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Kriging: Problem Setup

Consider the following model random field Z:

Z(s)= m(s)TB + e(s), seRY, (1)
—— ~—
Deterministic ~ Random
where
e m(s) := [my(s),..., mp(s)] is a known function vector with
respect to the location s := [sy, ..., sq]T
e B:=[B1,..., Bp)T is an unknown vector of coefficients

e ¢ is a stationary zero mean Gaussian random field with parametric
covariance function C(s,s’; 8) = cov{e(s), &(s’)} having an
unknown vector 0 := [0y, ..., GW}T of parameters



Problem Setup

We observe Z = (Z(s1),..., Z(sp))T at S := {s1,...,s,}, and wish to:

o (Estimation) estimate the unknown vectors B and 6 by maximizing the
log-likelihood function

e (Prediction) predict the Best Linear Unbiased Predictor (BLUP) Z(sp)
at a new location sg € R?

e Vectorial form

S1
o
© Z=M , 2
o Z(so) pte @)
oo where £ ~ A,(0,C(6)), and
o mi (Sl) mg(sl) . mp(Sl)
© M :=
o ©O
oo o" my(sn) mo(sn) ... mp(s1)



Applications

Environmental science (Kriging): Estimation of missing data from high
resolution satellite data and monitoring networks for temperature,
rainfall, pressure, air quality, etc.

Estimation and prediction of precipitation anomaly field with 5,906

observations.
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Applications

Missing Data Hospital Datasets 90,000/10,000 (Training / Validation)

kNN-R WII
"
GLS |W
Kriging I'W
Population WNI“




Challenges

e Machine Learning / Regression challenge: Estimate noise model
with good accuracy
Z(s)=m(s)T B+ els) | s € RY
—~— ~—

Unknown Unknown

(a) Challenge: Data points n and dimensions d are large and
suffers from the Curse of Dimensionality.
(b) Challenge: Usually numerically unstable




Leverage Computational Applied Mathematics
(CAM), Computer Science (CS) and High
Performance Computing (HPC)

CAM/CS STATS HPC



Estimation
The log-likelihood function is
(,0) = — 2 log(2) — % log det{C(0)}
~ (Z-Mp)TC(o)(Z - mp),

that can be profiled by the generalized least squares with

A

B(68) = (MTc(8) M)~ IMTc(e) 1z

Maximum Likelihood Estimation
argmaxgerw £(B, 0)

Problems:



Estimation
The log-likelihood function is
(,0) = — 2 log(2) — % log det{C(0)}
~ (Z-Mp)TC(o)(Z - mp),

that can be profiled by the generalized least squares with

A

B(68) = (MTc(8) M)~ IMTc(e) 1z

Maximum Likelihood Estimation
argmaxgerw £(B, 0)

Problems:
e C(0): Large scale, ill-conditioned

Bad condition numbers are death — Vladimir Rokhlin J

e 0 and B are coupled, Curse of dimensionality with respect to d
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Prediction

The minimization of E[{Z(so) — ATZ}?] under the constraint
MTA = m(sp) yields the optimal unbiased estimate

(6) = (MTc(6)~*M)~*M'cC(6)
7(6) = C(6)1(Z ~ M),

Z(s0) = m(so) " B(6) +c(0)"4
R

7(0),
where ¢(6) = cov{Z, Z(sp)} €

Problems:

e C(0): Large scale, ill-conditioned (Still dead)

e 0 and B are coupled

e Curse of dimensionality with respect to d



Different Approaches

e Current techniques: FFT, Hierarchical Matrices, Heuristics, etc:

Limited to small dimensions (2D and 3D), grid like geometries or

C(0) relatively well conditioned and fast decay
[FGN06, KSNO08, SLG12, ACW12, SS14, LSGK16].

e Promising approach: Pivoted Cholesky decomposition [LM15]

e We exploit techniques from CAM and Partial Differential Equations

,,,,,,,,,,,,,,,,,,,,,,,,

ERC
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Multi-level Approach

Proposed Solution: Suppose PP(S) := span{M(:,1),...,M(:, p)} and we
have an orthonormal basis of IR” such that

R” — PP(S) & PP(S) "

Build the operators L : R” — PP(S) and W : R" — PP(S)L
Pr(S)-

PP(S)

By applying the operator W to (2) we obtain
Zy :=WZ=W(MB+¢e) =We
First Consequence: B is gone. The estimation problem is decoupled (but

also the prediction problem!)
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Multi-level Estimation
New log-likelihood becomes

