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| Abstract |

Froma statisticalpoirt of view,spectralanalysids the modelingof the dis-

tribution of photonenergiesThis distribution canbe formulatedasa nite
mixture of two photongroups a cortinuumterm anda setof emissiorines.
While the cortinuum descrilesa generakhape of a spectrum,ead emission
linerepresets a positive aberrationfromthe cortinuumin a narrov bandof
energiesHere wefocusona singleemissiottine that canbe modeledwith a
Gaussianlistributionor adeltafunction. Spectraldataarecortaminatedby
seeralnon-trivial physicalprocessemcludingnon-homogeneossochastic
censoringblurring of photonenergiesand badgroundcortamination. To
accouh for theseprocessesye considea hierardical structureof missing
data undera Bayesianpersgective. To t the resultinghighly structured
multilevel spectralmodels we devisee cient GibbssamplingstrategiesAs
anillustration, we apply our strategiego the X-ray spectrumof the high
redshiftquasarPG1634+706.

Mo deling the X-ray Spectrum

X-ray Spectra:
The Gaussiarassumptionshat are inheren in traditional 2 tting
areinappropriatefor low court datain ead bin of the X-ray spectrum.
Instead we explicitly model photonarrivalsasaninhomogeneouRois-
sonprocesgvan Dyk et al., 2001).
The Basic Spectral Mo del: The X-ray spectrumcanbe separatedhto
(1) acortinuumterm and (2) a setof emissioriines.
The cortinuum s descriled by a parametricform (e.g.,a power law).
The emissiorinesare statisticallydescriled by addinga narrav Gaus-
sian,a narrov Lorerizian, or a deltafunctionto the cortinuum.
Data Degradation:
Thephotonsaresuljectto variousphysicalprocessewhich signi cartly
degraddhe sourcemadel. Namely
1. absorption,
2.the e ective area,
3. blurring of photonenergiegstochasticredistribution),and
4. bakgroundcortamination.
We designa highly structuredmultilevel spectral model with compo-
nerts for the data degradatiorprocesseésan Dyk et al., 2001).

E cien t X-ray Spectral Fitting

Hierarc hical Structure of Missing Data:
Y mis1 : variablesthat descrile the absorption g ective area,blurring,
andbadkgroundcortamination.
Y mis2 © @ mixture compnen indicator variablethat indicateswhich
photonsoriginatedfrom the line and whidh from the cortinuum.
Partitions  of Mo del Parameters
: parametergor the cortinuum.
: a parameterfor the line location.
: a parameterfor the line width; for a deltafunction, is setto 0.
Di cult
When an emissiorline is modeledwith a delta function, an ordinary

y with Identifying Narro w Emission Lines:

Gibbssampletto t the nite mixturedistributionbreaksdowvn because
the mixture indicatorvariablesattribute the samesubseibf photonsto
the line from iterationto iteration. The line locationcannotmove from
its starting value.

We suggesttting the line location without conditioningupon the
mixture compnetts indicatorvariables.

Thisdi cult y persistsvhenthe locationandwidth ofanarrov Gaussian
emissiorline aresinultaneouslytted.

Partially Marginalized Gibbs Samplers:
Park and van Dyk (2006)devisedseeral partially marginalizedsibbs
samplerdor a spectralmodel with a deltafunctionor Gaussiariine.
Our goalis to constructquidly corvergingsamplerswith the target
posteriordistribution astheir stationarydistribution.
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Figure2: lllustration of the deriwation of the partially marginalizedsibbs
samplerwhenwe partially marginalizeall of the missingdata out of the
samplingstepfor the deltafunctionline location.
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Figure3: lllustration of the deriwation of the partially marginalizedsibbs
samplerwhenwe partially marginalizeall of the missingdata out of the
samplingstepsfor the Gaussiarine locationand width.

Simulation Study

Four Dieren t Cases: Dataaresinulatedunderthe folloving cases.
Case 1: No emissiorine.
Case 2: Onenarrov andweakline at 2.85keV with width 0.04keV.
Case 3: Onewideandstrongline at 3.4keV with width 0.207keV.
Case 4: Onenarrav andstrongline at 3.4keV with width 0.04keV.

The Posterior Distribution  of the Line Lo cation:
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Figure 4: The top row correspndsto the posteriordistribution of the
delta function line location ; the bottom row that of the Gaussian
line location . The redsolidline represeits the true line location.

