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y N × k i y!i = (yi1, . . . , yik) µ

N × k i µ!
i = (µi1, . . . , µik) k

µij ≥ 0
∑k

j=1 µij = 1 µ yi

µi ni

p(yi | µ) =
ni!∏k

j=1 yij!

k∏

j=1

µ
yij
ij , i = 1, . . . , N.

µi α1, . . . ,αk

p(µi | α1, . . . ,αk) =
Γ(

∑k
j=1 αj)∏k

j=1 Γ(αj)

k∏

j=1

µ
αj−1
ij , i = 1, . . . , N.



µ π(α1, . . . ,αk)

p(α1, . . . ,αk | y) ∝ π(α1, . . . ,αk)
N∏

i=1

{
Γ(

∑k
j=1 αj)

Γ(
∑k

j=1 αj + ni)

k∏

j=1

Γ(αj + yij)

Γ(αj)

}
.

α = (α1, . . . ,αk)

θ = (ω,λ) ω =
∑k

j=1 αj

λ = (λ1, . . . ,λk) λj = αj/ω

λ ω

λ ∼ (δ1, . . . , δk), ω ∼ π0.

y θ

yij > 0 vij =

(vij,1, . . . , vij,yij)

Pr(vij,m = 1 | y, θ) = ωλj
ωλj +m− 1

, m = 1, . . . , yij;

yij = 0 vij

y θ µ

N αj j j = 1, . . . , k

j



yij i j

vij,m m m = 1, . . . , yij

vij,m = 1

vij,m = 0

yij = 0 vij yij > 0 vij,1 = 1

v = {vij}i,j p(y, v | θ)

p(v | y, θ)p(y | θ) p(y | θ) Γ(x+ 1) = xΓ(x)

p(y, v | θ) =
N∏

i=1

Γ(ω)

Γ(ω + ni)

k∏

j=1

{ yij∏

m=1

(ωλj)
vij,m(m− 1)1−vij,m

}
,

1 yij = 0

ω λ

zj =
∑N

i=1

∑yij
m=1 vij,m

∑yij
m=1 vij,m = 0 yij = 0 (z, θ) (z′, θ′)

θ′

p(θ′ | z, y) ∝ π(ω′,λ′) ω′
∑k

j=1 zj

{
N∏

i=1

Γ(ω′)

Γ(ω′ + ni)

}{
k∏

j=1

λ′
zj
j

}

j =

1, . . . , k

z′j | θ′, y ∼
N∑

i=1

yij∑

m=1

(
ω′λ′j

ω′λ′j +m− 1

)
.

z =



(z1, . . . , zk)

λ λ

ω

p(ω | z, y)

z′ θ′ y

x ∼ (N ; (p1, . . . , pN)) N

bi ∼ (pi) pi

y = (y1, . . . , yN)

p(yi | η) =
k∑

j=1

ηjfj(yi),

fj(·)

η = (η1, . . . , ηk) y

z = (z1, . . . , zN)

Pr(zi = j | y, η) = ηjfj(yi)

η1f1(yi) + · · ·+ ηkfk(yi)
, j = 1, . . . , k.

p(y, z | η) =
∏N

i=1

∏k
j=1 {ηjfj(yi)}

1(zi=j)



p(ω,λ | y) ∝
{
π(ω,λ)

N∏

i=1

Γ(ω)

Γ(ω + ni)

}{
N∏

i=1

k∏

j=1

yij∏

m=1

(ωλj +m− 1)

}
.

z ωλj+(m−1)

θ

α

p(α′j | α[−j], z, y), p(z′j | α′j,α[−j], z[−j], y)

j = 1, . . . , k α[−j] = (α1, . . . ,αj−1,αj+1, . . . ,αk) z[−j]

λ ω



0

0

xt

Ω Xt Ω

xt ∈ Xt xt

X0

xt

xt+1 = φ(xt, ut),

φ ut

Xt+1 = Φ(Xt, ut)

φ(xt, ut) ∈ Φ(Xt, ut) xt ∈ Xt

T = T0 T0 X−T = Ω X−T

X0 X0

{x} x φ



T = T T = T > T T = 2T

u−T , . . . , u−T −1 u−T , . . . , u−1

Φ(·, ut) φ(·, ut)

z ' z̃

zj ≤ z̃j α ' α̃ αj ≤ α̃j j = 1, . . . , k θ ' θ̃ α ' α̃

(z, θ) ' (z̃, θ̃) z ' z̃ θ ' θ̃

z α

zmin =

(
N∑

i=1

1(yi1 > 0), . . . ,
N∑

i=1

1(yik > 0)

)
, zmax =

N∑

i=1

yi, αmin = (0, . . . , 0).

zmin 0 yij > 0 vij,1 = 1 zmin
j

j y

(α1, . . . ,αk) (ω,λ)

ω



π0(αj + s̃j)

π0(αj + sj)

(
αj + s̃j
αj + sj

)1−
∑k

j=1 δj

αj s̃j ≥ sj δ1, . . . , δk

p(αj | y, z,α[−j]) ∝ π0 (αj + sj) (αj + sj)
1−

∑k
j=1 δj α

δj+zj−1
j

N∏

i=1

Γ (αj + sj)