1

(w(Cw(0) Zw) = — T 1og(27) — | logdet{Ciy (6)} — 52}, Cu (6) 'Zw,

where Cyy (68) := WC(8)WT and Zy ~ N,— (0, WC(6)WT)

ii) Second Consequence:
If covariance function is smooth entries of Cyy/(0) will decay fast

iii) Third Consequence:

Theorem: If k(A) is the condition number of A then

(Cw(0)) < x(C(0))

Difference between dead and alive J
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Multi-level Estimation

e Multi-level log-likelihood

(u (Cw(6), Zw) = — 2 log(271) — 3 log det{Cu (6))

e Solve decoupled optimization

Maximum Likelihood Estimation
argmaxgerw L (Cw (8), Zyy)

e In practice a sparse version of Cyy(0) is used instead
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Multi-level Prediction

e Prediction: Min. of E[{Z(so) — ATZ}?] with constraint: MTA = m(sg)
B(6) = (M'c(e)"'M)"IMTc(6) 'z,
7(8) = C(6) (2~ MB), (3)
Z(s0) = m(so)" B(6) +c(6)"9(6)
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Multi-level Prediction

e Prediction: Min. of E[{Z(so) — ATZ}?] with constraint: MTA = m(sg)
B(6) = (M'c(e) *m)~*MTc(6)
7(8) = C(6) (2~ MB), (3)
Z(s0) = m(so)" B(6) +c(6)"9(6)

e Alternative equivalent formulation for solving the estimate Z(sg):

(w9 ()-(5)
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Multi-level Prediction

e Prediction: Min. of E[{Z(so) — ATZ}?] with constraint: MTA = m(sg)

B(6) = (MTC() M) 'MTc(0) !
9(6) = C(6)H(Z — Mp),
Z(so) = m(so)"B(6) + c(0)T4(0)

e Alternative equivalent formulation for solving the estimate Z(sg)
c(e) M ¥\ [ Z
LV g/) \o

e Critical Observation: Constrained problem (MT4 = 0)

Use transformation of R" onto PP(S) & PP (S) J

14
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Multi-level Prediction

e Prediction: Min. of E[{Z(so) — ATZ}?] with constraint: MTA = m(sg)

B(6) = (MTC() M) 'MTc(0) !
9(6) = C(6)H(Z — Mp),
Z(so) = m(so)"B(6) + c(0)T4(0)

e Alternative equivalent formulation for solving the estimate Z(sg)
c(e) M ¥\ [ Z
LV g/) \o

e Critical Observation: Constrained problem (MT4 = 0)

Use transformation of R" onto PP(S) & PP (S) J

e Thus 4 € PP(S)+ = 4 = WT4,, for some § € R"P

14
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Multi-level Prediction

o Write C(8)§ +MB = Z as
cOW 4, +MB=2
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Multi-level Prediction

o Write C(8)§ +MB = Z as
cOW 4, +MB=2

e Applying W we have
Cw (0w =Zw

P Solved efficiently with Preconditioned Conjugate Method (PCG)
and Kernel Independent Fast Multi-Pole Method (KIFMM).

> Obtain § from 7, (i.e. § = W4 ).

> B(6) = (MT™™M)*MT(Z - C(8)%)
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Multi-level Prediction

o Write C(8)§ +MB = Z as
cOW 4, +MB=2

e Applying W we have
Cw(0)yw =Zw
P Solved efficiently with Preconditioned Conjugate Method (PCG)
and Kernel Independent Fast Multi-Pole Method (KIFMM).
> Obtain § from 7, (i.e. § = W4 ).
> B(6) = (MT™™M)*MT(Z - C(8)%)

B(6) = (MTC(6)'M)*M'C(6) 'Z N Cw(®dw =Zw. 9 =Wiy
7(6) = C(0) *(Z—Mp) B(6) = (MTM)'M™(Z - C(0)4)

e Decoupled problem, better conditioned, equivalent, but much easier to

solve numerically (speed and stability).
15



Multi-level Approach

How do we build L and W such that:

e L and W have at most O(nlog n) non zero coefficients ?
e Cyy(0) is stable ?

e Cyy(6) can be made sparse ?

16



Multi-level Approach

How do we build L and W such that:

e L and W have at most O(nlog n) non zero coefficients ?
e Cyy(0) is stable ?

e Cyy(6) can be made sparse ?

First Step: Decompose the domain in a series of multiresolution
0 pl p1 t
cells {By, By, Bi.....B.}.

