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“History” of C statistics in Astrophysics

e Cash, W., Parameter estimation in astronomy through application
of the likelihood ratio, Astrophysical Journal, Part 1, vol. 228, Mar.
15, 1979, p. 939-947.

o Inference: MLE & confidence intervals

o Goodness-of-fit Test: x? for difference of likelihood ratios — if there
exists a hypothesized fixed subset of parameters.

e Kaastra, J. S. On the use of C-stat in testing models for X-ray
spectra, Astronomy & Astrophysics 605 (2017): A51.

e Goodness-of-fit Test: Approximate Gaussian

e Bonamente, Massimiliano. Distribution of the C statistic with
applications to the sample mean of Poisson data. Journal of
Applied Statistics 47.11 (2020): 2044-2065.

e Homogeneous Poisson rates & Approximate Gaussian intervi
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Mathematical Notations for C-stat

Let null set be S = {s;(0),1 <i < I} C RL. Under the null model, the
maximum likelihood estimate for 6 is

0r = argmaxgepa {L(s1(0),...,s1(8)|N1,...,Nr) =p(Ny,...,Ny|0)}.

. indep. . . .
The saturated model is N; "~ Poisson(s;), 1 < i < I. The maximum
likelihood estimate for s; is §; = N;. The log likelihood ratio statistics is

supg L(s1,...,s7|N1,...,Np)
LR; = —2logA; = 21
! o8 OgsupRn L(s1,...,s1|N1,...,Np)

1

= QZ [Sl(én) — N;log Si(é[) — N; + N;log N; | .
=1

This is the C-stat after plugging in the MLE éj, i.e. LRy = C[(él),
where the C-stat, denoted by Cy(#), is defined as
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Likelihood Ratio Test and C-stat

The plug-in C statistic is not equal to the “true” C statistic:
Lemma (Wilk’s Theorem)

For any n, —Cy(0,) + Cr(00) = LR}, where LR, is given by

m’

LR; _ _210g L(Sl(?o), 000 ,Sn((?o)’Nl, 000 ,Nn)
L(s51(0y), ..., $n(0)| N1, . .., Nn)

= Z [Ni log 5;(0) — N;log s;(60) + s:(6o) — Si(én)} :
=1

which is the likelihood ratio statistics for testing the null
hypothesis Hy : 0 = 0y versus the alternative

Hy:{s;i(0),1<i<n}eS. Asn— oo, LR 3 2.
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Asymptotic Normality

Without loss of generality, we can assume that all s;(6*) are bounded
from below and n is large.

Lemma (Problem Reduction due to Infinite Divisibility)

If Y70 1 8i(0%) — oo, then there exists {m1,...,mr} such that
(1) 37 mi — 00, (2) m; =1 when s;(0*) <1, (3)

0.5 < 5(0*)/m; <1 when s;(0*) > 1, (4) the likelihood is
equivalent to the likelithood of the following model

S indep. . 81(9) il 5. a
N;j ~" Poisson gl ZN” = N;. (1)
7 =1

Under mild regularity conditions, we have

Cnl6) — BIC(6) — N(0,1), as n— oo.
Var(Cy,(6)) ML |[5A STATSTICS,
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High-Order Asymptotics

Assume s; follows log-linear model n = X6 where 7; = log s;. Let
V = diag(si), Q = (Qyj) = X(XTVX)~ 1X HQ — B(Cy),

8 = B = P ) = PO i) i = BAC ) (N~ 50)
riy = E{(Ci — k1) (Ni = 5i)?}, kig) = E{(Ci = 1y")*(N; — i)} and
[()3) E(N; — 5;)3. Then under regularity conditions,

B(Crin6) = &) — %ﬂXTfJX(XTVX)*Il +0(n1?),

Var(Cunin|8) = &5 — &, X(XTVX) "X Tay +O(n™V/?),

where £ = diag{s{y — (3, kY Qsi)rin}, w11 = (Y, k)T,
’?g.) = Z?:l ng) and "ﬁg) = Zi:l Hg)~
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Algorithm 1 Likelihood ratio with x*-statistics
Require: Data points: the N,'s, the number of bins n, and the number of unknown

parameters to be estimated d.