Γ(αj + sj + ni)
,

sj =
∑

# $=j α#

αj ω ∼ (b0, b1)

b0 ≤
∑k

j=1 δj b1

αj

X Y f g

ν SX = {x : f(x) > 0} SY = {x : g(x) > 0}

h x ∈ SX ∪ SY

h(x) =






0 x ∈ SC
X ∩ SY ,

f(x)/g(x) x ∈ SX ∩ SY ,

∞ x ∈ SX ∩ SC
Y ,

X Y Pr(X ≤ c) ≤ Pr(Y ≤ c) c

h(x) x x1 ∈ SC
X ∩ SY x2 ∈ SX ∩ SY

x3 ∈ SX ∩SC
Y x1 < x2 < x3 c ∈ SC

X ∩SY Pr(X ≤ c) = 0 ≤ Pr(Y ≤ c)

c ∈ SX ∩ SC
Y Pr(Y ≤ c) = 1 ≥ Pr(X ≤ c)

c ∈ SX ∩ SY A = {X ∈ SY } 1(Y ≤ c) Y



h(Y )

0 ≥ {1(Y ≤ c), h(Y )} = Pr({X ≤ c} ∩ A)− Pr(Y ≤ c) Pr(A),

Pr({X ≤ c} ∩ A) ≤ Pr(Y ≤ c). Pr({X ≤ c} ∩ AC) = 0 c ∈ SX ∩ SY

x ∈ SX ∩ SC
Y x > c Pr(X ≤ c) ≤ Pr(Y ≤ c) c

α̃[−j] , α[−j] z̃ , z αj (y, z̃, α̃[−j])

αj (y, z,α[−j])

z (α, y) (0, 1) uim i = 1, . . . , N

m = 1, . . . , yij − 1

zj =
N∑

i=1

1(yij > 0)

[
1 +

yij−1∑

m=1

1

{
uim ≤ αj

αj +m

}]
.

z̃j u αj α̃j

α̃j ≥ αj z̃j z̃j ≥ zj

αj α[−j]

{zt, t = 1, . . .} t

z θ

z αj

θ Pr(αj > αj ) = 1

t U L



α

α α z = zmax

z = zmin α[−j] , α [−j]

j

αj α[−j]

ω ∼ p(ω | y, z ), ω ∼ p(ω | y, z ).

π0

j = 1, . . . , k

γj ∼ (δj + zj , 1), γj ∼ (δj + zj , 1).

αj = ω γj /
∑k

#=1 γ# αj = ω γj /
∑k

#=1 γ#

p(α | y, z ) p(α | y, z )

α ' α γj ≤ γj j

γj /
∑k

#=1 γ# > γj /
∑k

#=1 γ# j

ω γj /
∑k

#=1 γ# > ω γj /
∑k

#=1 γ# ω < ω

α ' α



γ#

αj =
ω γj∑k
#=1 γ#

, αj =
ω γj∑k
#=1 γ#

.

z = z αj = αj j = 1, . . . , k

z α

α z

α y (zt, θt) ∈ Zt × Θt Zt = {z :

zt ' z ' zt } Θt = {θ : θt ' θ ' θt } ω ∼ p(ω | y, zt)

γj ∼ (δj+zt,j, 1) zt,j j z t ω ,ω , γ , γ

ω ≤ ω ≤ ω γj ≤ γj ≤ γj

ω γj∑k
#=1 γ#

≤ ωγj∑k
#=1 γ#

≤
ω γj∑k
#=1 γ#

,

θt+1 ∈ Θt+1 z zt+1 ∈ Zt+1

p(θ | y)

p(z, θ | y) z

xt+1 = φ(xt, ut) xt+1 = ψ(xt, vt)



ut vt xt = (zt, θt) Xt - xt

Xt+1 = Φ(Xt, ut) Xt+1 = Ψ(Xt, vt)

Xt = Zt ×Θt zt ∈ Zt θt ∈ Θt

θ Θt

Φ Zt Ψ Θt

Zt Φ Ψ

(z, θ) Φ

θ Ψ z

(M−1) Φ◦ · · ·◦Φ = ΦM−1

M > 1 Ψ

Ψ ◦ ΦM−1

x ' x̃ ⇒

ψ(x, v) ' ψ(x̃, v) v

B

v B(X, v) ⊆ B(X̃, v) X ⊆ X̃

Φ Ψ

Φ Ψ

z ' z̃ α[−j] ' α̃[−j]

p(αj | y, z̃, α̃[−j]) p(αj | y, z,α[−j]) p(ω | y, z̃)

p(ω | y, z) δj + z̃j, 1 δj + zj, 1

x̃ ' x ' x ' x̃

Ψ ◦ ΦM−1 Zt



Ψ Zt+1 ×Θt+1

Ψ({z}×Θ, v) = {z′}× {θ′}

z,Θ, v θ

θ

z

θ

τ = min (t : Xt = {x}) t

Φ Ψ t

Xt+1 =






Φ(Xt, ut), t+ 1 1≡ 0;

Ψ(Xt, vt), t+ 1 ≡ 0.
(mod M)

Ψ

Ψ

X0 = Ψ(Ωx, v0).

X−T = Ψ(Ωx, v−T ) T >

0 t

τ M

τ

Φ Ψ Ψ

θ ZM−1 z

ΦM−1 |ZM−1|



M ≤ E(τ) ≤ M

Pr(|ZM−1| = 1)
.

Φ

Ψ

φ

ψ

ψ ◦ φM−1

p(z, θ | y) Ψ ◦ ΦM−1

Ψ ◦ ΦM−1

p(z, θ | y)

M

τ

M/Pr(|ZM−1| = 1) Ψ

Ψ0 X = Ωx = Ωz × Ωθ Ωx Ψ Ψ0(X, v) =

Ψ(Ωx, v) X Ψ0

· · · ◦Ψ ◦ ΦM−1 ◦Ψ ◦ ΦM−1 ◦Ψ0.