» Binary Tree Partition: KD tree, Random Projection Tree, etc
» Depth of tree: t levels
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Multi-level Domain Decomposition
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Multi-level Domain Decomposition
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Multi-level Domain Decomposition
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Multi-level Vector Spaces

e For each s; node, i =1,...,n, assign a unit vector e;
e3 ~ S3
e ~ Sy
ey ~ Sp
e Transform R" := span{ey, ..., en} to multi-level spaces with levels
i=0,1,...,t
PPS) = Wo ... W,
L
w R"
R = P(S) & Wo & ... W,
~—_—————
w L
PP(S)
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Multi-level Covariance

e Decompose W as W = [W,, ..., WO]T

Wm
w, PrS)*
Wm—l
7"
e Form covariance matrix: For all i,j = —1,..., t

Cw(0) := WC()WT

Cyl == WIc(o)w;
zi, :=W;zZ

21



Leaf Cell

e Let g := t. Initial basis construction from leaf cell at BZ

e Local indexing of nodes: {si,.. .,s,:} < {eq,.. .,eg}
B3
(s ) (o] o
883 o |o B9
(s1,e1)
o o

3

B 1969 o B) B))
o 0
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Multilevel Basis Construction at Leaf Cell

1. Let V:=leq,..., e] and V := span{e, ..., ez}, a new basis for V' is

construct with a linear combination:

|
Ky)
<2
=
o
-
Il
=
)
Q
=

q.k ._
P

q.k ¢ q.k .
lpj ::.Zdi'f e, j=agkt1l..., ¢

where c,-qj'-k, dl.qJ'.k € R and for some a x € Z
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Multilevel Basis Construction at Leaf Cell

1. LetV:=[ey,...,eg] and V :=span{es, ..., ez}, a new basis for V is

construct with a linear combination:
q.k Z cTke, 1,.
; L.Gjen J=
k . .
l,bq qu e, j=agk+1l....¢

where cq k dq K€ R and for some agk €Z*

2. We desire that the new vector 1pj‘.7'k to be orthogonal to PP(S):

M=

r(Nyf [ =

—
Il

1

for all r € PP(S). If Y95 := [, 11..... 9] then MT¥Ik =0

23
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3. Form the matrix

MZ5 = MTv
&p -

24



3. Form the matrix

4. Compute the SVD

gk ._ nT
Mg,p =MV

g,k q,k~G. Kk (v79.k\T
Mé‘,p - U@PDCVP(VCVP)
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. Form the matrix

. Compute the SVD

. We then pick

€o,1
€0,2

Coyér

where ag o = dimR(

Mk

MZ5 = MTv
&p -

g,k q,k~G. Kk (v79.k\T
M;‘,p - Ug,ng,p(Vg,p)

Ca’1 daq’k_»'_l'l ce d@"l
€a2 | dag+12 .- dza
Cac daq,k-&-l,é dér’ér
évp)
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6. Let V9K .=

(o, pZ5] and Wak = [k g2k,

® &
83 (83) (B (%
NN\

3 (g3 (B3 (B3
Biy)(Biz) (Bi3) (Biy
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k k Kk
6. Let Vak .= [p" ... 93] and Wak .= [¢aqk+1, ...,1pq ].

7. Let VK .= span{tp?' aqk} and Wak .= span{l,ba TR ..,lpg'k}
then the following properties holds:

>V =Vakg wak
> Wak | PP(S).

&) C)
® @
B7 BS BQ BIO

3 (g3 (B3 (B3
Biy)(Biz) (Bi3) (Biy
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k k Kk
. Let V&K .= [p] v 2] and Wak .= [¢aqk+1, ...,lpq ].

. Let VoK = span{(P?' aqk} and Wak .= span{l,ba TR ..,lpg'k}
then the following properties holds:

>V =Vakg wak
> Wak | PP(S).

