of four sub-steps:

Sample R? from Inv-Gamma [%, M} with log(R.) € [-5,2].

Sample R2 from Inv-Gamma [Q, M} with log(R,) € [—5,2].

Sample (¢'2,)? from Inv—Gamma[MjLO.OOS, Liny (I_ZiQ)(Mi_M(I)O) +0.003].

n . L i 2
Sample (o)? from Inv-Gamma [nglzi +0.003, Ziz ZALME +o.oo3].

186



D.3 THE SOFT CLASSIFICATION MODEL

For the Soft Classification Model, the SNe are classified by their true (latent) host galaxy
masses (rather than by their observed masses as in the Hard Classification Model),
and the indicator variables, Z, are treated as unknown. Thus, the joint and marginal
posterior distributions under this model should be written as p(X, ¢, €, «, 3, Xp, Z]Y)
and p(€,«, B,Xp, Z]Y'). The distributions have the identical forms as those in (A.4)
with

and (A.5) respectively except that we replace -

res

p( ) ( )Hp, (1—p) %, (D.2)

where
pi =Pr(Z —1‘Mgz) Pr(Mg; > 10 | g)
= S g exp [~ (Myi = M) /(202,)] dMgi,
for i = 1,...,n. The specification of Y, X, &, &,,, L, X¢, Xp, Yo, A, and J is identical
to that in the Hard Classification Model.

(D.3)

The steps of the MH within PCG sampler for fitting the Soft Classification Model are,

Step 1: For each i, sample Z; from Bernoulli(p;), where p; = I#m, with

1 (Mg — M)

i Jlow — - : 1- i) D.4

Pi 010 P 2(0}28)2 (1=p) (D-4)
and )
1 (Mf — Mé‘i)

i,high = —7— €X e - 1—)p;); D.5

Di high o p{ 2(0?(;5)2 (1-)ps) (D.5)

Use Z to construct J.

Step 2: Use MH to sample € from p(%¢|Y, a, 8, Xp, Z), which is proportional to p(¥,
a,B,%p, Z|Y), with € = (Q,,,Q24) € [0, 1] x [0, 2].

Step 3: Use MH to sample (o, 8) from p(«, 5|Y, €, Xp, Z), which is proportional to
p(%,a,B,Ep, ZY), with (a, ) € [0,1] x [0,4].

Step 4: Sample (&, X), which consists of two sub-steps:

e Sample ¢ from N(kg, K);
e Sample X from N(pua,X4), where pg = S4(A + X51JE).
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Step 5: Sample X p, which consists of four sub-steps:

e Sample R? from Inv-Gamma [%, M} with log(R,) € [-5,2].

e Sample R? from Inv-Gamma [%, M} with log(R,) € [—5,2].

n . n 7. L 0)2
e Sample (¢12,)” from Inv-Gamma[Z==10=2) 10 003, Zi= U= ZIAL-MEY ¢ 3).
e Sample (o1)? from Inv-Gamma [# +0.003, Zi=t Zi(f"_Mgi) + 0.003].

res

D.4 Tdae COVARIATE ADJUSTMENT MODEL

In this model, since we include M, ; as an additional covariate, the specification of quan-

tities in the posterior distribution is different from the Baseline Model. First, for Y =

—~

(Y,...,Y0), Y, = (&, 24, Mg, mp;). Moreover, X = (c1, 21, Mg1, M, ..., Cpy Ty, Mg, M,),
¢ = (co, w0, Mgy, Mp), and &,, = (0,0,10,—19.3). For the variance-covariance matri-
ces, ¢ now has the dimension of (4n x 4n). The (3n x 3n) submatrix of ¢, after

deleting the (44)™ (i = 1,...,n) rows and columns, is (Cias + Ciyst). The (44, 44)™
s
zero, because we ignore correlations between M, ; and other observed quantities; Xp =

Diag(Si,...,S,), where each S; = Diag(R?, R2, R?,02.); Yo = Diag(1%,102,100%, 2%).

element of ¥¢ is oZ,, while the other elements in the (42')th rows and columns are all

g) “res
Ji
In addition, Ju,xa) = : |, where each J; is a (4 x 4) identity matrix; Aunxan) =
In
1 0 00
. 0O 1 00 . ..
Diag(Th, ..., T,), where each T; = 0 0 1ol Under this model, the joint and
g —a v 1

marginal posterior distributions should be written as p(X,&, %, a, 5,7, Xpl|Y, .@g) and
p(€,a,B,v,Xp|Y, .@g) respectively. But they are formally identical to (A.4) and (A.5),

respectively, except that we replace U% with

1 2
_p(gres)‘ (D6)
it

The steps of the MH within PCG sampler for fitting the Covariate Adjustment Model

are,

Step 1: Use MH to sample € from p(%Y, @g, a, 3,7, %p), which is proportional to

188



p(€, o, 8,7, Sp|Y, D), with € = (1, Q) € [0,1] x [0,2)].