Ψ θ Z ΦM−1

Ψ Θ

· · · ◦ (ΦM−1 ◦Ψ) ◦ (ΦM−1 ◦Ψ) ◦ (ΦM−1 ◦Ψ0)

Z



Ψ Z (z, θ)

Ψ0 Ψ

· · · ◦ (ΦM−1 ◦Ψ0) ◦ (ΦM−1 ◦Ψ0) ◦ (ΦM−1 ◦Ψ0).

Ψ0 X

Im Z

m Pr(Im = 1) = Pr(|ZM−1| = 1)

Im = 1

M/Pr(|ZM−1| = 1) M

Φ Ψ

Z

Z

M Pr(|ZM−1| = 1) M

M M

Pr(|ZM−1| = 1)

M Pr(|ZM−1| = 1) ≈ 1 Z M

M



k ni

N

k = 20 N = 5 30 100

ni/k = 20 50 100

N = 5 k = 20 50 100 200

ni/k = 20, 50 100 i N ni k

100 1 α1, . . . ,αk

M∗ Pr(|ZM∗−1| = 1) = 0.5

M = M∗

M∗ ≤ E(τ) ≤ 2M∗ M∗ N k

ni/k

N = 100

2.80

k

α1 α2
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M

ω(A) =
∑

σ∈Πn

ω (σ)
n∏

i=1

Ai,σ(i),

Aj,k (j, k) n×n A (σ)

σ Πn {1, . . . , n}

{1, . . . , n}



{1, . . . , n}

Aj,k = 1 j k

Γ(ω + n)/Γ(ω)

{1, . . . , n}

zi ∼
(

ω

ω + i− 1

)
, i = 1, . . . , n− 1,

zi = 0 i i+ 1

y = (y1, . . . , yk)

p(y | ω,λ) = Γ(ω)

Γ(ω + n)

k∏

j=1

Γ(ωλj + yj)

Γ(ωλj)
.

a1, . . . , an

yj =
∑n

i=1 1(ai = j)

σ p(y, σ | θ) = p(σ | θ) p(y | σ, θ)

p(y | θ) =
∑

σ p(σ | θ) p(y | σ, θ)

σ {1, . . . , n}

p(σ | θ) = Γ(ω)

Γ(ω + n)
ω (σ).

ω λ ω

{1, . . . , n}

Ci(σ) ⊆ {1, . . . , n}

i σ i = 1, . . . , (σ)



Bij

i j Bij = {am = j m ∈ Ci(σ)}

σ

D = ∩ (σ)
i=1 ∪k

j=1Bij σ

p(y | σ, θ) = 1D

(σ)∏

i=1

k∏

j=1

λ
1Bij

j ,

1D D λ ω

p(σ | θ) p(y | σ, θ) σ

σ

ω

λ

ω

ω



Ψ ◦ ΦM−14 ◦Ψ0

π θ

π0 ω

h(θ) π1

θ(1), . . . , θ(L) π

Ê {h(θ) | y} =

∑L
#=1

π1(θ(!))

π(θ(!))
h(θ(#))

∑L
#=1

π1(θ(!))

π(θ(!))

.

π

π1



2



π (θ) ∝ {det I(θ)}1/2 I(θ)



θ ψ

J ij Jij = ∂θi/∂ψj

π (ψ) = π (θ)| det J | ∝ {det I(ψ)}1/2

θ

ψ(θ) θ

ψ(θ)

O(n−1) θ

yi ∼ N(µ, σ2) i = 1, . . . , n µ

σ2 π (σ2) ∝ (σ2)−1 µ σ2

π(µ, σ2) ∝ (σ2)−3/2 k µ1, . . . , µk

π(µ1, . . . , µk, σ2) ∝ (σ2)−1−k/2

µ1 t n

n

π(µ1, . . . , µk, σ2) ∝ (σ2)−1

n − k k

{det I(φ)}1/2 I(φ)

φ







f

f(y | θ) θ ∈ Rdf

f(θ)

y
∫
f(y | θ)f(θ)dθ = ∞

∫
f(y | θ)f(θ)dθ < ∞

f(θ | y) = f(y | θ)f(θ)/f(y) f(y) =
∫
f(y | θ)f(θ)dθ

g

g g(y | φ)

φ ∈ Rdg g(φ)

g(φ | y) g(ỹ | y)

ỹ

π π(θ | y)

θ π(ỹ | y)



ỹ

y = (y1, . . . , yn) n

T (y)

B(θ)

f(y | θ) = en{T (y)′B(θ)−C(θ)}f0(y).

θ

π(θ)dθ ∝ en0{µ′
0B(θ)−C(θ)}dθ.

π(θ | y) ∝ f(y | θ)π(θ)

∝ e{n0µ0+nT (y)}′B(θ)−(n0+n)C(θ),

θ n0

µ0

zj | θ,mj, xj ∼
(
mj,

ex
′
jθ

1 + ex
′
jθ

)
, j = 1, . . . , n.

xj

j mj 0 zj = 0



π(θ) ∝
n∏

j=1

(
ex

′
jθ

1 + ex
′
jθ

)kp̂/n (
1

1 + ex
′
jθ

)k(1−p̂)/n

,

k θ p̂ =
∑n

j=1 zj/
∑n

j=1 mj

kp̂/n k(1− p̂)/n

xj 0 < p̂ < 1

n× 2

{f(y | θ), f(θ)}

{g(y | φ), g(φ)}

πτ,y(θ) ∝ f(θ) exp

{
τ

∫
g(y | y) log f(y | θ)dy

}
,

g(y | y) =
∫
g(y | φ)g(φ | y)dφ y τ



y

πτ (θ | y) ∝ f(y | θ)πτ,y(θ).

g(y | y)

y

(y1, y2) y1 y2

y2 y1 (y1, y2)

g

f(θ)

J θ

ψ

πτ,y(ψ) = πτ,y{θ(ψ)}| det J |

∝ exp

[
τ

∫
g(y | y) log f{y | θ(ψ)}dy

]
f{θ(ψ)}| det J |

= exp

{
τ

∫
g(y | y) log f(y | ψ)dy

}
f(ψ).