. Repeat 1 - 6 for all non empty cells B/ ®) B)
at level g and let W, := @y wak, Vg = @ @

D VIK and WY = [WTK, ]
B7)(B3)(B3) (B
/N N\

3 (g3 (B3 (B3
Biy)(Biz) (Bi3) (Biy
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Multi-level Basis Non-leaf Cell

9. Next level:
i) g=q—1
ii) For each sibling nodes (BI1k, Ba+1k+l).

> Let V:= [VItLk yatlk+l] and repeat 1 - 6

10. When g = —1 stop.
11. L:= (VOO)T and W := [W¢, ..., W] .



Multi-level Basis Non-leaf Cell

9. Next level:
i) g=q—1
ii) For each sibling nodes (BI1k, Ba+1k+l).

> Let V:= [VItLk yatlk+l] and repeat 1 - 6

o o
> o o
Bs
2
° Bg
o
o 0o
B}
° B o 3 (B3) (B3) (B3 2 2
.o B3 (B3 (B3 (B}, (B2 B2
3 (B3 (B3.) (B3
Biy) (Biy) (Bi3) (Biy

10. When g = —1 stop.
11. L:= (VOO)T and W := [W¢, ..., W] .



Multi-level Basis Non-leaf Cell

9. Next level:
i) g=q—1
ii) For each sibling nodes (BI1k, Ba+1k+l).

> Let V:= [VItLk yatlk+l] and repeat 1 - 6

o °
o (] Bg
° 352
1
Bl . @ 9
o % o ) Bg B}
LB . /NN
) B3) (BY) B (B (B2 B2
By (B, (B (Bl

10. When g = —1 stop.
11. L:= (VOO)T and W := [W¢, ..., W] .
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Multi-level Basis Non-leaf Cell

9. Next level:
i) g=q—1
ii) For each sibling nodes (BI1k, Ba+1k+l).

> Let V:= [VItLk yatlk+l] and repeat 1 - 6

o % /B\ 1
R A )\
/N /N
BEEEy @ @
AN N

3 3\ /g3 (B3
Biy) (Biy) (Bi3)(Bis

10. When g = —1 stop.
11. L:= (VOO)T and W := [W¢, ..., W] .
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Multi-level Basis Non-leaf Cell

9. Next level:
i) g=q—1
i) For each sibling nodes (BI*1k pa+lk+ly.

> Let V:= [VItLk yatLk+l] and repeat 1 - 6

59
BO B} B}
0 PN
B3 B3
B)(83)(B3) (Bly (B3 8
I\ N\
B (8% (B (Bl

10. When g = —1 stop.
11. L:= (VOO T and W := [W,, ..., Wy 7.



Multi-level Basis Properties

Theorem 1.

We have now decomposed R" as

L
N
R" - PS)oWo®... W,
N——

w

Theorem 2.

The complexity cost of the multi-level is bounded by O(nt)
Theorem 3.

The multi-level basis vectors of P(S) & Wo & ... W; form an

orthonormal set

31



Matrix Coefficient Decay

Theorem 4 (Total Degree).

Let B, be the smallest ball in RY with radii r, centered around the midpoint

a € RY of the cell B}, such that B C B . Similarly, let By, be the smallest ball
in RY with radii r, € R? centered around the midpoint b of the cell B} such
that B] C By. Ift/J%’k e w; andl[f}'l € W, then fori,j=0,...,t:

i k\T j ! B
[ REOr E SE S s
la|=w+1|p|=w+1 | ) o o
A a 90°
B ,B - ©
i . o o
1 I SUPxeB, yeB, |Dx Dy ¢(x,y; )| . 0o %o \
%5 o/
Warning: Derivative information hard to obtain O(; C| B
o N
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Example

e Let S a collection of the observation locations (n = 8, 000) that are
sampled from a uniform distribution on the unit cube [0, 1]3 with

¢(r;0) := exp(—r)

e m(s) set to cubic polynomials in R3 i.e. p =20

(a) logyo [C(0)] n (b) logio [Cw (6)]

1000f

2000f

4000f

5000f

7000f

000 200 %0 400 S000 600 7000 B0
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Example

e Let S a collection of the observation locations (n = 8, 000) that are
sampled from a uniform distribution on the unit cube [0, 1]3 with

¢(r;0) := exp(—r)

e m(s) set to cubic polynomials in R3 i.e. p =20

(a) logio |C(0)] (b) log1g [Cw (6)]
7000 B 7000] "\Il & :M

000 200 %0 400 S000 600 7000 B0 1000 2000 000 4000 500 6000 7000

e Use sparse matrix Cy instead of Cyy
33



Sparse matrix Cy

e Most of the entries of Cyy are small and not necessary to compute.