Step 2: Use MH to sample («, 8,7) from p(a, 8,7]Y, ég, ¢, % p), which is proportional
to p(%, 0, 8,7, SplY, Dy), with (e, 4,7) € [0,1) x [0,4] x [~4, 4]

Step 3: Sample (£, X), which consists of two sub-steps:

e Sample ¢ from N(ko, K);
e Sample X from N(ua,X4), where py = Y4(A + X51JE).

Step 4: Sample X p, which consists of four sub-steps:

Sample R? from Inv-Gamma [%, M} with log(R.) € [-5,2].

Sample R2 from Inv-Gamma [%, w} with log(R,.) € [—5,2].

Sample R} from Inv-Gamma [", Zin (MifMg*)Q] with log(R,) € [—5,2].

|

2 . from Inv-Gamma

Sample o

L—

8 0,003, =L =ME 4 g,003].

D.5 THE z-LINEAR COLOR CORRECTION MODEL

In the z-Linear color Correction model, the specification of Y, &, &,,, L, ¥¢c, Xp, 2o,

and J is identical to that in the Baseline model. But X = (¢, z1¢1, 21, My, ..., Cp, 2nCn,
1 0 0
T, M,), and A = Diag(Ty,...,T,), where T; = 0 1 0

Bo+ Przi —a 1
Under this model, the joint and marginal posterior distributions should be written as
p(X, &, €, a, Bo, B, 2p|Y) and p(€, a, Bo, 51, Lp|Y') respectively. But they are formally
identical to (A.4) and (A.5), respectively, except that we replace U% with the density

of Inv-Gamma(0.003, 0.003).

For fitting this model, we combine MH within PCG and ASIS algorithms. We integrate
(X, &) out when updating %, and use the ASIS algorithm to update (—ca, Sy, 51). The

distribution of X conditioning on (—a, fy, 51) and other parameters is
X|€a ZP>Q7507517%NN3N(‘]§72P)' (D7)

Because this distribution is free of (—a, fy, 51), X is an ancillary augmentation for
(—a, Bo, B1) conditioning on other parameters. To derive a sufficient augmentation,
we set X = AX. The distribution of Y conditioning on X, (—a, fy, 1), and other
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parameters is

YIX, & 5p, By, f1,€ ~ Nau(X ). (D.8)

Because this distribution is free of (—«, o, 81), X is the corresponding sufficient aug-
mentation for (—a, 5o, f1).

The steps of the MH within PCG + ASIS sampler for fitting the z-Linear color Correc-
tion Model are,

Step 1: Use MH to sample € from p(%|Y, «, 5o, B1, Xp), which is proportional to p(%,
Oé,ﬁo,ﬁl, EP'Y), with € = (Qm, QA) c [O, 1] X [0, 2]

Step 2: Sample (£, X*), which consists of two sub-steps:

e Sample ¢ from N(kg, K);
e Sample X* from N(pua,¥4), where g = S4(A + X5 JE).

Step 3: Sample (—a*, 55, 57) from N3((g, Xp) (details about this distribution are given
below) with constraint (—a*, 55, 57) € [—1,0] x [0,4] x [—4,4];

Use (—a*, 8§, BF) to construct A*; Then set X = A*X*.

Step 4: Sample (—a, By, f1) from N5((p, Xp) (details about this distribution are given
below) with constraint (—a, £y, £1) € [—1,0] x [0,4] x [—4,4];

Use (—a, fo, 51) to construct A; Then set X = AX.

Step 5: Sample X p, which consists of four sub-steps:

e Sample R? from Inv-Gamma [%, M} with log(R.) € [-5,2].

e Sample R?2 from Inv-Gamma [%, w} with log(R,) € [-5,2].