πτ,y(θ)

f(y | θ) T (y)

τ > 0 Eg{T (y )|y} =



∫
g(y | y)T (y )dy

∫
exp

{
τ

∫
g(y | y) log f(yp | θ)dy

}
dθ < ∞.

f(θ) ∝ 1 log f(y | θ) =

T (y )′B(θ) − C(θ) θ τ = n0

Eg{T (y ) | y} = µ0 y g

g(y | y) = g(y )

π(θ) ∝ en0{µ′
0B(θ)−C(θ)}

πτ,y(θ) (a, b) (n, θ)

f(y | θ) (θ) τ = a + b g

Eg(y |y) = a/(a+ b)

f(θ) ∝ 1

zj | φ,mj, xj ∼ (mj,φ),

φ g(zj | φ,mj, xj) = g(zj | φ,mj)

g(φ) ∝ φ−1(1 − φ)−1 g φ

(
∑n

j=1 zj,
∑n

j=1(mj − zj)) z = (z 1, . . . , z n)

log f(z | θ, x) = +
n∑

j=1

z jx
′
jθ −

n∑

j=1

log(1 + ex
′
jθ),



j

Eg(z j | z,m) = Eg(φ | z,m)

=
n∑

j=1

zj/
n∑

j=1

mj.

τ = k/n

y = (y1, . . . , yn)

y | θ ∼ N(θ, σ2In),

θ = (θ1, . . . , θn) In n×n σ2

θ̂i = ȳ +

(
1− σ2(n− 3)∑n

j=1(yj − ȳ)2

)
(yi − ȳ),

ȳ

θ̂i = yi n ≥ 4

y ∼ N(µg1n, σ2gIn) 1n

n σ2g

σ2g σ2g

g(µg) ∝ 1 σ2

y y



y y | y ∼ N(ȳ1n, σ2g(1 + 1/n)In)

f(θ) ∝ 1

πτ,y(θ) ∝ exp

{
− τ

2σ2

n∑

i=1

(θi − ȳ)2
}
,

θ ∼ N(ȳ1n, τ−1σ2In) θ

Eτ (θ | y) = ȳ1n +

(
1− τ

1 + τ

)
(y − ȳ1n),

τ =

{∑n
i=1(yi − ȳ)2

σ2(n− 3)
− 1

}−1

.

{(y1, w1), . . . , (yn, wn), (y 1, w 1), . . . , (y m, w m)},

y = (y1, . . . , yn) w = (w1, . . . , wn)

y = (y 1, . . . , y m) w = (w 1, . . . , w m)

wi = 1 w j < 1 i j

wi f(yi | wi, θ) = {f(yi | θ)}wi f(yi | θ) yi

y f(y | w, θ)



f(θ)

f(θ | {y, w}, {y , w }) ∝
{

n∏

i=1

f(yi | wi, θ)

}{
m∏

j=1

f(y j | w j, θ)

}
f(θ).

y

g y θ

f(θ)
∏m

j=1 f(y j | w j, θ) y

g(y | y)

f(θ | {y, w}, {y , w }) g(y | y)

p(θ | y) =
∫

f(θ | {y, w}, {y , w })g(y | y)dy .

y

g(y | y)

g

f



m

m

m → ∞

m w j = τ/m j

f(y j | w j, θ) = {f(y j | θ)}w j = {f(y j | θ)}τ/m.

log
m∏

j=1

f(y j | w j, θ) =
τ

m

m∑

j=1

log f(y j | θ)

→ τ
∫

g(y | y) log f(y | θ)dy

m → ∞ y j g(y | y)

πτ (θ | y) ∝ f(y | θ)f(θ) exp
{
τ

∫
g(y | y) log f(y | θ)dy

}
.



πτ (ỹ | y)

log πτ (θ | y) = + log f(y | θ) + log f(θ)− τDy(θ),

Dy(θ) = {g(y | y), f(y | θ)} =

∫
g(y | y) log g(y | y)

f(y | θ)dy

θ̂τ ≡ argmaxθ log πτ (θ | y)

θ̂τ = argmax
θ

{log f(y | θ) + log f(θ)− τDy(θ)}

= argmax
θ

{
1

1 + τ
log f(y | θ) + 1

1 + τ
log f(θ)− τ

1 + τ
Dy(θ)

}
,



θ̂ ≡ limτ→∞ θ̂τ = argminθ Dy(θ)

∂

∂θ
Dy(θ)

∣∣∣∣
θ=θ̂

= Eg(y |y)

{
−∂ log f(y | θ)

∂θ

∣∣∣∣
θ=θ̂

}
= 0,

τ τ 1/2(θ − θ̂)

∂2

∂θ∂θ′
Dy(θ)

∣∣∣∣
θ=θ̂

= Eg(y |y)

{
−∂

2 log f(y | θ)
∂θ∂θ′

∣∣∣∣
θ=θ̂

}
.