e Distance criterion parameter T > 0; T; ; := 2t=(i+))/2,

Entry (l[);;'k)TC(e)l[f;;'l is computed if axiswise dist(tp}(’k, 1[)JI~I) < Wi J

T,'J'
T
! ¢
@) (b)
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Estimation with Cyy,

e For Estimation a reduced matrix of Cyy is used

e Reduced sparse covariance matrix: For all k,/ =1i,...,t form the reduced

ctit ctit—1
CW CW
ct—1t
CW
&t
cW
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Polynomial Approximation in High Dimensions

i) Let p:=[p1,---., P4l € ]Ng, w € R and A(w) C ]Ng be an index
set that will determine the indices of polynomial basis functions and
thus the size of p.

i) Restrict the number of polynomials along each dimension by using
the set of monomials contained in

A(w) i= {s7's5% ... sh? with p € A(w)}

i.e. m(s) is built from the monomials in Q)

iii) Based on sparse grid representations of high dimensional functions.
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Polynomial Approximation in High Dimensions

Approx. space Index Set: A(w)
Tensor Prod. (TP) Aw)={peN?: maxip <w}
Total Degree (TD) Aw)={peNL: Y, p <w}
Smolyak (SM) Aw)={peN?: Y, f(p) <w}
0, b=0

f(b)=1<1, b=1
[loga(b)], b>2

Hyperbolic Cross (HC) A(w) ={p € N9 : [I% (p;+1) <w}

Table: Index set of different polynomial approximation choices.
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Polynomial Approximation in High Dimensions

—
o
©

-

© o 000000
© 0000000
e 00000 00
e o0 00000 ¥
©co 0000 0ol
e o0 000 00
© 0000000
© o 0000 00

%

3]

P1
Smolyak (w = 3)

0000
00000000
00000000

0 10

P1

TD (w =8)

0000
60000000

Figure: Tensor Product (TP), Total Degree (TD) , Smolyak (SM) and
Hyperbolic Cross (HC) index sets for d = 2

38



Matrix Coefficient Decay
e Do not use derivative information. Too difficult and/or expensive to

obtain. Decay based on analytic extensions of covariance function

e Let T :=[-1,1]9 and assume w.l.o.g. that ¢(x,y;0) : T xT — R

39



Matrix Coefficient Decay

e Do not use derivative information. Too difficult and/or expensive to
obtain. Decay based on analytic extensions of covariance function

e Let T :=[-1,1]9 and assume w.l.o.g. that ¢(x,y;0) : T xT — R
e Form Bernstein polyellipse &, := nglgn’g c €9 o >0, where

cos(0); S(z) = Lze_gsin(()),() € [0,27‘()},

e’ +e 7

Ene = {z €CiR(z) =

R

0

e For Matérn covariance function we can show that ¢(x,y; 8) admits an analytic
extension on &; x &, and uniformly bounded |¢p| < M < oo

39



(Total Degree) Matrix Coefficient Decay

Theorem 5.

i) Let0<é<1andd:=c(1-9)
i) lp}('k € PP(S)L, with ny non-zero entries and 1/11/;'/ € PP(S)*, with ng

non-zero entries

d 1
If y(d, w) > (%) ,«(d) == (d)7, then

. ) 7 o)ded-0(1-0)+154\ >
(w}Teo)p) < v (C(M’”) o0y "d)

2d

e’ 2d . 1\ (-1
() o (o)t

Key observations:

e Sub-exponential Decay
e All coefficients are known

e Similar bound obtained for Smolyak
40



Implementation

Implemented with g++ GNU, Intel MKL, and Matlab
Results performed on Intel i7-3770 CPU @ 3.40GHz / 32 Gb /

Linux

For d = 2,3 problems a Kernel Independent Fast Multipole
Method (KIFMM) is used

KIFMM accuracy to medium (107° to 1078) or high
(> 10~8) with one core

For d > 3 Direct method (no KIFMM), but 4 cores are used
instead

41



Numerical Results

Data Set #1 & #2 The sets of observation locations Sf, e, 5(110 vary

from 1 x 103, 2 x 103, 4 x 103, ..., 512 x 103, §§ C S¢, ; for
I =1,...,9. Observations locations are sampled from a uniform

distribution over [0, 1]¢

Data Set #1 (d = 2) Data Set #2 (d = 3)

42



Numerical Results

Data Set #3: We take the data set generated by Sg for d = 2 (256,000
observations points) and carve out two disks located at (1/4,1/4) and
(3/4,3/4) with radii 1/4. This generates 100,637 observation points.