1: Obtain  via the following maximum likelihood estimation
0 = argminlog Ly(N, --- , Nul6)

2 Calculate 5,(6) = f;

) and
Cun Zi][s.(é) ~ Nilogs(6) ~ Ny + Nlog N
3. Determine the p-value by
p=max{:_o(5) < Cun <xEal1 = )}

4 return p

Algorithm 2 Asymptotic Normality - Bootstrap Mean/ Variance

Require: Data points N;’s, the number of bins n, the number of parameters to be esti-
mated d, and the number of bootstrap repetitions B.
1: Obtain @ via the maximum likelihood estimation = arg mingee log L, (N, -+ , N,|).
2: Calculate 5,(8) = f;(9) and

Cunin =z§"j[s.-(é) —~ Nilogs,(6) - N;+ Nilog Ni]

3 forme {1,2,--- B} do

4 Generate n Poisson samples denoted by N™,

5 Obtain 6 via the following maximum likelihood estimation

o) — i )
00" = arg min log Ly(N; SN18)

6 Caleulate s/™(6) = fi(¢

™) and

Ol =2 3~ N g 76) N+ N og )

7: end for

s Determine the bootstrap mean and variance

(m) (m) 2
(o) ~ Ef_écm Vary(Cue) o St C.‘,,;‘ = ECmn))

9 Determine the p-value by

Conin — Eb(Crnin) _p
e <0}

where Z is the cumulative distribution function of the standard normal distribution.

P=my{z(§) <

10: return p




Algorithm 3 Asymptotic Normality — High Order
Require: Data points N;'s, the mumber of bins n and the number of parameters to be

estimated d.

1: Obtain  via the following maximum likelihood estimation

0 = argminlog Ly (Ny, -+ . Na|6)

2 Caleulate s

£:(6) and

Cuin =2 [5:(6) — Nilog s,(8) — Ni + Nilog N]
=
3: Determine the cumulants 40", 40, 42, 4%}, V, Q and £ via direct summation over

each Poisson data N;.

4: Determine the theoretical asymptotic mean and variance

E(Coa - %1*x'ﬁx(xwx)41 0@,
Var(Coial0) = & — L X (X VX)X &y + O(n/%).
5: Determine the p-value by
pomax]Z (5) < G —E(Cm.nJB) <z (1_ g) ;
B 3/ Var(Cuiul6)
where Z is the cumulative distribution function of the standard normal distribution.

6 return p

Algorithm 4 Parametric Bootstrap

Require: Data points N;’s, the number of bins n, the number of parameters to be esti-
mated d, and the number of bootstrap repetitions B.

1: Obtain @ via the following maximum likelihood estimation

0 = argminlog Ly(Ny, -~ , N|6)

Cuin =2 ) [5:(6) — Nilog5,(6) — Ni + Nilog Ni]
=

3 for m € {1,2,--, B} do

4 Generate n Poisson samples denoted by N/™, i =1,--- ,n.

5 Obtain 6 via the following maximum likelihood estimation

o = in_log L (V™
=18 Join, log Lu(M;
6 Calculate 5™ (0) = £,(6) and
€l = 23 ) - N log (E) — N+ N g N
=

7 end for

8 Rearrange G, m = 1,2, , B such that ), < C%) < < %) And determine
k such that k = ming {K|CL," < Chin < CEL}.

9: Determine the p-value by

%min{k,B —K.

: return p




Numerical Studies: A simple example

We consider this example: n = 100, 6 = 2, 5 = 1, and

si=brexp(fy xi/n), i=1,...,n.

Table: The p-values of five numerical studies, ; = 2.0.

Test 1 2 3 4 5

Bootstrap test  0.112  0.732 0.316 0.124  0.610
Conin test 0.109 0.730 0.302 0.113  0.649
x? test 0.028** 0.184 0.063 0.025** 0.153

ML | L3 STATSTICS,

Y Chen (UM) C statistics June 9, 2023 10 /16



Numerical Studies: Systematic Comparisons

Model A:

Model B:

Model C:

Constant Rate Poisson Model, s; = u, u = {0.5,2,5,10}.