τ → ∞ θ̂

f(y | θ̂) θ̂ θ

ỹ

πτ (ỹ | y) =
∫

f(ỹ | θ)πτ (θ | y)dθ,

{h(ỹ), πτ (ỹ | y)} ≤ Eπτ (θ|y) [ {h(ỹ), f(ỹ | θ)}] .

h(ỹ) g(ỹ | y) ỹ y f



g

{g(ỹ | y), πτ (ỹ | y)} ≤ Eπτ (θ|y) {Dy(θ)} .

ỹ y

h(ỹ) ỹ

h(ỹ)

f(ỹ | θ∗) θ∗ πτ (θ | y)

θ∗ {h(ỹ), f(ỹ | θ∗)} < {h(ỹ), πτ (ỹ | y)}

p(ỹ | y)

f(ỹ | θ )

p(ỹ | y)

πτ,y(θ)

πτ (θ | y)

πτ (ỹ | y)

∫
f(y | θ)f(θ)e−τDy(θ)dθ < ∞ τ > 0 πτ(c)(θ | y)

∫
π(θ | y) log π(θ | y)

f(y | θ)f(θ)dθ Eπ(θ|y){Dy(θ)} = c.



{g(y | y), πτ(c)(y | y)} ≤ c.

∫
f(y | θ)f(θ)dθ = ∞

∂

∂τ
Eπτ (θ|y){Dy(θ)} = − πτ (θ|y) {Dy(θ)} ,

πτ (θ|y) {Dy(θ)} > 0 τ Eπτ (θ|y){Dy(θ)} τ

c(τ) = Eπτ (θ|y){Dy(θ)} τ c

limτ→∞ c(τ) = Dy(θ̂) limτ→0 c(τ) τ = τ(c)

(0,∞)

f(y) =
∫
f(y | θ)f(θ)dθ < ∞

f(θ | y) = f(y | θ)f(θ)/f(y),

g(y | y) f(y | θ)
∫
f(y |

θ)f(θ)dθ = ∞

µ(A) =
∫
A f(y | θ)f(θ)dθ



{g(y | y), πτ (y | y)}

Eπτ (θ|y){Dy(θ)}

Eπτ (θ|y){Dy(θ)}

{g(y | y), πτ (y | y)}

f(θ)

Eπτ,y(θ){Dy(θ)}

Eπτ,y(θ){Dy(θ)} 1=

Eπτ (θ|y){Dy(θ)} τ c ∗

∗ ∫
f(θ)e−τDy(θ)dθ < ∞ τ > 0 πτ(c),y(θ)

∫
π(θ) log

π(θ)

f(θ)
dθ Eπ(θ){Dy(θ)} = c.

{g(y | y),mτ(c),y(y )} ≤ c

mτ(c),y(·) =
∫

f(· | θ)πτ(c),y(θ)dθ

∗

p(θ | y) Q q(θ)

p∗(θ | y) = argmin
q∈Q

{q(θ), p(θ | y)}.



f(θ | y)

θ θ

−
∫
π(θ) log{π(θ)/π0(θ)}dθ π0(θ)

θ

π0(θ)

Z(β) =
∫
f(θ)eβDy(θ)dθ

β = −τ



Eπτ,y(θ) {Dy(θ)} =
d

dβ
logZ(β).

∫
f(θ)e−τDy(θ)dθ < ∞

Dy(θ)

Eπτ (θ|y){Dy(θ)}− Eπτ,y(θ){Dy(θ)} = − ∂
∂τ

logmτ,y(y),

τ mτ,y(·)

logmτ,y(y) = log

∫
f(y | θ)f(θ)e−τDy(θ)dθ − log

∫
f(θ)e−τDy(θ)dθ.

τ logmτ,y(y) y

θ f(y | θ) g(y | y)

f(y | θ) g(y | y)



a0 0 1

a0

{y , w }

a0 y w j = a0

j y

D0 = (n0, y0, X0)

y0



g(y | y)

log f(y | θ)

ĝ(y )

g(y | y) g(y | φ̂)

φ̂ g(y | φ) φ



3



x(t)

0 1

δ




−k01 k01

k10 −k10



 .

0 1

k−1
01 k−1

10

µ = k01/(k01 + k10) 1 λ = k01 + k10

Pij,t(µ,λ) ≡ Pr(x(t) = j | x(0) = i)

P00,t(µ,λ) = (1− µ) + µe−λt

P01,t(µ,λ) = µ(1− e−λt)

P10,t(µ,λ) = (1− µ)(1− e−λt)

P11,t(µ,λ) = µ+ (1− µ)e−λt ,

µ λ yi = x(iδ) i = 0, 1, . . . , n



y0

f(y | µ,λ) =
∏

(i,j)∈A

Pij,δ(µ,λ)
Nij ,

A = {0, 1}× {0, 1} Nij i j

δ µ

λ δ → ∞

µ λ

nδ k−1
01 k−1

10

µ λ

0 1

nδ k01 = 0.1 k10 = 0.9

1− µ {P11,δ(µ,λ)}n − (1− µ) {P00,δ(µ,λ)}n ,

y0

nδ
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g(y | λ) λ

Eg(N ij | λ) g(y | λ) N ij

i j n

i j

v# = (y#, y#+1)

Pr{v# = (i, j)} = µi(1− µ)1−iPij,δ(µ,λ).