43



Matérn Covariance function
1 r\"’ r
#0:0) = g (V275) o (V255

I'(v) : gamma function, K, : modified Bessel function of the second kind
and 0 := (v,p) where v,p € R"

o r:=||s—s'||> (distance function) 1
e v=05=¢(r;0) = 081 2
e 2
P 0'6 \\\
e v=15=¢(r;0) = <l + ‘/?r> \
£ 0.4
ar N\
(%) . |
0 0.2 \\\ (1 + \/g)e V3r
° v%oo:>¢(r;9)%exp<72;—fz> 1 R 5
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Condition Numbers

e Data Set #1 (2D): Condition numbers of Cyy and C with TD design

matrix.

n w p d v o x(Cy) x(C)

4000 20 231 2 3/4 1 471x10% 7.46 x 108

8000 20 231 2 3/4 1 247x10° 3.85 x 109

16000 20 231 2 3/4 1 821x10°  1.29 x 100

32000 20 231 2 3/4 1 [245x107| [3.86x 10l
.. c(o M

e Condition numbers of Cy, C and R := (T)
M 0
n w P v e x(Cw) x(C) x(R)

3/4  1/6 1.12x10° 030 x 106 5.93 x 1020
3/4  1/6  5.99 x 10° 477 x 107 1.51 x 102
3/4  1/6  1.99 x 100 159 x 108 3.14 x 1019

4000 14 120
8000 14 120
16000 14 120

4000 14 120 3/4 1 127x10° 750 x 108 4.43 x 100
8000 14 120 3/4 1 6.81x10° 3.85 x 109 7.59 x 1020
16000 14 120 3/4 1 |227x109 [120x1010  2.12 x 10%)

3/4 100 127 x10°  1.09 x 1012 4.58 x 1016
3/4 100 6.83x10° 561 x102  9.76 x 106
3/4 100 [2.28x10°] [1.88x 103  1.25x10%|

4000 14 120
8000 14 120
16000 14 120

NN N[N N NN N D[
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Estimation Numerical Results

Data Set #1 (2D), v =0.75, p=1/6
Total Degree Design Matrix with degree w

Generate realizations of Z%, Z% and Z% from the Gaussian random
field Z(s) model. (with S2 (n = 32,000), S2 (n = 64,000) and S2
(n =128, 000) respectively.

Compute Zyy 5 := WZ2, Zyy 6 := WZ2 and Zyy 7 := WZZ2.

Solve

0; := argmin £/ (Cuy,;,...t(0), Z{y )
[
for j=5,6,7.

i=3,..., t levels

46



Estimation Numerical Results

Data set #1 (2D, TD)

n w p__ 0-—v p—p  nz(G)(%)  size(C")  teons(s) tehoi(s)
64,000 6 6 28 -0.0759 0.0333 8.9 23 14 0
64,000 6 5 28 0.0182 -0.0132 17 35328 40 1
64,000 6 4 28 -0.0043 0.0046 4.5 56832 230 11
64,000 6 3 28 -0.0049 0.0048 10.7 62208 961 65
64,000 5 6 21 0.0071 -0.0146 0.4 810 13 0
64,000 5 5 21 0.0037 -0.0027 17 42496 43 2
64,000 5 4 21 -0.0030 0.0048 3.7 58624 220 12
64,000 5 3 21 -0.0048 0.0046 7.0 62656 750 32

n w i p V—v o—p nz(G)(%) size(C'W"t) teons (s) tehol (S)

128,000 6 6 28 0.0010 -0.0011 0.3 17179 75 0
128,000 6 5 28 0.0025 -0.0020 2.1 99328 350 13
128,000 6 4 28 -0.0002 0.0005 4.0 120832 1200 70
128,000 5 6 21 -0.0010 0.0015 0.5 42154 80 0
128,000 5 5 21 0.0004 -0.0002 1.9 106496 300 14

128,000 5 4 21 -0.0016 0.0017 3.3 122624 1000 50
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Estimation Numerical Results

100 realizations from Data Set #1 with v = .75, p =1/6 and TD

n w_ i p t Ep[v—v] Emlp —p] st [7] stdw [0]
32,000 4 5|15 5 —6.0x10°% 1.0x1073  13x1072 1.0x1072
32,000 4 4|15 5 —7.2x107* 70x107%  59x10°3 45x1073
32,000 4 3|15 5 ~7.0x107% 60x107% 56x10"3 40x1073
64,000 4 6|15 6 6.8 x 1074 1.1x1073  20x1072 1.9x10°2
64,000 4 5|15 6 74x107% —56x107* 54x10°% 46x103
64,000 4 4|15 6 25%x107%  —17x107% 39x103 33x1073

