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Why density estimation?

The goal of density estimation is to estimate the unknown probability density
function of a random variable from a set of observations. In more familiar
language, density estimation smoothes collections of individual
measurements into a continuous distribution, replacing dots on a
scatterplot by a smooth estimator curve or surface.

When the parametric form of the distribution is known (e.g., from

astrophysical theory) or assumed (e.g., a heuristic power law model), then
the estimation of model parameters is the subject of regression (MSMA
Chpt. 7). Here we make no assumption of the parametric form and are
thus involved in nonparametric density estimation.
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Kernel density estimatio

The most common nonparametric density estimatio,
discrete data with a normalized kernel function to ok
estimator: |

xr — .’B,')
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A kernel must integrate to unity over —oo < x < o, an,
K(u) = K(-u) for all u. If K(u) is a kernel, then a scaled
a kernel.
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The choice of bandwidth isf

A narrow bandwidth follows the data closely (sm‘
high noise (large variance). A wide bandwidth mi
structure (high bias) but has low noise (small var|

Statisticians often choose to minimize the L, rlsk
integrated square error (MISE),

E

MISE(foern) = E [[frern(z) - f(@)'ds

MISE = Bias? + Variance
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KDE: Choice of bandwid

The choice of bandwidth h is more important than the c
Silverman’s ‘rule of thumb’ that minimizes the MISE for

Rros. = 0.9ARY® hopt,; = 030 Y/ @Y

where A is the minimum of the standard deviation o a
IQR/1.34. ‘

More generally, statisticians choose kernel bandwidths L
Important theorems written in the 1980s show that may
bandwidths can be estimated from resamples of the dat
leave-on-out samples with (n-1) points, and the likelihoc

RS
CV(h) =~ 10gf spern(:) |
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Kernel regression

A regression approach to smoothing bivariate or multivariate data ...
E(Y | x) = f(x)

Read “the expected population value of the response variable Y given a
chosen value of x is a specified function of x”. A reasonable estimation
approach with a limited data set is to find the mean value of Y in a window
around x, [x-h]/, x+h/2) with h chosen to balance bias and variance.

A more effective way might include more distant values of x downweighted by
some kernel p.d.f. function such as N(0,h?). This called kernel regression, a
type of local regression. The "best fit” might be obtained by locally
weighted least squares or maximum likelihood.


e5f
Typewritten Text


s Y(X) °

(X1

» kernel average
smoother result

Y (Xo)

data points

7

logwage




, LOESS, Friedman’s supersmoother)

data points

o

QV‘.
¢

Local linear
regression result




Spline regression

The function f(x) can be any (non)linear function but is often chosen to
be a polynomial. If the polynomials are connected together at a series
of knots to give a smooth curve, the result is called a spline.

It is easy to define a cubic spline having knots at T ,
Cz, C ey Q' Let (x—CJ).,. be equal tox—t_,‘forx at_)
and 0 otherwise. Then the function

fix) =B, + Bx+ B +Bx
+B(x L,V 4 4B L)+ B, T4 (6)

is twice continuously differentiable, and is a cubic
polynomial on each segment [t_j, CM]. Furthermore,
the nonparametric regression model (1) becomes
an ordinary linear regression model so that stan-
dard least-squares software may be used to obtain
spline-based curve fitting. For example, suppose we Kass 2008

Variants that avoid high correlation among the fitted parameters are
B-splines and natural splines.



The challenge of spline knot selection

7 knots chosen by user
5 knots chosen by R

_—— 15 knots chosen by R

-2 -1 0 i 2 Kass 2008



Adaptive splines

When the rapidity of changes in the data is not constant, then a constant
bandwidth h, or evenly-spaced knots will perform poorly.

Smoothing splines involve a ‘penalty’ so that the spline coefficients are small
when "’ is small (the function changes slowly), and high when f” is large.

Bayesian Adaptive Regression Splines (BARS) find knot locations as posterior
distributions of Bayes’ Theorem using MCMC computations. The chosen
knot locations are selected by minimizing the BIC. The performance for
complicated distributions (even with discontinuities) can be excellent.
Unlike competing wavelet methods, confidence intervals can be estimated.



Two applications of BARS e

Poisson regression

Gaussian regression
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http://www.stat.cmu.edu/~kass/bars/
with C code and R wrappers
Wallstrom et al. (J. Stat. Software 2008)




Comment for astronomers

Due to unfamiliarity with kernel density estimation and nonparametric
regressions, astronomers too often fit data with heuristic simple functions
(e.g. linear, linear with threshold, power law, ....). Unless scientific reasons
are present for such functions, it is often wiser to let the data speak for
themselves, estimating a smooth distribution from data points
nonparametrically. A variety of often-effective techniques are available

for this.

Well-established methods like KDE and NW estimator have asymptotic
confidence bands. For all methods, confidence bands can be estimated by
bootstrap methods within the ‘window’ determined by the (local/global)
bandwidth. Astronomers thus do not have to sacrifice "error analysis’
using nonparametric regression techniques.