Eg(N ij | λ) =






n
4

(
1 + e−δλ

)
, i = j,

n
4

(
1− e−δλ

)
, i 1= j.



f(µ,λ) ∝ 1

aij =

∫
Eg(N ij | λ)g(λ | y)dλ,

πτ (µ,λ | y) ∝
∏

(i,j)∈A

{Pij,δ(µ,λ)}Nij+τaij .

g(λ)

aij

ãij = Eg(N ij | λg = λ̂g),

λ̂g g(y | λ) ãij

g(y | λ̂g)

g(y | y)

µ = 1/2

λ̂g

λ̂g = −1

δ
log

(
T − S

n

)
,

S = N01 + N10 T = n − S

S = 0

T ≤ S g(y | λ)



ãij aij
λ−2 µ = 1/2

a11 = a00 a10 = a01

a00 a01
(T, S) λ−2 λ−2

(75, 25)
(90, 10)
(98, 2)

λ

ãij aij

g(λ) T S

n n = 100 limλ→∞ g(y | λ) = 2−n > 0

g(λ) ∝ λ−1

λ−2 e−δλ(1− e−2δλ)−1/2

ãij

δ k01 = 0.1 k10 = 0.9 n = 100

τ = 1/n

(log k01, log k10)

θ̂ ± zα/2 ˆ (θ̂) zα/2 (1 − α/2)

θ log k01 log k10

(25, 350)



nδ

δ λ nδ

y = (z,X) z X

z X

f(z,X | θ, ξ) = f(z | X, θ)f(X | ξ),

ξ θ ξ

f(θ, ξ) = f(θ)f(ξ)

z

X

g(z,X | φ) = g(z | X,φ)g(X | φ).
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πτ,y(θ) ∝ f(θ) exp

{
τ

∫
g(z ,X | y) log f(z ,X | θ, ξ)dz dX

}

∝ f(θ) exp

{
τ

∫
g(z ,X | y) log f(z | X , θ)dz dX

}
,

log f(X | ξ)

θ X

z X

X

(z,X)

g(X | y)

n X

c X

n = c

g(z ,X | φ) = g(z | X ,φ)g(X )

x′
i i X

θ f(z | X , θ) =
∏n

i=1 f(z i | x i, θ)



g(z ,X | φ, y) = g(z ,X | φ)

g(z ,X | y) = g(X )

∫
g(z | X ,φ)g(φ | y)dφ

= g(X )g(z | X , y).

g(X )g(z | X , y)

πτ,y(θ) ∝ f(θ) exp

{
τ

∫
g(z | X , y)

1

c

c∑

i=1

log f(z i | x i, θ)dz

}

= f(θ) exp

{
τ

c

∫
g(z | X , y) log f(z | X , θ)dz

}
.

X

τ = k k

(z i, x i)

c

x i τ = k/c

g(X ) g̃(X̃ ) X̃

X c̃ < c c̃ c

τ



c

n

πτ,y(θ) ∝ f(θ) exp

{
τ

n

∫
g(z | X , y) log f(z | X , θ)dz

}
.

X = X

g(X | y)

g(X | y)

X



y = (z,X) z

X f(z | X, θ)

zj | mj, xj, θ ∼ (mj, p(x
′
jθ)), (j = 1, . . . , n),

xj = (xj1, . . . , xjk) θ = (θ1, . . . , θk) p(x′
jθ) = 1/{1+exp(−x′

jθ)}

f(θ) ∝ 1

θ

θ

zj | mj, xj,φ ∼ (mj, p(x
′
jφ)),

g(z | X,φ) φ = (φ1, . . . ,φkg , 0, . . . , 0)

kg < k

φ = (φ1, 0, . . . , 0)

φ

g(φ | y)

g(φ)

x j = (x j1, . . . , x jk), j = 1, . . . , n .



n = c

aj ≡
∫

Eg(y | x j,φ)g(φ | y)dφ

= m j

∫
p(x′

jφ)g(φ | y)dφ,

m j m j = 1

j τ

m j = 1 j x i

f g

πτ (θ | y) ∝
[

n∏

j=1

{
p(x′

jθ)
}yj {1− p(x′

jθ)
}mj−yj

][
n∏

j=1

{
p(x′

jθ)
}τaj/n {

1− p(x′
jθ)

}τ(1−aj)/n

]
.

τ aj

g

τ

2 × 2 × 2



2× 2× 2

xj1 xj2 yj mj − yj
1 1 0 3

−1 1 9 4
1 −1 6 3

−1 −1 5 0
20 10

ηj = β0 + β1xj1 + β2xj2,

(β̂0, β̂1, β̂2) = (0.73,−1.29,−1.23) aj = 2/3 j

τ = 3

mj + τ/n
∑n

j=1(mj + τ/n ) = 33

N =
∑n

j=1 mj = 30 N = 30 N = 100



2 × 2 × 2 n = 30

xj1 xj2 E(yj) E(mj − yj)
1 1 0.5 2.9

−1 1 8.6 3.9
1 −1 5.9 3.0

−1 −1 5.0 0.2
20 10

N = 30

N = 100

mj

N = 30 (10, 44, 30, 16)

N = 100



2 × 2 × 2

N = 30 N = 100

β̂0
β̂1
β̂2

β0
β1
β2

(xj1, xj2) = (−1,−1)
(1,−1)
(−1, 1)
(1, 1)

(xj1, xj2) = (−1,−1)
(1,−1)
(−1, 1)
(1, 1)
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τ = k



1000
1000

N = 256 N = 120
> 1000 > 1000

0 .003 .351 .062
0 .003 .583 .053

.005 .033 .959 .012
0 0 .796 .028

z X z n X n×k

f(z | X, θ)

z | X, θ ∼ N(Xβ,σ2I),

θ = (β,σ2) X n ×k z

X

(z,X) (z ,X ) X X ′X+(τ/n )X ′X

τ > 0
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g(y | φ)

z | X,φ ∼ N(Xgβg, σ
2
gI)