> from Inv-Gamma[% + 0.003, w + 0.003].

e Sample o7

In Step 3, X3' = ETV'E, where V,, is the (n x n) submatrix of Y¢ after delet-

ing the (3i —2)™ (i = 1,...,n) and (3i —1)™ (i = 1,...,n) rows and columns, and
¢ zel T

Enxs) = : : : |. Furthermore, (g = SpE"V 1 (Hn — nm — An), where
Cn  ZnCn  Tp

N = (Mg — fi1, -, Wy, — Hin)s M = (M, ..., M), and An = Vm,—mV:nlz(ﬁ—m —Nm);

V., is the (2n X 2n) submatrix of Y¢ after deleting the (3i)™ (i = 1,...,n) rows

and columns; V,, _,, is the (n x 2n) submatrix of Y¢ after deleting the (3i —2)™

(t=1,...,n) and (3i — 1)th (¢ =1,...,n) rows and the (Si)th (¢ =1,...,n) columns;

A

N—m = (61,@11; e 7én>§71n); N—m = (01713117 s ;Cn,l’ln)-
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Ef
In Step 4, igl = (ETE)/O'EBS, where E(nxg) = with E,L = (—61, —Ziéi, —:ih), él
ET
and Zy; are the (3i —2)™ and (3 — 1)™ components of X respectively. Furthermore,
(g = YB[ET (g, — im)/02,], where nyy, = (Mo, . .., My) and 7, = (M, ..., M,); M; is
—_————

n

the (3i — 2)™ component of X.

D.6 THE z-JUMP COLOR CORRECTION MODEL

In the z-Jump color Correction model, the specification of Y, &, &,., L, Yo, Xp,
Yo, and J is identical to that in the Baseline model. But under this model, X =
(cl, (% + %arctan (zl_zt)) cl, 1, My, ... ¢y, (% + %arctan (Z"_Zf)) Crs Ty ]\/[n), and A =

0.01 0.01
1 0 0

Diag(Ty,...,T,), where T; = 0 1 0
o+ 8 (3 + Larctan (3555)) —a 1

Under this model, the joint and marginal posterior distributions should be written as
p(X, &, €, a, Bo, AB, 2z, 2p|Y) and p(€, a, Bo, AB, 21, Lp|Y) respectively. But they are
formally identical to (A.4) and (A.5), respectively, except that we replace U% with the
density of Inv-Gamma(0.003,0.003).

res

For fitting this model, as in the sampler for the z-Linear color Correction Model, we
also combine MH within PCG and ASIS algorithms in this sampler. We integrate (X, ¢)
out when updating both € and z;, and use the ASIS algorithm to update (—«, Sy, AS).
When implementing ASIS, we also regard X as the ancillary augmentation, and X =
AX as the corresponding sufficient augmentation for (—«, 5y, A3), conditioning on other

parameters.

The steps of the MH within PCG + ASIS sampler for fitting the z-Jump color Correction
Model are,

Step 1: Use MH to sample € from p(€|Y, «, By, AS, 2, Xp), which is proportional to
p(cga «, 507 AB? 2ty 2P|Y)’ with € = (Qma QA) € [Oa 1} X [07 2]

Step 2: Use MH to sample z; from p(z]|Y, ¥, «, 5o, AS, X p), which is proportional to
(21, €, o, Po, AB, Xp|Y), under the constraint z € [0.2,1].

Step 3: Sample (£, X*), which consists of two sub-steps:

e Sample ¢ from N(kg, K);
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e Sample X* from N(pua,S4), where g = S4(A + X1 JE).
Step 4: Sample (—a*, 55, AS*) from N3((p, X5) with constraint (—a*, 53, 87) € [—1, 0] x
[0,4] x [~1.5,1.5];
The construction of (g and ¥ g is identical to that in the z-Linear color Correction
sampler;
Use (—a*, 8%, AB*) to construct A*; Then set X = A*X*.
Step 5: Sample (—a, £y, AS) from Ng(fB, > p) with constraint (—a, o, AB) € [—1,0] x
[0,4] x [—1.5,1.5];
The construction of f 5 and Y5 is identical to that in the z-Linear color Correction
sampler, except that under this model, E; = (—@, — (% + % arctan (%)) Ci, —T14, );
Use (—a, By, AB) to construct A; Then set X = A1 X,
Step 6: Sample X p, which consists of four sub-steps:
e Sample R? from Inv-Gamma [%, M} with log(R.) € [-5,2].
e Sample R?2 from Inv-Gamma [g, M} with log(R,) € [-5,2].

e Sample 2 from Inv-Gamma[2 + 0.003, w + 0.003].

res 2

When MH updates are required in the samplers above, we use truncated normal distri-
butions centered at the current draw with variance-covariance matrix adjusted to obtain
an acceptance rate of around 40% (univariate) or 25% (multivariate). Truncations are

applied according to prior constraints.