Varying Rate Poisson Model

o Pareto/Powerlaw Rates: s;(0) = u(1 44 x co)7F,
where co = 1, = {0.5,2,5,10} and k = 1.

n
e Exponential Rates: s;(0) = pexp(—in), where
i =>5,10,100 and n = n~ 1.

Unstructured Rate Poisson Model: s; ~ I'(«, §), where
f = +/a and a = 25,4,0.25, representing large, mixed and
small count settings.
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Numerical Studies: Systematic Comparisons

Alg.1 Alg.2 Alg.3 Alg4

Model n=10,50,100 n=10,50,100 n=10,50,100 n=10,50,100

A-L-B | 0.07 | 0.06 | 0.03 | 0.05 | 0.05 | 0.05 | 0.05 | 0.05 | 0.03 | 0.05 | 0.04 | 0.04
A-M-B | 0.05 | 0.11 | 0.11 | 0.03 | 0.03 | 0.03 | 0.03 | 0.02 | 0.03 | 0.05 | 0.02 | 0.03

A-S-B| 0 0 0 | 0.04 | 0.03 | 0.02 | 0.06 | 0.03 | 0.10 | 0.02 | 0.02 | 0.02

B-P-L | 0.07 | 0.16 | 0.08 | 0.06 | 0.11 | 0.06 | 0.03 | 0.11 | 0.04 | 0.04 | 0.11 | 0.04

B-P-M | 0.01 | 0.16 | 0.19 | 0.04 | 0.08 | 0.09 | 0.03 | 0.07 | 0.07 | 0.04 | 0.09 | 0.09

B-P-S | 0.07 | 0.01 |0.06 | 0 |0.020.01|0.09 0.04]0.04|0.070.02|0.01

B-E-L | 0.08 | 0.08 | 0.09 | 0.05 | 0.05 | 0.07 | 0.05 | 0.05 | 0.07 | 0.05 | 0.06 | 0.06

B-E-M | 0.02 | 0.04 | 0.14 | 0.02 | 0.04 | 0.06 | 0.02 | 0.06 | 0.06 | 0.01 | 0.05 | 0.07

B-E-S | 0.13 | 0.06 | 0.11 | 0.03 | 0.01 | 0.01 | 0.15 | 0.04 | 0.06 | 0.12| 0 | 0.01

Table 1: Type I Error from 100 repeated simulation experiments with three different count

settings under Models A and B: the null hypothesis is true.
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Alg.1 Alg.2

Alg.3

Alg.4

Model n=10,50,100 n=10,50,100 n=10,50,100

n=10,50,100

C-U-L |0.90 | 0.43|0.21|0.92|0.41 |0.22 | 0.92
C-U-M | 0.83 | 0.38 | 0.05 | 0.80 | 0.44 | 0.19 | 0.84

C-U-S | 0.79 | 0.38 | 0.19 | 0.61 | 0.16 | 0.01 | 0.55

0.42

0.45

0.07

0.21
0.17

0

0.93

0.85

0.70

0.47

0.49

0.18

0.25

0.23

0.02

Table 2: Type II Error from 100 repeated simulation experiments with three different count

settings under Model C: the null hypothesis is not true..
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Spectrum i Chin | Algorithm | E[Chyin) | Var(Cpyin) | p-value
Algo.l | 158 316 | 0.078"
Algo.2 162.48 338.74 0.125
SpecI | 8.962 | 190.72
Algo.3 161.40 334.37 0.109
Algod | N/A | N/A | 0128
Algol | 158 316 | 0.568
Algo.2 161.21 329.64 0.722
Spec.II | 30.704 | 167.67
Algo.3 158.89 321.70 0.624
Algod | N/A | N/A | 0.690
Algo.1 158 316 0.441
Algo.2 160.81 328.85 0.560
Spec.III | 27.478 | 171.39
Algo.3 159.00 32217 0.490
Algod | N/A | N/A | 0548
Algo.1 158 316 0.826
Algo.2 159.20 324.53 0.750
Spec.IV | 222.54 | 153.46
Algo.3 158.12 318.43 0.794
Algod | N/A | N/A | 0.760

Table 3: Performance of four test methods in each spectrum.




Thank You for Your Attention!

Contact: Yang Chen, ychenang@umich.edu

My personal website: click here
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https://yangchenfunstatistics.github.io/yangchen.github.io//
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