128,000 6 6|28 6 —1.3x10°3 15x10°3  83x10°3  7.7x103
128,000 6 5|28 6 —6.2x10°% 65x10"% 37x103 33x10°3
Disk problem: Data set #3 with v =1.25, p = 1/6:
n wo P D—v h—p nz(G)(%)  size(Cl")  teons(s)  tehol(s)
100,637 6 6 | 66 0.0548  -0.0237 0.5 2613 60 0
100,637 6 5 ‘ 66 H -0.0031 0.0020 3.1 72231 600 12
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Prediction (Kriging) Numerical Results

e First step: (Preconditioned Conjugate Gradient)

Dy (6)Cw (8)91 (8) = Dy} (8)Zw

P> Preconditioner: Dy (0) := diag(Cy(0)),
e Second step: Recover § from 4, and compute
B(6) = (M"M)~'M"(Z — C(6)%)
under the following:
i) Data Set #2 (3D), 6 = (v,p) = (3/4,1/6), 63 = (5/4,1/6)
ii) Observation locations: S3,...,S3, (n=1,000,...,512,000)
iii) €pcg set such that the unpreconditioned system Cyy,(0)%yy, = Zy
relative residual error is 1073
iv) Each matrix vector product computed with KIFMM
v) Total Degree
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Prediction Numerical Results (3D)

(a) 62 = (v,p)=(3/4,1/6),d =3, w =3 (p = 20)

n itr(Cyy) itr(C) epce Diag. (s) Itr (s) Total (s)
16,000 166 1296 1.02 x 1074 80 113 193
32,000 247 3065 9.88 x 10~° 215 321 536

[64,000 372 5517 1.00 x 10 * 665 1226 1891]
128,000 547 - 4.84 x 107> 2060 3237 5397
256,000 847 - 5.00 x 10> 5775 9885 15660
[512,000 1129 - 374x10° 17806 33116 51012
(b) 0 = (v,p) = (5/4,1/6),d =3, w = 3 (p = 20)

n itr(Cyy) itr(C) £pce Diag. (s) Itr (s) Total (s)
16,000 500 5953 6.27 x 10°° 138 580 718
32,000 827 17029 7.29 x 1075 346 1574 1920
64,000 1567 37018 4.45 x 107> 910 6474 7384

128,000 2381 - 223 x107° 3974 25052 29026
256,000 4299 - 2.61x107° 10322 72374 82696

Observation: At least about 200 times faster than traditional method for

n = 64, 000.
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Prediction Numerical Results (2D)

e First step: (Preconditioned CG)

Dy (6)Cw (8)91 (8) = Dy} (8)Zw

> Preconditioner: Dy (8) := diag(Cyy(0))
e Second step: Recover § from 4, and compute
B(6) = (M"M)~'M"(Z — C(6)%)

under the following:

i) Data Set #1 (2D), 62 = (1/2,1/6), 62 = (1,1/6)

ii) Observation locations: S?,...,S%, (n=1,000,...,512,000)

iii) €pcg set such that the unpreconditioned system Cyy,(0)%yy, = Zy

relative residual error is 1072
iv) Each matrix vector product computed with KIFMM
v) Total Degree
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Prediction Numerical Results

(a) 02 = (v,0) = (1/2,1/6), d =2, w = 3 (p = 10)

n itr(Cyy)  itr(C) epcG Diag. (s) Itr(s) Total (s)
16,000 330 3603 2.39x1073 246 115 361
32,000 333 5429 139 x 1073 750 251 1001
64,000 455 8152 1.32x 1073 1947 589 2536

128,000 564 - 710x 1074 5570 1577 7147
256,000 619 - 078x1074 15266 3065 18331
I512,000 1230 - 450 x 1074 42254 13101 55355 |
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Prediction Numerical Results

(b) 62 = (v,p) = (1,1/6), d =2, w = 14 (p = 120)

n itr(Cyy) itr(C) epcG Diag. (s) Itr (s) Total (s)
[16,000 2710 > 100,000 1.90 x 10~3 553 | 1844 2397
32,000 4261 - 1.43x10°3 1522 5713 7235
64,000 8801 - 1.00x10°* 5022 23785 28807
128,000 14405 - 7.28x1074 12587 75937 88524

Observation: €(8) ill-conditioned thus the iterative solver stagnates.

Observation: Cyy(0) solves prediction problem to 1072 relative residual error.