192



ALGORITHMS IvD-2, IvD-2c, BN,
AND BNcC IN CHAPTER 6

E.1 AvrcorituMms IvD-2 anD IvD-2c

Algorithm IvD-2 does not marginalize a out when updating 5. Thus Algorithm IvD-2
can be used when the prior mean of 3, [y, is not equal to zero, while Algorithm IvD-1

can not.

The error in Algorithm IvD-2 arises in Step 2(a), same as the error in Step 3(a)
of Algorithm IvD-1. Thus Steps 0, 1, and 3 of Algorithms IvD-2 and IvD-2c¢ are
the same. In Step 2(a), however, Algorithm IvD-2c updates o+ by sampling from
Inv-Wishart (n +u, 30 7,77 + S') subject to the constraint in (6.7), whereas Algo-
rithm IvD-2 ignores the constraint. Note that S in & (6%,) of the constraint (6.7)
should be replaced by f® in Algorithm IvD-2c. We display Algorithm IvD-2c¢ here.
Except for the boxed expression, Algorithm IvD-2 is identical to Algorithm IvD-2c¢.*

*In Algorithm IvD-2, the constraint in the box of Algorithm IvD-2c is ignored.
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Algorithm IvD-2c (with the correction in the box)

Step 0: Initialize parameters t = 0, 59, o(®) %) and W),
while t < T do
Step 1: Update ((aQ)*,Z> from p(a2, Z|Y, ), 2®) by

(a) sampling (a?)” from p(a?|2®): (a?)* ~ adtrace (SE(t)_l) /X2, setting a* = \/(a2)”;
(b) sampling Z from p(Z|Y, a*, 3, £®):
fori:=1,...,ndo

for k:=1,...,pdo

sampling W3, via p(Wik|Yi,W2_k,ﬁ(”, SO Wi ~ TN(pg, 72.), see Appendix E.3 for
details;

end for

Set Z; = a* (W — X;8M).
end for
Step 2: Update ((az)(tH),Z(tH)) via p(a?,2|Y, Z, M) by

(a) sampling X* from p(2|Y, Z, B1):

>* ~ Inv-Wishart |n + v, Z ZiZE + 8

i=1

,‘ subject to the constraint in (6.7) ‘;

(b) setting a(t+1) = 57+, R+ = i*/(a(t+1))2, and Wi(H_l) = (Z; + oD X, 1)) /o t+1),
Step 3: Update D via p(B|Y, WD nt+D):

n —1
o oSt |
=1

where 3 = (Z" XTIyt x, +A—1)71 (En XTZ(t+1)*1W_(t+1))
i=1""1 ¢ i=1""1 i :

return AU+ S+ and WD
t4+ 1<+t
end while

E.2 AvrcoriTuMs BN aAND BNc

Algorithm BN is almost the same as Algorithm IvD-1. The only difference is Step 3(b).
Specifically, first, in Algorithm BN, o2 in this step is set to trace(X)/p, while in Algo-
rithm IvD-1, o2 is set to the first element of 3; second, Algorithm BN sets 8 = 3 /o in
Step 3(b), while Algorithm IvD-1 does not.

There are three errors in Algorithm BN and all of the errors appear in Step 3. Besides
the same two errors as in Algorithm IvD-1, “0+1) = * /a1 in Step 3(b) of Algo-
rithm BN should be removed, because we update £* conditioning on (Y, Z , B(t“)), not,
on (Y, W*, 5’*) Thus Steps 0, 1, and 2 of Algorithms BN and BNc¢ are the same. How-

ever, Step 3(a) of Algorithm BNc updates ¥* by sampling from a constrained inverse-
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Algorithm BNc (with corrections in boxes)