Case 2 : With narraw lines deltafunctionsarebetter suitedfor tting
the data.
Case 3 : With widelines,Gaussianinesarebetter suited.
Case 4 : With narrav stronglines,both modelswork well.
Posterior Predictiv e Check:

We comparetwo modelsto quartify the evidencen the data for the
emissiorline via T(y"") = log sup, ,L( jy*P)=sup, ,L( jy*P)g
where ¢ represets the parameterspacesinder M ope.  k and y'P
denotegeplicateddata setsunderM opeL  0:

{ MopeL O: Thereis noemissiorine in the spectrum.

{ MopeL 1: Thereis oneemissioriinein the spectrum.

Sinulated Delta functionline Gaussiarline
dataset | T(Yy,9 ppp-alue | T(Yop) ppp-alue
Case 1 251 0.541 4.94 0.471
Case 2 4.57 0.101 5.40 0.318
Case 3 5.96 0.025 11.58 0.002
Case 4 18.75 0.000 24.43 0.000

Tablel: We testthe statisticalevidencdor the line by usingpp-hed. A
low valueof ppp-walue(e.g.,<0.1) indicatesM opeL 1 is morelikely than
M opeL 0, which givesevidencdor the line.

| Spectral Analysis of PG1634+706 |

The Quasar, PG1634+706

PG1634+706s a redshift z=1.334radio quiet and optically bright
quasar. The sourcewas obsered with the Chandra X-ray Observa-
tory asa calibrationtarget six timeson March 23and 24,2000.

The uoresceh Fe-K- emissiorline hasbeenobsered in the quasar
restframeof near6.4 keV, whic correspndsto 2.74 keV in the
obseredframeof PG1634+706.

The location of the line indicatesthe ionizationstate of iron in the
emitting plasmaghe width  of the line the velccity of the plasma.

Fitting a spectral model to the Chandm data of PG1634+706:

For eat of the six Chandra datasetswe t the spectralmodelwith a
deltafunctionor Gaussiaremissioriine.

After the tting, we comparethe Fe-K- emissionline (2.74 keV)
obseredin the othersimilarsourcesvith the tted line locationin the
X-ray spectrumof PG1634+706.

obs-id 47

obs-id 62 obs-id 69

funct
8

Posterior probabilty

densi
Posterior probability

densiy function

0123 4556
Energy (keV)

obs-id 70

0123 456
Energy (keV)

obs-id 71

0123455
Energy (keV)

obs-id 1269

Posterior probability
density function

T T T T T T T T T T T
0123455 0123456
Energy (keV) Energy (keV)

0123455

Energy (keV)
Figure5: The posteriordistributionofthe delta function line location
resultingfrom the spectral analysisof PG1634+706lata. The blue line
of eat panelrepresets the posteriordistribution; the red dotted line the
pro le posteriordistribution.
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Figure6: Theposteriomistributionofthe Gaussian line location result-
ing from the spectralanalysisof PG1634+70@lata. The blueline of eah
panelrepresets the posteriordistribution; the red dotted line the pro le
posteriordistribution.

Posterior Predictiv e Check for Chandra Data of PG1634+706:

Obsered Deltafunctionline Gaussiarline
dataset | T(Y,,9 ppp-alue | T(Yord ppp-alue
obs-id47 5.53 0.036 8.70 0.019
obs-id62 242 0.638 5.10 0.430
obs-id69 3.54 0.270 4.76 0.567
obs-id70 3.13 0.366 6.68 0.104
obs-id71 3.42 0.274 5.69 0.265
obs-id1269| 4.96 0.076 5.73 0.229

Table2: We test the statistical evidenceor the line in the spectrum of
PG1634+70@y usingpp-hed. The evidencdor the inclusionof the line
is shavn in obs-id47, 0bs-id70,and obs-id1269.

| Conclusions |

Conbining all the Chandradata setsfor PG1634+706ye detectthe
deltafunctionline at 2.865 keV (posteriormode) and the Gaussian
lineat 2.650 keV (posteriormean)in the obseredframe.

Theseobsered linesare redshiftedinto 6.69 keV (ionizationstate)
and6.19 keV (neutraliron) in the quasarestframe,resgectiely.
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Figure 7: The posteriordistribution of the line location given all of the
datasetsgivesthe strongevidencédor the line nearthe Fe-K- emissiorline

(2.74 keV) obseredin the othersimilarsources.
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