53



Extension to higher dimensions

Random n-sphere data set: The set of nested
random observations Sg Cc---C S‘l"O varies
from 1,000, 2000, 4000 to 128,000 knots
generated on the n-sphere

Sq-1:={x e RY | [|x]]2 =1}.

Gaussian data set: Observations values Zg,
Z‘f, ...Zg formed from S¢, S9, ...Sg locations
with Matérn covariance parameters (v, p).

d up to 50 dimensions. Hyperbolic Cross design
matrix.

For matrix vector products we use direct
method. To our knowledge there does not exist
a fast summation method.

54



Estimation Results

e Sparsity and numerical stability of multilevel covariance matrix.

e Excellent condition numbers

Sparse Cyyy ;v =125 p=1[x(C) =4.91 x 10*

n d p t i ©(Cy) K(Cwit) Size(Cw i ..¢) T Sparsity
32000 50 1426 3 3 3.36 1.58 20,592 1x10°° 6%
32000 50 1426 3 2 3.36 2.09 26,296 1x10°6 10%
32000 50 1426 3 1 3.36 2.63 29,148 1x10°° 14%
32000 50 1426 3 0 |3.36 3.09 I 30,574 1x10°° 18%
64000 50 1426 4 4 - 1.62 41,184 1x10°7 3.1%
64000 50 1426 4 3 - 1.87 52,592 1x10°7 4.3%
64000 50 1426 4 2 - 2.29 58,296 1x10°7 5.9%
64000 50 1426 4 1 - 3.10 61,148 1x10°7 7.6%

e Total Degree, KD tree, n-Sphere, d =10, M =100, v =125, p=1, T = 107

n wot i Eny[t—v] Emlp—p] stdult]  stdulp]

64000 2 9 9 -5.86e-03 5.21e-03 4.85e-02 3.15e-02

64000 2 9 8 -3.37e-02 1.93e-02 3.50e-02 2.46e-02

64000 2 9 7 -1.19e-01 6.92e-02 2.88e-02 2.51e-02

128000 2 10 10 -2.70e-03 2.74e-03 3.76e-02 2.44e-02

128000 2 10 9 -2.00e-02 1.20e-02 2.47e-02 1.80e-02

128000 2 10 8 -8.40e-02 5.03e-02 2.21e-02 1.89e-02
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First step: (Conjugate Gradient)

Prediction Numerical Results

Cw(0)Aw(6) =Zw
Second step: Recover 7y from 7y and compute

B(6) = (M™M)"*M"(Z — C(6)%)

Relative error set to 107°, d = 50 dimensions

Hyperbolic Cross (HC) design matrix

(a) 6= (v,p) = (5/4,1), d =50, HC, w = 4 (p = 1376), No preconditioner, Direct

N x(C) itr(Cyy) MB (s) Dy (s) Itr (s) Total (s)
16,000 2.3 x 107 6 45 - 350 399
32,000 4.9 x10* 7 116 - 1660 1276
64,000 - 9 279 - 8370 8649

] 128,000 - 11 645 - 41006 41651 |

(b) 6= (v,p)=(5/4,5), d =50, HC, w = 4 (p = 1376), No preconditioner, Direct

N x(C) itr(Cy) MB (s) Dy (s) Itr (s)  Total (s)
16,000 2.8 x 10° 7 46 - 406 452
32,000 9 115 - 2083 2198
64,000 - 11 272 - 10219 10491

| 128,000 - 14 643 - 51870 52513 |
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Hospital Data Benchmarks

e Comparison with PMM, PPD, BEM, DA methods from current missing
data packages (Mi, Amelia, Norm).

e Totchg ~ los + npr + ndx + age

Total Charge Imputation (n = 10°)  Total Charge (with Transformation)

Methods rMSE MAPE InQ Methods rMSE MAPE InQ

PMM 0.864 1.235 1.00 PMM 0.802 1.102 0.888
PPD 0.869 3378 1779 PPD 0.967 1.117 0.924
BEM 0.869 3317 1.745 BEM 1.092 1.171 0.943
DA 0.867 3.449 1787 DA 0.968 1.192 0.935

Kriging 0.535 0.861 0.492 Kriging 0.545 0.653 0.418
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Last Comments

e High dimensional large ill-conditioned statistical problems can now be
solved efficiently and accurately

P Multi-level method that decouples the estimation and prediction
problems

P Multilevel covariance matrix exhibits fast decay and well conditioned

» Numerically stable

e Future work

> Develop a fast summation method in high dimensions

P Extension to non-stationary covariance function
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