φ = (βg, σ2g) Xg n× kg kg X

uj j X Xg = (u1 · · · ukg) kg X ′
gXg

g(βg, σ2g) ∝ 1/σ2g σ2g

σ2g | y ∼ g

χ2n−kg

,

g = ||z−Xgβ̂g||2 || · || β̂g = (X ′
gXg)−1X ′

gz

σ2g z

z | σ2g , y ∼ N(X gβ̂g, σ
2
g{In +X g(X

′
gXg)

−1X ′
g}),

X g kg X

γ̂g = (β̂g, 0, . . . , 0) k

Xg k∗
g = {(X ′

gXg/n)−1(X ′
gX g/n )}

k∗
g ≈ kg

σ2 | y ∼
τ{1 + k∗

g/n}Eg(σ2g | y) + f

χ2n+τ−k

β | σ2, y ∼ N(β̂, σ2Vβ),



Eg(σ
2
g | y) = g/(n− kg − 2),

Vβ = {X ′X + (τ/n )X ′X }−1,

β̂ = Vβ{X ′z + (τ/n )X ′X γ̂g},

f = ||z −Xβ̂||2 + (τ/n )||X γ̂g −X β̂||2.

τ > k − n

τ

n+τ

τ = k

n = 30 28

1000

37

X

x′
jβ



p(σ2, β1) ∝ 1,

(β[−1] | σ2, β1) ∼ N(0, σ2λ−1(X ′
[−1]X[−1])

−1),

β[−1] = (β2, . . . , βk) X[−1] X λ

τ
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y θ

y v

f(y | θ) =
∫

f(y, v | θ)dv.

f(y, v | θ)

g(y, v | φ)

πτ,y(θ) ∝ f(θ) exp

{
τ

∫
g(y , v | y) log f(y , v | θ)dy dv

}
.

J

f(yi | θ) =
J∑

j=1

λjh(yi | βj),

θ = (λ, β) λ = (λ1, . . . ,λJ)
∑J

j=1 λj = 1 β =

(β1, . . . , βJ) h(yi | βj) βj

vi | θ ∼ (1,λ)

yi | vi, θ ∼ h(· | βvi),



vi

yi

y = (y1, . . . , yn) v = (v1, . . . , vn)

f(y, v | θ) =
n∏

i=1

J∏

j=1

{λjh(yi | βj)}1(vi=j) ,

1(vi = j) 1 vi = j 0 y

y i i = 1, . . . , n

πτ,y(θ) ∝ f(θ)
J∏

j=1

λ
τ
∑n

i=1 pij
j exp

{
τ

n∑

i=1

pijC(βj)

}
,

pij = Prg(v i = j | y)

C(βj) = Eg {log h(y i | βj) | y} .
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τ
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68%

n =13 794

X k = 23

X

Zi Zi = 1 i

Zi = 0 Di(1)

i Di(1) = 1

Di(1) = 0

Di(0) = 0

Si(z) Si(z) = 1

0 Wi(z) Mi(z)

z

Wi(z) = ∗ Si(z) = 0



Di(1) = 1

Di(1) = 0

i

Si(0) = Si(1) Wi(0) = Wi(1)

J = 6

vi = j i j

vi

Pr(vi = j | xi,α) =
exp(x′

iαj)∑J
#=1 exp(x

′
iα#)

≡ pj(xi,α)



xi = (xi1, . . . , xik) i α = (α1, . . . ,αJ) αj =

(αj1, . . . ,αjk) αJ = (0, . . . , 0)

X

E

log{Wi(Zi)} ∼ N(x′
iβh, σ

2
h)

i h h ∈ E

v = (v1, . . . , vn) W

1/2



x i

v i

f(v , u , Z | X , θ) =

n∏

i=1

[
J∏

j=1

{pj(x i,α)}1(v i=j)

][
∏

h∈E

{
f(u i | x i, βh, σ

2
h)
}1(i∈h)

]
,

v = (v 1, . . . , v n ) u i = log{W i(Z i)} u = (u 1, . . . , u n ) f(u i | x i, βh, σ2h)

x′
iβh σ2h 1(i ∈ h)

(v i, Z i) h

n = n X = X

f(y | X , θ)

g

log f(y | X , θ) g(y | y)

τ

g(y | y)

φ̂ g(y | φ) log f(y | X , θ)

g(y | φ̂)

θ

E {log f(v , u , Z | X , θ)} =

n∑

i=1

(
J∑

j=1

Pr(v i = j) log pj(x i,α)

+
∑

h∈E

Pr(i ∈ h)

[
−1

2
log σ2h −

1

2σ2h
E

{
(u i − x′

iβh)
2 | i ∈ h

}]
)
,

g(y | φ̂)



α (βh, σ2h)

τα α

f(α) ∝ 1

πτ,y(α) ∝
n∏

i=1

J∏

j=1

{pj(x i,α)}(τα/n ) Pr(v i=j),

1/n

τα n = 13 794

(βh, σ2h)

n∑

i=1

Pr(i ∈ h)

[
−1

2
log σ2h −

1

2σ2h
E

{
(u i − x′

iβh)
2 | i ∈ h

}]

πτ,y(θ) ∝ f(θ) exp

{
τ

n

∫
g(z | X , y) log f(z | X , θ)dz

}
.