Step 0: Initialize parameters t = 0, 59, (0, %0 and W),
while ¢t < T do

Step 1: Update ((aQ)*,W*) via p(a27W\Y7 1, 21 by

(a) sampling (a?)" from p(a?|2®): (a?)" ~ adtrace (SE(trl) /X2, setting o = /(a2)™;
(b) sampling W* from p(W|Y, a*, 31, £(1):
fori:=1,...,ndo

for k:=1,...,pdo

sampling W, from p(Wix|Y;, W;_,, 8, £®): Wi ~ TN(uir, 77,), see Appendix E.3 for
details;
end for
Set W = o*Wp.
end for

Step 2: Update ((a%)", 3+) via p(a?, B[Y, 7+, 50) by
(a) sampling (o2)* from p(a?|Y, W*, £®):

(o) Yoy (Wi = X,B) SO (Wr — XiB) + FTAS + trace (52“)71)
« ~

b

2
X(n+u)p

. . —1 1
where [ = (Z?:1 XIE®X; + A_l) (E?:1 X7z® Wz‘*)§
(b) sampling B* from p(6~|Y, W*, ()", 2®):

n 1
N T——
i=1
setting a* = v/(a2)* and g+ = B*/a*.
Step 3: Update ((a2)(t+1)72(t+1)) via p(a?, XY, W*,ﬁ(tﬂ)) by
(a) sampling X* from p(X|Y, Z, B¢+D):

i

>* ~ Inv-Wishart (n + v, Z ZZT + S) 7‘ subject to the constraint in (6.7*)
i=1

where Z; = W — o X; (D)

(b)  setting atD

trace(S*/p), D = £/(atD)’ and

Wi(t-‘rl) _ (Zi + a(t+1)Xiﬁ(t+l))/a(t+l) i

return S0+D B+ and WD
t+1t
end while
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Wishart distribution, that is,
>* ~ Inv-Wishart (n + v, Z Z; 72T + S) subject to the constraint (6.7%),
i=1

whereas Algorithm BN ignores the constraint. The constraint (6.7*) is an adaptation
of (6.7) by replacing 6%, with r = trace(f]*/p). Specifically, &(r) = Z; + rX; 0+,

for i =1,...,n. The updated value of r must satisfy

max 4 &1 (r), ..., Ep(r } ifY;, =0
1E) A7) ‘ , for i=1,...,n. (6.7%)

max {0,&1(r),.. . plr)} = &alr) i1V =k

Finally, in Step 3(b), Algorithm BNec sets a1 = 4 /trace(X*/p), 0+ = i*/(a(Hl))Q,

and WY = (Z;4a0HD X, 80+D) /o)) while Algorithm BN sets at+1) = 4 /trace(S*/p),

R = 5/ (alt+D) ) WD = W+ /o) and additionally, S+ = g* /o) We
display Algorithm BNc here. Except for Step 3, Algorithm BN is identical to Algo-
rithm BNc.T

E.3 DETAILS OF SAMPLING W IN STEP 1(B) OF ALGORITHMS IvD-1, IvD-1c,
IvD-2, IvD-2c, BN, AND BNc

Updating W in Step 1(b) of Algorithms IvD-1, IvD-1c, IvD-2, IvD-2¢, BN, and BNc
consists of sampling from a series of univariate truncated normal distributions, that is,

fori=1,...,nand k=1,...,p,

VV:]; ~ TN(ILLZk7 T’L%{J)’

where p, = XSO + 2 (t) E(t (W, X; _xBY) with Wi e =(Wh, ..., WEi-1
w Wi ), and 73 = <0( )>2 —x Z() E(t) ; Xk is the kth row of X;
i,(k+1)> " "aip ik kk k,—k —k,k> ik i)

and X; _j is the sub-matrix of X; with X removed. The constraint on W}, is, W >
max{0, W;_, }, if Yi = k; W < max{0, W;_,}, if Vi # k.

If the constraint on W)} has the form, W > w, and w < 0, we update W)} with simple

fIn Algorithm BN, the constraint in the first box of Algorithm BNc is ignored, the expression in
the second box is replaced by WD) = W+ /q(t+D “and g+ = g*/a(t+1) is added at the end of
Step 3(b).
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rejection sampling: we iteratively sample from the unconstrained normal distribution
until W7, > w is satisfied. If W7, > w, but w > 0, we update W}, with the exponential
rejection sampling proposed by Robert (1995). Otherwise, if the constraint on W3 has
the form W) < w, we can apply the above sampling scheme with slight adaptation,

since =W > —w.
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