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Overview

@ Luminosity Functions with Dark Sources

© The MGF method in Statistical Marginalisation

Transfer functions in Bayesian models and exact Bayesian inference
Evidence computation

Random Stopping-Bayesian equivalence
Marginal Likelihoods in GLMM
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Luminosity Functions with Dark Sources

Siyang Li Moment-generating Function methods in Estimations of the Luminosity Function 3/ 64



Luminosity Functions with Dark Sources

Figure: X-ray sources in a part of Chandra Deep Field South. Yellow=sources
detected in the X-ray catalogue, blue=optical sources.

Objective: to e ciently estimate the distribution of X-ray flux among
sources by statistically-marginalising out the intensity parameters.
Challenges:
Observed number of photon count Y; contaminated by background.
Some sources are X-ray ‘dark’.
Some source regions overlap.
mgf-marginalisation is currently the only analytical method.
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Structure: a Bayesian hierarchical model

Source intensity _j(count/s/cm?): (rescaled) expected source count.
Very large number of iid X-ray sources _:
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Figure: Hierarchical structure of the population of source intensity parameters
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Astronomical Concepts and Instrumental Variables
Likelihoods:

(Yij ) ndeP poisson (& +riei_)T
(Xj ) Poisson(A T)

Point spread function (PSF): radius for source region i which  90%
of the photons from source i will be observed.
Luminosity function: distributions of source intensities in a
population.

- g;: area of source region i.

- T: exposure time for the pure background and source observations.

- Ij: proportion of photons from the source that are expected to fall in
the source region.

- ej: telescope effective area at the source location.

- A: area of which the background count is collected.

- The location of each source.
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Problem: non-homogeneous background contamination
and the ill-behaved background subtraction

Likelihoods:

(Yij ) indep Poisson (& +riej_;)T
(Xj ) Poisson(A T)

The universe is 3-D, but telescopic images are 2-D.

Observed photons are inhomogeneously background-contaminated.
Bi: background count, Sj: source count in source region i.

We only observe Y; = S; + B;.

S; and B; are not directly observable! X and Y are observations.

Consider S = Vi Bi. When B is large but the source is faint - ‘negative’
Si?
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New solution: background contamination parameters

Previous likelihoods:

(Yij ;i) "*P Poisson (a; -+ riei_;)T
(Xj ) Poisson(A T)

Consider rates = (_,;::1;_, ) for different background regions
k =1; K.
Observe pure backgrounds X = (X1;:::;Xk):

ij_k indep Poisson(Ak_kT )

to get information on

Then latent variables Bij indep Poisson(a; | T ).

S; and B; are not directly observable! X and Y are observations.
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Problem: X-ray ‘dark’ sources

Weak X-ray sources are lost in the background.

loads of such sources observed =) some X-ray photons detected
a single such source is observed =) rare to detect X-ray photons
It is possible that some optical sources don't emit X-rays.
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Solution: zero-inflated distributions

zero-inflated gamma density
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Figure: Zero-inflated gamma density

For the population of distributions for source intensities, with the
proportion of dark sources being 4,

C

=0 with probability g;

—il s d Gamma[ ;_] with probability 1~ g:
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Problem: overlapping source regions

D) @

Figure: Overlapping sources.! The highlighted area is s = f1;2; 4g.

interséction
of regions
1,2,and 4

The X-ray source regions overlap.
The source rates in intersections are not independent of each other.

We do not observe Y; directly, but only Yg for each segment s.

limage source: Wang et al. (2024)
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Solution: adjustments in the likelihoods

Re-parametrise the likelihood as the following:
The area of the segment, as(pixels);
The effective area of the segment, es(cm?);

The expected proportion of photons from source i 2 s that are
recorded in segment s, Is;j.

Source counts per source per segment:

Ss’|J_| lndep P0|Sson(r5’|es_|T)
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Solution: adjustments in the likelihoods

Deflne s .= i2s rs7|_| .
Observed counts per segment s if segment S is in the background region k:

>
Ys = Ss;i + Bs :)
i2s

. >
(Ysj_k;_) indep Poisson as_, + lsi€s_j T
i2s

d .
= Poisson as | t+€ s T
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Key features of the statistical model in use

Large number of X-ray sources with common characteristics. A
Bayesian hierarchical model.

Observed number of photon count Y; contaminated by background.
Background intensity parameters .

Some X-ray sources can be X-ray ‘dark’. Zero-inflated population
distributions for source intensities .

Some source regions overlap. Source intensity likelihood modified
accordingly.
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DAG of the statistical model

This model can be summarised @FTITEED.
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