Pr(i ∈ h) i

τ n
∑n

i=1 Pr(i ∈ h) τh



(βh, σ2h) rih = Pr(i ∈ h)

πτ,y(βh, σ
2
h) ∝ f(βh, σ

2
h)(σ

2
h)

−τh/2

× exp

[
− τh
2σ2h

∑n
i=1 rih

n∑

i=1

rih
{
σ̂2h + ||x′

i(βh − β̂h)||2
}]

,

σ̂2h β̂h τh > k f(βh, σ2h) ∝

1/σ2h πτ,y(βh, σ2h)

σ2h ∼ τhσ̂2h
χ2τh−k

,

(βh | σ2h) ∼ N
(
β̂h, τ

−1
h σ

2
h(X

′ΛhX )−1
)
,

Λh = (r1h, . . . , rn h)/
∑n

i=1 rih

52 130 208



τ

τα = 5 n = 13 794

α Pr(i ∈ h)

τh = τβ,σ h

τβ,σ k X

k = 23 τβ,σ = 24 τβ,σ > k

E

k

k τβ,σ > k

α (βh, σ2h)

τα

τα τβ,σ

13 794

τα/(τα+13 794) α



52 τα =

5 τβ,σ = 24

∆(ZS)

∆(DS)

∆(DW )

∆(DS) = 0

∆(DS)



−0.030 −0.020 −0.010 0.000

(a)

Δ(ZS)

−0.04 −0.03 −0.02 −0.01 0.00

(b)

Δ(DS)

0.0 0.2 0.4 0.6

(c)

Δ(DW)

52

g τ



A



2 × 2 × 2
mj

N = 30 N = 100

β̂0
β̂1
β̂2

β0
β1
β2

(xj1, xj2) = (−1,−1)
(1,−1)
(−1, 1)
(1, 1)

(xj1, xj2) = (−1,−1)
(1,−1)
(−1, 1)
(1, 1)



0
2

4
6

8
10

12

(a)

M
SE

0.05 0.5 2 0.05 0.5 2
SC Int ME

0
2

4
6

8
10

12

(b)

M
SE

0.05 0.5 2 0.05 0.5 2
SC Int ME

0
2

4
6

8
10

12

(c)

M
SE

0.05 0.5 2 0.05 0.5 2
SC Int ME

0
2

4
6

8
10

12

(d)

M
SE

0.05 0.5 2 0.05 0.5 2
SC Int ME

N = 120



0
5

10
15

20

(a)

W
id

th
 o

f l
og

it 
in

te
rv

al
s

0.05 0.5 2 0.05 0.5 2
SC Int ME

0
5

10
15

20

(b)

W
id

th
 o

f l
og

it 
in

te
rv

al
s

0.05 0.5 2 0.05 0.5 2
SC Int ME

0
5

10
15

20

(c)

W
id

th
 o

f l
og

it 
in

te
rv

al
s

0.05 0.5 2 0.05 0.5 2
SC Int ME

0
5

10
15

20

(d)

W
id

th
 o

f l
og

it 
in

te
rv

al
s

0.05 0.5 2 0.05 0.5 2
SC Int ME

N = 120



0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(a)

C
ov
er
ag
e

1 5 50 0.05 1 0.1 1
ML Ridge Int ME

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(b)

C
ov
er
ag
e

1 5 50 0.05 1 0.1 1
ML Ridge Int ME

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(c)

C
ov
er
ag
e

1 5 50 0.05 1 0.1 1
ML Ridge Int ME

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

(d)

C
ov
er
ag
e

1 5 50 0.05 1 0.1 1
ML Ridge Int ME

x′jβ



g

yi | θ ∼ N(βi, σ2)

i = 1, . . . , n θ = (β1, . . . , βn, σ2)

yi | φ ∼ N(µ, V ) φ = (µ, V )

f(y | θ) : yi | θ ∼ N(βi, σ
2) i = 1, . . . , n

f(θ) ∝ 1/σ2

g(y | φ) : yi | φ ∼ N(µ, V ) i = 1, . . . , n

g(φ) ∝ 1/V.

yi | θ, µ ∼ N(βi, σ
2) i = 1, . . . , n

β | µ, σ2 ∼ N(µ1n, τ
−1σ2In)

p(µ, σ2) ∝ 1/σ2,

β = (β1, . . . , βn) τ τ



βi τ

β y

β | σ2, y ∼ N

(
1

1 + τ
y +

τ

1 + τ
ȳ1n,

σ2

1 + τ
In +

σ2

n

τ

1 + τ
1n1

′
n

)

σ2 | y ∼ τ

1 + τ

n∑

i=1

(yi − ȳ)2
1

χ2n−1

.

f g

β | σ2, y ∼ N

(
1

1 + τ
y +

τ

1 + τ
ȳ1n,

σ2

1 + τ
In

)

σ2 | y ∼
{
τ

1 + τ
+
τ(1 + n−1)

n− 3

} n∑

i=1

(yi − ȳ)2
1

χ2τn
.

βi

βi

τ n

χ2

σ2 τ

τ

σ2 τ

βi

(βi|y) =
{

1

1 + τ
+

τ

n(1 + τ)

}
τ

1 + τ

∑n
i=1(yi − ȳ)2

n− 3
,

(βi|y) =
{

n− 3

τn− 2

(
1

1 + τ

)
+
τ(1 + n−1)

τn− 2

}
τ

1 + τ

∑n
i=1(yi − ȳ)2

n− 3
,

τ < n/(n − 2)

βi τ



yi σ2 µ

β N(µ, σ2(1 + τ−1)) τ
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